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Chapter 1

Abstract

This thesis investigates mathematical and computational methods for modeling tracer dy-
namics in PET imaging, with a focus on advancing quantitative analysis beyond conventional
metrics. The work originates from a clinical observation in FDG-PET scans of lung cancer
patients, where voxel-wise relative Patlak analysis revealed unexpected tracer release in cer-
tain tumor regions|an e ect likely associated with in ammatory in ltrates. This nding
highlighted the limitations of standard semi-quantitative indices like SUV and motivated a
deeper exploration of kinetic modeling. We rst examine compartmental models, particu-
larly the 2-compartments and Sokolo models, to estimate biologically meaningful kinetic
parameters through systems of ODEs. These models provide a more robust framework for
interpreting tracer kinetics, especially in oncology, where irreversible accumulation patterns
are of interest.

Building on this foundation, we address the inverse problem of parameter estimation from
noisy temporal data. We reinterpret it as an implicit inverse problem, where parameters are
not directly observable but constrained by the dynamics of the system. To solve this, we
propose a homotopy-based optimization strategy that gradually transitions from a highly
regularized to a minimally regularized formulation. This path-following approach is coupled
with gradient descent, adjoint-state gradient computation, and Newton{Raphson integration
for the forward model.

The thesis concludes with a broader framing of these challenges within the emerging
eld of ODE learning, where data-driven techniques aim to recover unknown dynamics. By
bridging clinical imaging and abstract inverse problems, this work contributes novel tools
for quantitative modeling in both biomedical applications and general dynamical systems
analysis.

12



Chapter 2

Introduction

Nuclear medicine plays a crucial role in the noninvasive investigation of physiological and
pathological processes, with one of its key objectives being the reconstruction of tissue
metabolism in vivo. Among the imaging modalities developed for this purpose, Positron
Emission Tomography (PET) stands out for its ability to quantify the distribution of radio-
labeled compounds (tracers) that participate in biological pathways. By detecting coincident

-photon pairs produced from positron{electron annihilation events, PET enables the recon-
struction of three-dimensional tracer activity within the body [127, 111, 78, 64, 79, 66, 109,
47, 134].

A widely used tracer in clinical practice isF] uoro-2-deoxy-D-glucose (FDG), a glucose
analog that allows for indirect assessment of glucose metabolism. FDG uptake is particularly
informative in oncology, where increased metabolic activity leads to hyperaccumulation of
the tracer in tumors [139, 55], and in neurology, where hypometabolism often marks neu-
rodegenerative processes [30, 103, 114]. FDG-PET's e ectiveness is further supported by the
favorable physical properties of the radionuclidé®F, which o ers a suitable compromise be-
tween image quality and practical handling. Despite its clinical value, the standard approach
to PET quanti cation|based on the Standardized Uptake Value (SUV) - has notable limi-
tations. SUV is a semi-quantitative metric sensitive to a range of physiological and technical
factors (e.g., patient weight, blood glucose levels, acquisition timing) [61, 119]. Moreover,
it provides only a snapshot of tracer accumulation, lacking the dynamic and mechanistic
insight required for detailed metabolic characterization [122].

To overcome these limitations, mathematical modeling o ers a more principled approach
to tracer analysis. Compartmental models describe the kinetics of tracer exchange between
di erent biological states (e.g., free, metabolized) via systems of ordinary di erential equa-
tions (ODESs) [17, 41, 68, 106]. These models enable the estimation of key kinetic parameters
| such as the rate of phosphorylation | through inverse problem techniques. In oncology,
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CHAPTER 2. INTRODUCTION

for instance, the 2-compartments model and its irreversible variant (the Sokolo model) are
used to quantify FDG trapping in tumor tissues, with the phosphorylation rate serving as
a proxy for glycolytic activity [33, 115]. An established method to extract information on
irreversible tracer kinetics is Patlak's graphical analysis [68, 87], which under simplifying
assumptions reduces the inverse problem to linear regression. While this approach facili-
tates interpretation, its applicability is limited to later acquisition phases and it o ers only
gualitative information on tracer dynamics [140, 65].

In this thesis, we revisit these modeling tools through the lens of a clinical anomaly
observed in lung cancer FDG-PET scans: relative Patlak analysis at the voxel level re-
vealed unexpected tracer release (i.e., negative slopes) in peripheral tumor regions, a phe-
nomenon potentially linked to in ammation or necrosis. This observation motivates a more
detailed investigation of metabolic heterogeneity in tumors and demonstrates the limitations
of ROIl-averaged or global metrics. Building on this case study, the thesis transitions from
application-driven analysis to methodological innovation. Compartmental models are recast
as dynamical systems governed by ODESs, and the associated inverse problems are framed in
a general setting known as implicit inverse problems [77, 81, 1, 7, 76, 98], where parameters
must be inferred from observations constrained by nonlinear dynamics.

We develop a novel optimization framework to solve such problems using a homotopy-
based path-following approach, which incrementally relaxes the regularization imposed on
the parameter estimates [84]. This strategy ensures stability and convergence in the presence
of ill-posedness and noise. The optimization is performed via gradient descent, with gradients
e ciently computed using the adjoint state method. The forward integration of the ODE
system is handled using a Newton{Raphson-based solver to handle model nonlinearities.
Finally, we contextualize this work within the broader eld of ODE learning and data-driven
modeling of dynamical systems. By bridging clinical imaging with modern computational
techniques, this thesis contributes methodological tools applicable not only to PET but also
to other domains where understanding temporal dynamics from sparse data is essential.

The thesis is structured as follows.

Chapter 3 provides a comprehensive overview of the principles underlying PET medical
imaging. It covers the metabolism of glucose and FDG in the human body, the formation
of PET data from photon detection, the reconstruction of images, and the estimation and
clinical interpretation of the SUV.

Chapter 4 introduces compartmental analysis, presenting key models - including the
Sokolo model | as examples. Both analytical and graphical techniques for solving the
associated inverse problems are discussed.

Chapter 5 focuses on a voxel-wise Patlak analysis of FDG concentration in lung cancer

14



CHAPTER 2. INTRODUCTION

patients. This study investigates localized tracer loss at tumor boundaries and was conducted
in collaboration with the Department of Nuclear Medicine at IRCCS Ospedale Policlinico
San Matrtino in Genova.

Chapter 6 explores the data-driven reconstruction of unknown dynamical systems, with a
speci ¢ application to radioactive tracer kinetics in PET. It provides an overview of advanced
machine learning techniques used to address such problems.

Chapter 7 presents a novel numerical and mathematical framework for solving implicit
inverse problems, with a focus on stability, optimization, and integration methods tailored
to nonlinear dynamical models.

15



Chapter 3

An overview on PET principles

This chapter explains the basic principles of performing a scan with a PET machine. PET
stands for Positron Emission Tomography. PET is a functional imaging technique, which
means it can image the metabolic activity of structures within the body. This type of imaging

is very useful in applications of oncology or neurodegenerative diseases, where metabolic
changes precede the morphological ones. The representation of functional tissue activity
is accomplished through the use of a radioactive tracer, a liquid substance that is injected
intravenously into the patient. The radioactive decay of the tracer emits photons that
are detected by PET collimators. Then mathematical reconstruction techniques are used to
obtain PET images from the measured photon counts. Finally, the PET data are normalized
to provide the Standardized Uptake Value (SUV) used by nuclear medicine physicians for
diagnosis or staging. Figure 3.1 show the entire PET examination process.

16



CHAPTER 3. AN OVERVIEW ON PET PRINCIPLES

Figure 3.1: Complete process of a PET scan. (a) The radioactive tracer is injected intra-
venously into the patient's body and distributed throughout the body; (b) The radioactive
tracer releases positrons, which, when annihilated by electrons, emit two antipodal photons
that are detected by PET collimators arranged in a circular ring around the patient's body;
(c) From the photon counts, the PET image is obtained through image reconstruction tech-
nigues.

In this chapter we present:

~

the [*8F] uoro-2-deoxy-D-glucose (FDG) (GH.;FOs) metabolism, one of the most
commonly used radioactive tracers;

the PET data formation process;
the principal PET image reconstruction techniques from acquired data;

~ the SUV value.

3.1 Glucose and FDG metabolism

Glucose CsH1,06) is the main source of energy in our body. In oncology studies using PET
scanning, the goal of the analysis is to reconstruct the pattern of tissue metabolism in the
patient's body and to identify the areas of highest glucose consumption. To achieve this
goal, radioactive tracers are used, i.e. radioactive substances with speci c properties that
are distributed in di erent parts of the body. These tracers, due to radioactive decay, emit

photons that are detected by PET collimators, making it possible to visualize the areas of
highest accumulation, providing critical information for disease diagnosis and monitoring.

Tracers must therefore have properties similar to those of glucose in order to mimic its

17



CHAPTER 3. AN OVERVIEW ON PET PRINCIPLES

physiological behavior as closely as possible. It is therefore crucial to know how glucose
metabolism works at the cellular level.

3.1.1 Glucose metabolism

The glucose molecule enters the cell and, in order to produce energy through the process of
glycolysis, must be able to cross the cell membrane. There are enzymes on the membrane, in-
cluding the enzyme hexokinase (HK), which opens the membrane and allows glucose to enter
the cell. Glucose undergoes a chemical reaction catalyzed by adenosine triphosphate (ATP),

which adds 6 phosphate atoms (P$}) to glucose, forming glucose-6-phosphate {8;,04P)

and adenosine diphosphateADP )

CeH1,06 + ATP "OPK"%e ¢ 1y O,P + ADP

Glucose-6-phosphate has several metabolic fates. It is used to produce directly usable
energy through the process of glycolysis. Alternatively, it can be stored as glycogen. Other
possibilities include the pentose phosphate pathway with the production of NADPH and
ribose 5-phosphate, and gluconeogenesis when the cell needs to release glucose into the
bloodstream (e.g., during fasting).

3.1.2 FDG metabolism

As anticipated at the beginning of this section, radioactive tracers must have glucose-like
properties: in particular, the hexokinase enzyme must be able to allow the radioactive
molecule to enter the cell. Early studies focused on making the constituent molecules of
glucose radioactive. However, the decay characteristics of these isotopes made them either
unsuitable for the timescales of PET procedures or problematic due to their potential social
impact. Radioactive decay time, also known as half-life, is the time it takes for a radioac-
tive substance to reduce its photon-emitting activity by half. For example, the half-life of
radioactive oxygen (Qs) is extremely short, about 120 seconds, while tritium, a radioactive
isotope of hydrogen, has a decay time of about 2000 years. These technical problems led to
the abandonment of this rst strategy.

In 1968, Dr. Josef Pacak, Zdenek Tocik and Miloslav Cerny at the Department of Organic
Chemistry, Charles University (Czechoslovakia), were the rst to describe the synthesis of
FDG [83]. It is a radioactive molecule analogous to glucose, that is, with properties very
similar to those of glucose. Later, in the 1970s, Tatsuo Ido and Al Wolf at the Brookhaven
National Laboratory were the rst to describe the synthesis of FDG labeled with 18F [50].
This radioactive tracer is still the most widely used PET scan in oncology applications.
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Although FDG is a glucose analog, its metabolic fate is di erent from that of glucose.
Initially, the hexokinase enzyme does not recognize the di erence between FDG and glucose;
therefore, FDG undergoes the same chemical reaction as glucose to form FDG-6-phosphate
(FDG6P):

CeH1,FOs "PH"® C H,,FOP + ADP

However, within the cytoplasm of the cell, FDG-6P does not undergo glycolysis and is not
stored as an energy source as glycogen. Thus, FDG-6P is subject to two di erent metabolic
fates:

" becomes irreversibly trapped in the cytoplasm of the cell;

" loses the 6 phosphorus atoms and exits the cell by crossing the cell membrane. It
becomes available again to be metabolized by other cells.

Clinically, it is hypothesized that tumors, due to their high demand for glucose, irreversibly
trap phosphorylated FDG in the cytoplasm, preventing its release [89].

3.2 Data formation process

Positron Emission Tomography [82] is the most widely used nuclear medicine imaging tech-
nique [5]. The process of generating PET data is based on the principle of radioactive decay
of the tracer. This process occurs as a result of the emission of positrons from the molecule
(hence the name Positron Emission Tomography). The radioactive activity of a molecule is
expressed as

In(2)t

At = Ae 2 (3.1)

WhereT—21 is half-life of radioactive activity, i.e. the time required for the number of positrons
emitted per unit of time to be half the initial number. Figure 3.2 shows the FDG radioactive
decay curve [111].
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Figure 3.2: FDG radioactive decay curve

The emitted positron, being unstable, travels a short distance (on the order of about 1
mm) before interacting with an electrone . This interaction leads to the phenomenon of
annihilation, which generates the emission of two photons of energy 511 KeV, emitted in
opposite directions (as shown in point (b) of Figure 3.1). The line along which these two
photons travel is called the LOR (Line Of Response). The photons reach the collimators
of the PET machine, whose detectors are arranged in a cylindrical ring around the patient.
This positioning makes it possible to detect photons emitted from di erent angles. When
two photons belonging to the same LOR are detected simultaneously by two opposite detec-
tors, the system records a count and stores it as raw data inside the PET machine. Data
acquisition is performed in list-mode, i.e. each event is recorded with precise information
about the time of detection and the detector involved. At the end of the acquisition, the
sum of the counts collected by each detector represents the raw data.

From this data, by solving a inverse imaging problem, the PET image can be recon-
structed, allowing analysis of the metabolism and distribution of the radioactive tracer in
the patient's body.

3.2.1 Resolution degrading factors

The PET machine, like any imaging system, cannot perfectly represent reality: in fact, it
acts as a signal transmission system that receives an input sigrid(x), with x 2 R", and

transforms it into an output signal g°(x) 6 f °(x). Several physical factors, both constructive
and non-constructive, a ect image quality. For example, object motion, positron range,
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photon noncollinearity, and detector-related e ects (including crystal width, intercrystal
scattering, and intercrystal penetration).

The spatial resolution of the PET machine is the ability of the system to distinguish
between two radioactive sources in close proximity. Resolution is commonly described in
terms of the Point Spread Function (PSF) and its Full Width at Half Maximum (FWHM).

Assuming that the process of signal transmission and image formation can be modeled
as linear processes, the output of thg” system can be de ned by the following convolution
product: 7

g’(x) = K (x; x9f °(x9dx° (3.2)

R
where K (x;x9 is the so called PSF. The PSF represents the response of the system to a
point source. In fact, if the input signal is a point sourcé °(x) = (X Xg), then substituting
in (3.2) we get: 7

)= Kx) (xX° xo)dx®= K (x;Xo) (3.3)
er

The distortion e ect introduced by the PSF is called blurring; to study it, the machine
response at di erent sources is observed. If the distortion introduced by the P& is uniform
at all points in the domain, then we say that the PSF is space invariant an& (X; Xg) =
K(x Xp), otherwise we say that the PSF is space variant.

Since the PSF enlarges the point source but preserves the total radiation, the intensity
at the original point is reduced in the nal image, while it is increased in the neighboring
areas. The quantity that characterizes how much the PSF expands the point source is the
Full Width at Half Maximum (FWHM). It represents the width of the PSF at half of its
maximum height. The smaller this value is, the more accurate the system is. The resolution
of the PET machine is about 2 millimeters FWHM [78]. An example of the e ect of PSF on
a point source is shown in Figure 3.3.
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Figure 3.3: E ect of a PSF on a point source. On the left, the point source i@ = (0;0)
has a maximum intensity of 1. On the right, the PSF has reduced the maximum intensity
value at the origin and increased the intensity value in the neighboring region.

In an image that is more complex than a simple point source, the blur phenomenon
a ects all points: an aberrated image is obtained.

Limited spatial resolution in PET leads to Partial Volume E ects (PVESs), which are
generally divided into two main categories:

A

spill-over e ect: this phenomenon occurs when a source of high radioactive activity
appears enlarged by the PET PSF. As a result, some of the radioactivity expands into
adjacent regions, leading to an underestimation of the actual activity within the source
itself;

spill-in e ect: this occurs when a region of low radioactive activity receives a signal
from a nearby region of high intensity. This leads to an arti cial overestimation of
radiopharmaceutical activity in the low-intensity region.

Here are some critical issues that can degrade the data and negatively a ect the quality
of reconstructed PET images.

The rst problem occurs at the source of the data. The positron emitted by the radioac-
tive molecule travels a distance of about 1 mm before annihilating with an electron and
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emitting two antipodal photons. This phenomenon introduces an uncertainty factor into
the image reconstruction, since the exact point of positron emission cannot be determined.

Other issues include the phenomena of attenuation and scatter. Attenuation occurs when
photons interact with electrons in body tissues via the Compton phenomenon, reducing the
number of photons detected. Scattering, on the other hand, occurs when one or both photons
are de ected from their original trajectory by interaction with other particles. As a result,
they hit the collimators at the wrong positions, leading to the determination of an incorrect
line of response. In addition, random coincidences may occur, i.e., events in which photons
(scattered or unscattered) belonging to di erent LORs are mistakenly assigned to the same
LOR.

An additional problem is the dead time of the detectors, or the blind time of the system.
When a detector is hit by an excessive number of photons in a very short time interval, it is
temporarily blinded for a period on the order of nanoseconds. During this time window, the
detector is unable to detect new events, resulting in a loss of information and a reduction in
the accuracy of the PET image.

3.3 Image reconstruction process

In this section, we address the inverse imaging problem of reconstructing the representative
PET image of tissue metabolism from the photon counts measured by the PET scanner. For
all the problematic aspects highlighted in subsection 3.2.1, this problem is ill-posed according
to the de nition given by Hadamard [43].

First, we de ne the Radon transform, a mathematical tool by which we can formally
describe the data as a sinogram. Next, we examine the main image reconstruction meth-
ods employed in this eld, starting with the analytical ones and ending withFiltered Back
Projection algorithms (FBP) [64, 79] and those iterative ones of Bayesian nature, such as
the Maximum Likelihood Expectation Maximization(MLEM) [66, 109] and its optimization
Ordered Subsets Expectation Maximizatio(OSEM) [47].

3.3.1 Formal Description of acquired data: the sinograms

The mathematical modeling of PET data is based on the Radon transform. In order to
describe it, it is necessary to provide some mathematical de nitions.

" Given 2 S" ! (the sphere inR") and s 2 R we de ne the following hyperplane:
H(;s)=fx2R"x = sg (3.4)
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" Let us de ne the cylinder C" in R" as:

"=1(;s); 2S" 1;s2 Rg (3.5)

" Let us de ne the Schwartz space on the cylinder (3.5) as

( )

Df
S(C= f2ctc"; su s'@@. <1:8j1 2N:k2N" 3.6
(€5 (9 20 1F;JSZR @@’ : (36)

De nition 3.3.1. Given C" (3.5) the cylinder in R" and S(C") the Schwartz space on the
cylinder, the Radon Transform is a bounded integral operator de ned as

R:S(R") IS (C")

such that, for each 2S" *ands2 R
Z
(Rf)(;s) = f(x)dx (3.7)

H(:s)
whereH ( ;s) is the hyperplane(3.4)

Writing generic vector x 2 R" in the coordinates identied by and *? the Radon

Transform can be de ned also as:
Z

(Rf)(;s)= o f(s +y)dy (3.8)
The Radon transform provides a formal description of the data acquired in PET imaging.
In the 2-dimensional mode, the acquisition is performed by detectors arranged in a cylindrical
ring around the patient. In this context, the function f in (3.7) represents the unknown
metabolism to be reconstructed. Each LOR associated with photons emitted by radioactive
decay corresponds to a line of integration in the (3.7) for a given value ®&nd a given angle
. In this PET application we de ne H( ; 0) as the origin hyperplane:s > 0 represents the
distance fromH ( ; 0) in direction . Consequently, the 2-dimensional recording of the PET
machine can be interpreted as the set of line integrals computed as all possible valuesasfd
vary. We can then describe the measured datum as the Radon transform of the unknown
metabolismf that we want to reconstruct. The data formation can then be expressed by
the following equation, called the imaging equation:

g=Rf +n (3.9)
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where:
" g is the measured data;
R is the Radon transform as de ned in (3.7);
" f is the unknown information that has to be reconstructed,;
" n is the additive noise that can be deterministic or modeled by a random variable.

The goal of the inverse imaging problem is to reconstruct the unknowhn function from
noisy measurements of its Radon transform.

The acquired data, expressed in the variablesand , are stored in the so-called sinogram,
as shown in the Figure 3.4.

Figure 3.4: Example of a 2-dimensional PET acquisition and data expressed as a sinogram.
On the left, the function f (x;y) describes the quantity to be reconstructed (in this case
the metabolic activity); g(s; ) represents the measured data obtained by integration along
the LORs, expressed as the Radon transform in the coordinates; (). On the right is an
example of a sinogram.

As shown in Figure 3.5, during the PET scan, the bed on which the patient lies moves
slowly along the main axis of the body and crosses the PET detectors. The 2-dimensional
acquisition is repeated for each section of the body, resulting in a series of layered scans of
the patient's entire volume. For each bed scan, the same acquisition process is repeated,
obtaining di erent sinograms, which represent the projections of the patient's metabolic
activity along the di erent acquisition directions.
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Figure 3.5: Bidimensional acquisition with PET machine. The same mode of acquisition is
repeated as the bed moves along the z axis.

3.3.2 Inversion methods: analytical inverse formula and iterative
techniques

Given the data formation model (3.9), the inverse imaging problem consists in reconstructing
the distribution function f, de ned in the Cartesian spacex 2 R", from the data g, de ned
in the Radon transform space (s).

Analytical inverse formula

The analytic inversion formula allows to explicitly write the unknown distribution function
f in terms of the giveng. To do this, it is necessary to introduce some de nitions.

De nition 3.3.2. Givenf 2 S(R"), the Fourier transform of is de ned as follows:
nz
()= ) 2 fxe™ dx (3.10)

R

De nition 3.3.3. Givenf 2 S(R") and < n , the Riesz's potential operator is de ned
through its Fourier transform as:

aA")()=ii ) (3.11)
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De nition 3.3.4. Giveng 2 S(C") the backprojection operator of the Radon transforrR
is de ned asR* : S(C") 'S (R") such that:
z
(R* g)(x) = o g(;x )d (3.12)
In particular, if f 2 S(R") holds that
Z Z

(Rf)(;s)g(;s)dds = f(x)(R"g)(x)dx (3.13)

C R

In the light of the de nitions just given, it is possible to give the inversion theorem of
the Radon transform.

Theorem 3.3.1. Giveng 2 S(C") such thatg = Rf for f 2 S(R") and| the Riesz's
potential operator with < n , R* the backprojection operator of the Radon transform, we
have that:

f= %(2 )y " R*I Mg (3.14)

Remark 3.3.1. We observe that, in equation(3.14), parameter < n is not xed. This
implies that (3.14) gives a family of one-parameter-dependent solutions. If a particular value
of is chosen then a solution is xed.

If =0is xed then:
8 1 n 1
2 E(2 )y "MIR#F( 1)z g Y if nis odd

f = 51 (3.15)
- 5(2 ) "IR*( 1)"Z°Hg™ Y if n is even
whereH : S(R) ' S (R) is the Hilbert transform de ned as
Z
17 f
(Hf )(x) = = wdy (3.16)
1

We note that, in both cases, it is necessary to compute the numerical derivative of
the datum g. This operation is always ill-posed in the sense of Hadamard [43] because
of oscillations in the datum due to the presence of noise. Therefore, the inversion of the
Radon transform is a numerically unstable operation. In particular, depending on whether
n is even or odd, the inversion formula of the Radon transform changes both numerically
and conceptually. Indeed, ifn is even, the inverse of the Radon transform is unstable
and non-local: the presence of the Hilbert transform operator requires the integration of
g" b 2 S(C") with respect to the second component over the whoR. Since the inversion
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operation of the Radon transform cannot conceptually depend on the dimension it was
decided to place = n 3. In this way:

f = %(2 ) 13 NR# @ (3.17)

With this choice locality is restored, but it is necessary to numerically derivg twice,
which makes this inversion operation extremely ill-conditioned.
Filtered Back Projection (FBP)

For the description of this algorithm, the dimension of the space will bea = 2. Let us
introduce the following de nition and theorem.

De nition 3.3.5. Given f* 2 S(R?) we de ne the Fourier anti-transform operator applied
to f" as: 7

10 )" *dl (3.18)
RZ
for x 2 R?,

Given R the Radon transform and a xed 2S" !, we deneR (s) = R(;s).

Theorem 3.3.2. Givenf 2 S(R") then

Rf) )= )=f( ) (3.19)

for 2 R.

Taking advantage of the de nition and theorem just given, and applying an appropriate
coordinate change, it is possible to write the unknown distribution functiorf explicitly in
terms of the Fourier anti-transform of the Fourier transform of the datumg. In particular:

1 Z 2 Z +1
f(x)= — — jtig;1)H)e™ d d (3.20)
4 0 2 1
for x 2 R2. By de ning Z.,
G(is)= 5 jtjo(; )es d (3.21)
1
with 2 [0;2 ] ands 2 R, the ltered projections, it is possible to write (3.20) as
z 2
— 1 # — 1 .
f(x)= —(R*G)(x) = — G(;x )d (3.22)
4 4
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From equations (3.21) and (3.22) we learn that the backprojection operator of the Radon
transform R* is applied to the Itered projections which are the Fourier transform of the
datum g multiplied by function j! j calledramp lter .

Remark 3.3.2. Since the data is aected by noise, its Fourier transform has unwanted
high frequency components: these components, multiplied by jheramp Iter, are further
ampli ed.

The procedure used in theFiltered Back Projection algorithm is as follows. For each
20,2 ]

1. Apply the Fourier transform to the data g( ;s) obtaining ¢( ;! );

2. Multiply the Fourier transform g( ;! ) with V()= jljH(!) whereH(!) is a custom
frequency lter that has to attenuate high frequency components of ramp lteq! j;

3. Apply the Fourier anti-transform obtaining the lItered projections dependent on the
chosen frequency lIterH:
1 Z +1 ]
Gu(ix )= 5 JriHMOC;! )e™ d! (3.23)

1

4. Apply the backprojection operatorR* to the ltered projections, obtaining:
YA 2

fror (0= - S Gu(ix ) (3.24)

Examples of commonly used frequency lters are reported in Figure 3.6 and are:
" Ram-Lak lter Hg (! ):=j'j (V);

)

|
" Shepp-Logan Iter Hg (! ) := j! jsinc E ();

N

" Cosine lter Hc (') := j! jcos

where () is the characteristic function of the frequency range to be maintained and
sinc is the cardinal sine function such that sinc(0) = 1 and sing) = 2" for x 6 0
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Figure 3.6: Example of the most commonly used frequency Iterd (! ). x-axis reports the
normalized frequency spacej-axis reports the Iter amplitude.

In practical applications, only a discrete and noisy set of samples ofis available from
PET scans. Consequently, the continuous formulations used in thgltered Back Projection
algorithm must be discretized, with integrals replaced by summations over the sampled
points in Radon space.

Iterative Bayesian techniques: MLEM, OSEM

In the equation (3.9) we described the datung as the sum of the Radon transform of
the unknown distribution function f and the additive noisen. In this statistical approach
based on iterative techniques [135] we assume thatis modeled by a random variable. In
particular, since PET collimators count the photons that reach them, it is reasonable to
assume that gll quantities involved follow a Poisson-type statistic whose density function is
P(z)=-¢e ] for eachz 2 N.

The class of reconstruction methods we present is based on Bayes' theorem, which states
that, given two eventsA; B, holds that

(BjA) (A)
(B)

Speci cally, applying this theorem to the quantities involved in PET analysis, we obtain

(AjB) = (3.25)

(Fig= (gif) () (3.26)
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where (g) is omitted becauseg is given and thus it is a deterministic quantity. The idea
behind these methods is to solve a maximum likelihood problem [121]:

f = argmfax (gif) (3.27)

Since the forward model of the formation of the data (3.9) and the probabilistic Poissonian
nature of the phenomenon are known, the (3.27) consists in nding the unknown distribution
function f whose data generated with the forward model (3.9) is maximally compatible with
g.

The form of Poisson's likelihood is

b gi
@H=" @ B (3.28)
i=1 g!
where g is the number of counts detected by thé™ collimator and L is the number of
collimators. Through the notation of conditional probability, we assume that the observed

Furthermore, the solutionf must be sought in a restricted subset of possible solutions,
which is encoded by the prior (f ). For example, since the functiorf represents the physical
amount of uptake of the tracer, it can never take negative values: in probabilistic terms, this
condition can be translated ag 2 S whereS = ff j (f < 0)=0g.

Since the likelihood expression (3.28) and the positivity constraint oh are both convex,
it is possible to transform the (3.27) into the more tractable constrained minimum problem
by some algebraic operations:

X _
argmin - In( (gjf )) = arg min (RE) g+aln —— +g (3.29)

i1 (Rf)i
In this equation we observe terms:

"~ (Rf); g which measures the distance between the model-estimated datum and the

" gln % + ¢ called mute-entropy term.
i

Equation (3.29) can also be rewritten as the following constrained minimum problem:

argminDy. (gijf ) (3.30)
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where D, is the Kullback-Leibler divergence, which measures the distance between two
distributions.

The Karush-Kuhn-Tucker (KKT) theorem [12] allows to transform the problem (3.30)
into a xed-point problem [67]. This type of problems can be implemented by an iterative
optimization algorithm known as Maximum Likelihood Expectation Maximization (MLEM)
[28]. Starting from an initialization f ©:

£ (K) g
(k+1) — #
f =R R (3.31)

where 1 denotes a vector of ones having the same dimensiorgas

Remark 3.3.3. With this approach, it is possible to rst reconstruct the low-frequency com-
ponents of the image and then gradually enrich it with details, corresponding to the high-
frequency components.

Remark 3.3.4. Due to noise a ecting g and ill-conditioning of the backprojection operator
of the Radon transformR#, it is necessary to nd a stopping criterion to determine the
optimal number of iterations.

Remark 3.3.5. An improvement of the MLEM method is the Ordered Subsets Expectation
Maximization (OSEM) algorithm [47]. This method consists of applying the backprojection
operator in equation (3.31) to only a subset of data, which live in the space of Radon pro-
jections: the choice of how the data are partitioned into subsets determines the result of the
algorithm. In particular, from an initialization f @, this algorithm is implemented as:

f (k+1) = L(st )# L (3 32)
(Ris,)¥ 1" 7> Rf (0 '

whereS, for p=1;:::; P are the di erent data subsets.
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3.4 Physiological semiquanti cation of PET images: the
SUV value

The Standardized Uptake Value (SUV) is one of the most commonly used indices to assess the
aggressiveness of a tumor and is mainly used in FDG tracer analysis. This semiquantitative
parameter arises from the need to introduce an objective quantity, easy to compute, that
supports the visual analysis performed by nuclear medicine physicians. It expresses the
amount of radio-tracer absorbed by the region or volume of interest (ROI or VOI) in the
analysis time window. The SUV value is computed as:

_ Tissue Activity 1
SUV= Eorrected Injected Activity ROI Volume (3.33)
Body Mass

The unit of measure of the SUV value SUV is¥]. Tissue activity and corrected injected
activity are measured in kBq], body mass in §] and the volume of the ROI (region of
interest) in which the SUV parameter is computed inrpl]. We observe that if the injected
tracer were evenly distributed throughout the body, then the concentration of tracer would
be equal to the ratio of administered activity to body mass. Since this is not the case, the
SUV value expresses the ratio of the amount of tracer accumulated in a certain ROI to the
amount of tracer that would hypothetically be present in a region of equal volume if the
tracer were evenly distributed throughout the body. For example, a SUV value greater than
1 indicates preferential accumulation in a particular region.

The denominator in (3.33) is the injected activity corrected for the radioactive decay of
FDG. In fact, to make the comparison between the two activities acceptable, it is necessary
to estimate the injected activity at the time the tissue activity is measured. Therefore, using
the formula that determines the radioactive decay of FDG:

CIA=IA et
In(2)

DT
2
Sometimes the SUV value can be presented as a pure number. In fact, if the human
body is assumed to be a uniformly distributed volume, i.e. with a constant density equal to

1 [], then:

where = whereDT is the FDG radioactive decay time.

SUV = Tissue Activity 1
~ Corrected Injected Activity ROI Volume
Body Mass
Body Density
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A ROI-based SUV value can be obtained: the nuclear medicine physician manually draws
an ROI and obtains a single SUV value for the entire selected region. On the other hand, it
is also possible to obtain a voxel-based SUV value: in this case, a series of images (usually
400 400 in size) are obtained, reporting the corresponding SUV value in each voxel. In
this case, the volume of the ROI corresponds to the volume of one voxel. Unexpectedly high
SUV values in certain regions may suggest abnormal metabolism and should prompt further
diagnostic assessment, such as biopsy.

3.4.1 Limitations of SUV in PET imaging

Evaluation by FDG-PET analysis with SUV value can have several problematic aspects due
to both the limited resolution of the PET machine, the nature of the imaging itself, and the
presence of biological factors that alter normal blood glucose levels.

The limited spatial resolution of FDG-PET may hinder the detection of small tumors or
lesions with inherently low metabolic activity, such as neuroendocrine tumors.

Moreover, not all regions exhibiting high FDG uptake (i.e., high SUV values) can be
unequivocally classi ed as neoplastic. FDG accumulation re ects glucose metabolism and is
therefore linked to the presence of viable, metabolically active cells, regardless of whether the
process is physiological or pathological. Physiological FDG uptake areas include the brain,
larynx, heart, gastric fundus, intestines, kidneys, bladder, and muscles. Pathological uptake
can be non-malignant (such as in ammatory lesions and benign neoplasms) or oncological.
In ammatory uptake occurs as a result of the immune system's response to a particular
area. Examples include granulomatous in ammatory diseases, which can have very high SUV
values. Examples of benign neoplasms include mixed salivary tumors, villous adenomas, and
adrenal adenomas.

FDG-PET analysis can be signi cantly a ected by diseases that alter the normal uptake
of FDG from the blood. In diabetic conditions, analysis of FDG distribution is often prob-
lematic because the limited uptake of glucose and FDG by insulin-dependent tissues parallels
the persistence of high tracer concentrations in plasma. Obviously, the ubiquitous presence
of radioactive blood attenuates the di erence between pathological uptake in cancer and
physiological tracer retention in surrounding background tissues. Therefore, it is necessary
to nd methods to reduce the presence of unabsorbed FDG in the blood. For example,
metformin is a widely used oral anti-diabetic drug that reduces blood glucose concentration
without causing hypoglycemia [60], mainly by decreasing intestinal glucose absorption and
liver glucose output [73]. It follows that PET images from metformin-treated diabetic pa-
tients are also problematic to analyze because of the metformin-induced reduction in FDG
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de-phosphorylation. Therefore, techniques that can quantify this reduction may provide a
signi cant improvement in uptake correction for metformin-treated diabetic patients [37].
Although SUV is an index that can vary dramatically depending on body metabolism and
tissue-speci ¢ functions, FDG-PET imaging is becoming increasingly important as a quan-
titative monitor of individual response to therapy and as a tool for evaluating new drug
therapies, and changes in FDG accumulation have been shown to be useful as an imaging
biomarker for assessing response to therapy [134]. In fact, in the context of lymphoma, the
Deauville criteria have been developed, which take advantage of the SUV value assessed on
staging PET and follow-up PET [62], [51]. These criteria use a score scale from 1 to 5 to
evaluate the response of tumors to treatment. These criteria are based on a comparison of
the SUVmax of pathologic lesions with those found in the liver and aorta. A score of 4 or 5
indicates non-response to treatment or progression.
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Chapter 4

Compartmental analysis and solution
techniques

In this chapter we explain the concept of compartmental analysis. In particular, we see how
it is applied to the problem of reconstructing the dynamics of a tracer with PET acquisition.

Compartmental analysis is a quantitative study of a biological phenomenon. In other
words, the system of interest, in which the said biological phenomenon is to be studied at a
given time interval, is divided into compartments with a homogeneous functional role with
respect to it. Quantitative measurements related to the biological phenomenon are associ-
ated with each compartment as time changes. Since the compartments can communicate
between each other, there are exchange coe cients, called rate constants, that rule the rate
at which the functional state transition occurs from one compartment to another. The goal
of compartmental analysis is to estimate the unknown rate constants between compartments
from global quantitative measurements throughout the system of interest. From a mathe-
matical point of view, quantitative measurements over time can be viewed as state variables
whose dynamics are studied. Assuming that the exchange coe cients between the compart-
ments are constant over time and space, the overall dynamics in the system of interest can be
modeled as a system of di erential equations expressing the equilibrium principle between
the compartments.

In PET application, compartmental analysis is used to study the dynamics of radioactive
tracers injected intravenously into the patient's body. In the case of FDG-PET, which is
widely used in oncology, such analysis provides a more accurate estimate of cellular metabolic
activity in a given region of interest (ROI) than the simple SUV value. In fact, as mentioned
in the previous chapter, the SUV value only measures the uptake of the tracer, regardless of
whether it is taken up by the tumor or not, without providing precise metabolic information
about the neoplastic tissue. In contrast, compartmental analysis allows the study of in vivo

36



CHAPTER 4. COMPARTMENTAL ANALYSIS AND SOLUTION TECHNIQUES

dynamics, i.e. the in vivo study of molecular processes. It provides absolute quanti cation of
parameters within the ROI, i.e. quantitative estimation of physiological parameters related
only to the intrinsic characteristics of the system and not to external factors such as tracer
concentration or tracer mode. Indeed, in addition to FDG, compartmental analysis can be
performed with other types of radioactive tracers that study other forms of metabolism or
provide speci c links to biomarkers to assess the expression of a particular target molecule.

In the rst section we do an overview of the mathematical formulation of a compartmental
analysis problem. In the second section we present some techniques (analytical and graphical)
that are used to solve its inverse problem.

4.1 Compartmental Analysis: mathematical framework

In this chapter, we present the mathematical modeling of compartmental analysis with ap-
plication to FDG-PET type data [41, 68]. In this case, the biological phenomenon under
study is glucose metabolism. Since these analyses are used in oncology, we want to detect
any changes in the physiological levels of glucose metabolism that might be caused by the
presence of neoplastic tissue. By varying the type of tracer, di erent biological phenomena
can be studied. When working with non-speci c tracers (such as FDG), other forms of
metabolism can be studied. When using speci c tracers, the goal of the study is to evaluate
the expression of a particular target molecule. The system of interest in these applications is
represented by a speci c organ or anatomical region. Each compartment represents a di er-
ent metabolic state in which the radioactive tracer is located. The tracer concentrations in
the compartments represent the state variables. The exchange coe cients between compart-
ments encode the rate at which the tracer changes state, i.e. moves from one compartment
to another: their unit of measurement is the inverse of time. The equations describing the
tracer dynamics between compartments are obtained through the tracer balance equations.
Since the exchange coe cients are assumed to be constant in time and space, each equation
is an ordinary linear di erential equation (ODE).

After injection, the tracer reaches the heart, which distributes it to all tissues and organs
of the body. How the tracer is sent to all parts of the body, detected at the level of the aorta,
plays a very important role in the analysis and is modeled by the so-called input function
(IF). In this settings it is assumed that no di usive e ects can take place during the FDG
perfusion, and tracer is just carried by blood. Furthermore FDG is assumed to be uniformly
distributed in each compartment at each instant [106].

The number of compartments can vary depending on the phenomenon being analyzed.
In the following subsections, we show the 2-compartments model (from which the irreversible
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Sokolo model is obtained) and the generic n-compartments model.

4.1.1 Example: 2-compartments model and Sokolo model

The simplest model, but also the most widely used in oncology applications, is the 2-
compartments model. In this model, the system of interest (e.g., an organ or tissue) is
divided into two compartments. The rst compartment contains the FDG molecules in
cells that have not yet been metabolized by the phosphorylation process - their functional
state is called \free". The second compartment contains the phosphorylated FDG molecules
trapped in the cell cytosol: their functional state is therefore referred to as \metabolized".
Accordingly, the tissue compartments included in the model are the \Free" compartment,
which we denote by \F", and the \Metabolized" compartment, which we denote by \M". A
non-tissue compartment that models the FDG in blood is also included in this model: for
this purpose it is denoted as \blood" or \plasma compartment” and it is denoted by \b".
Associated with each of these compartments are tracer concentrations over tindg, Gy, G,
respectively. G,(t) represents, for each time, the so-called input function (IF): this function,
obtained from the data acquired in the left ventricle at the level of the aorta, shows how
FDG is distributed from the heart to each anatomical compartment. The exchange coe -
cients between the compartments aré&;; ko; ks; ks 0. The coe cients k; and k, govern
the exchange between the blood and the \F" compartmentks and k4 control the exchange
between the \F" and \M" compartments. The graphical representation of this compartment
model can be found in gures 4.1. The system of equations expressing the FDG balance
between the compartments is a system of ODEs de ned as:

8

SCe(t)= (ko + ka)Cr(t) + kaCwi () + KaCy(t)

| 4.1)
© Cu(t) = ksCr(t) kaCum (1)

The initial conditions Cg(0) = Cy (0) = 0 complete the Cauchy problem: these condi-
tions are really valid, since at the initial instant the tracer concentration is zero in both the
\F" and \M" compartments. This system can be rewritten in a matrix form as:

"# " #'o# " #
Cr (k2+ ks) ks Cg kiCp

Cu K K cy = o & CFO=Cu@=0 (4.2)
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Figure 4.1: Example of a compartmental model with 2-tissue-compartments (\F" in green,
\M" in blue), a blood compartment (\b" in red). Arrows indicate the direction of the four
exchange coe cientsky; ks; Ks; Kg.

The parameterk; represents the in ux rate of FDG from the blood into the \F" com-
partment. This depends on both the local blood ow and the rate of tracer extraction from
the capillary to the tissue [17]. The physiological measure used is perfusion ow, which

represents the volume of blood owing in and out of a given volume (or weight) of tissue
ML pioog=Min or ML pjoog=Min

) . . ml—tissue gtjssue
physiological literature, the term blood ow usually means perfusion ow. (F=blood ow or

perfusion ow). The net tracer ow of a tracer is then de ned as:

per unit time. Its unit of measurement is In fact, in the

J = Jm Jout = FCa FCV (4.3)

where the in ux is the product between the blood owF and the arterial concentration C,)

while the out ux is the product between the blood ow and the venous concentration(,).
De ne E the fraction of tracer extraction, i.e., the amount of tracer extracted from

the blood and delivered to the tissue, as the normalized di erence of the arterial-venous

concentration
_GCi G,

E
Ca

(4.4)

(4.3) can be written as
J=(F E)C,=kiC, (4.5)

Equation (4.5) describes the delivery of tracer from blood to tissue. The fraction extraction
E has been interpreted ([58, 95, 22]) as

E=1 e F (4.6)

where P is the permeability of the tracer across the capillary surface (expressed iffif])
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and S is the capillary surface area per gram of tissue (expressed ﬂ@—zﬂ).

The parameterks represents the rate at which the phosphorylation process occurs, while
k, controls the rate at which the reverse process of defosphorylation occurskjf= 0, you
get the Sokolo model [115]. This model is widely used in oncology [33]. In fact, it simulates
the typical behavior of tumors that irreversibly accumulate FDG-6P in the cytosol of cells
[89].

4.1.2 Example: n-compartments model

The n-compartments tissue model case is a direct generalization of the 2-compartments case.
Figure 4.2 shows an example of such a model. For each compartmprt 1;:::;n we denote
the corresponding tracer concentration byC,. The exchange coe cientky, represents the
ow of tracer from compartment ¢ to compartment p. The exchange coe cientsky, and Ky,
represent the ow from the blood to the compartment and from the compartments to the
blood, respectively. In this model, we assume that each compartment can communicate with
the blood. The equations governing the dynamics of the tracer are still a system of ODEs
[17] and are obtained as the balance (or mass conservation) equations of the tracer. For each
p=1;:;n: X X

Co= KpaCq KapCp + kppCb  KnpCp (4.7)

g6 p g6 p

with initial condition C,(0) = 0. De ning kg, = (P
system (4.7) can be rewritten in a matrix form as:

o6 p Kap T Kop) for eachp =1;::;n, the

C=MC+W; C0=0 (4.8)
where 2 3 2
kleb
konC
C :g % W = g 2 é = Kpgs P;g=1;:5n (4.9)
KnbCh
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Figure 4.2: Example of a compartmental model with n-tissue compartments. Arrows in-
dicate the direction of the exchange coe cientk,,. In this model each compartment can
communicate with blood.

4.2 Compartmental Analysis: the inverse problem

The goal of compartmental analysis, as explained in the introduction of this chapter, is to
provide a quantitative estimate of the dynamics of a given tracer through PET acquisitions.
Such dynamics, in the most general case, is determined by the system of di erential equa-
tions (4.8) parameterized by the unknownk exchange coe cients. Reconstructing these
coe cients implies the knowledge of the entire model and provides an estimate of tracer
dynamics in all compartments. However, PET machine acquisitions cannot measure tracer
concentrations in each compartment but simply provide a global measure of tracer concentra-
tion throughout the ROI during time. In particular, PET acquisitions occur in the dynamic
mode. Photon counts collected during discrete time windows are used to reconstruct tracer
concentration in the ROI over time, enabling a dynamic representation of tracer distribution
throughout the examination. Assuming that each compartment included in the model con-
tributes linearly and proportionally to its volume relative to the total tracer concentration
measured by PET in the ROI, the data formation equation in the ROI is written as:

Cr(t)=  C(); t2 R, (4.10)

where the vector of constants , whose size is equal to the number of compartments included
in the model, contains information about the volume of each compartment. For example, in
the case of 2 compartments:

Cr(t)=  C()=(1 W)(Ce(t)+ Cu (1)) + WCo(t); t 2 Ry (4.11)
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where 'V, is the volume fraction and represents the volume occupied by compartment \b".
In this case, we assume that the compartments \F" and \M" have the same volume equal
tol V, The givenC, of the input function is instead directly derived by placing a region
of interest in the left ventricle at the level of the aorta.

In summary, the goal of the inverse problem of compartmental analysis is to reconstruct
the exchange coe cientsk between compartments fromCy, reconstructed from the time
scans of PET acquisitions, and the input functiorC,.

Every mathematical inverse problem is characterized by its intrinsic property of good or
bad posedness in the sense of Hadamard [43]. In this problem, the most signi cant property
is the uniqueness of the parameter set. Given a given n-compartments model and the set of
measuresCt (4.10), the question is whether there exists a unique set of parametérsuch
that solving the forward problem (4.7) with parameters yields the givenC+. Several results
have been obtained in the general n-compartments case but the most important result for
the purposes of this thesis work is the following: in the case of the 2-compartments model,
the parametersk are uniquely determined by the knowledge o+ [26].

There are two main types of techniques for reconstructing thk coe cients. One is
analytical, which uses optimization methods to numerically reconstruct eadk coe cient.

It provides an accurate estimate of the coe cients, but is computationally expensive. The
other technique is graphical and is also known as Patlak's technique [87]. This technique,
which is only applicable under special conditions, is obtained by transforming the system
of equations (4.7). It is much less computationally onerous than the analytical technique:
however, it allows only a combination of thek parameters to be estimated, not each one.

In order to be able to apply Patlak's method under more general conditions than originally
envisaged, new techniques were subsequently developed [69, 48] which were still able to
estimate a combination of the parameters.

While compartmental analysis provides the best possible estimate of tracer dynamics,
it has a strong limitation that makes its practical application di cult: machine occupancy
time. In fact, the k coe cients can only be reconstructed if the input functionC, and the
tissue concentration functionCy are known at all times from time O of tracer injection to
late times of about 50-60 minutes. This implies that the PET scanner must be occupied for
about 50-60 minutes, which is an extremely long time. Techniques are currently being inves-
tigated to reduce the acquisition time while maintaining su cient information to perform
compartmental analysis.

In the following subsections, we present the analytical and graphical techniques for solving
the 2-compartments problem of compartmental analysis in the case of FDG-PET analysis.
We focus on a particular extension of the graphical Patlak technique, called relative Patlak
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[140], which will be exploited in the work presented in Chapter 5.

4.2.1 The analytical Gauss-Newton regularized method

The analytical method consists of a Gauss-Newton optimization algorithm that aims to
obtain the exchange parameters from PET scan measurements [32, 41, 54, 59, 132, 138]. In
order to de ne the method, it is necessary to provide the data formation equation. We focus
on the 2-tissue-compartments and 4 exchange coe cienks; ky; ks; k4 case. Then the system
of equations describing its dynamics is (4.1). The analytical solution of this system is:
Z t
Ct)= ki Cyue M e du (4.12)
0
wheree; =[1;0].
The measured total concentrationCt in the region of interest is given by (4.11). Since
C, can be measured an®, is known, we focus our interest on quantity:

Cr(t) WGCo

Creas(t) = 1 v,

= Ce()+ Cu (b (4.13)

Given a certain set of parameterg, for eacht 2 R, :
Z t
Cik)= Tky Cuu)et "M e du (4.14)
0
where = [1;1], is the sum of the components oE(t), and it is the forward solution of
the system (4.11) written as a function of the parameterk. The inverse compartmental
problem is thus reformulated as follows: given a set Qi easures CONCeNtrations sampled over
time, nd the set of parametersk = fkj;ks; ks; ksg such that the corresponding solution
C (k) (4.14) of (4.1) is compatible with the given measurementSeas-

Like any mathematical inverse problem, it is necessary to study its ill-posedness in the
sense of Hadamard [43]. In the literature, the uniqueness of the solution of the inverse
problem [37] has been proved by exploiting some properties of the Laplace transform and
of rational functions. This result is very important because the lack of uniqueness of the
solution would have resulted in the problem being abandoned.

We de ne the following linear operator:

Fi: RY1C O(R,:R)
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Z

t
(kiikaikaika) 1'F (k)= Tky  Cp(u)e® ™M eidu
0

Then, by de ning:
Fi(k) = Ci(k) F (k) (4.15)

the inverse problem becomes nding the set of parametekssuch that F; ' 0 in (4.15) for
eacht 2 R, . The Frectet derivative in direction h 2 R* of (4.15), for everyt 2 R, is:

dF

T (h): R*1C O(R,;R)

dF
k! =2(h) (K)=(r F(k)) h
dk
which is the projection on vectorh of the gradient of F;( ) with respect to parameters
computed ink. Then, given an initial guessk® and exploiting the development in Taylor
series, we obtain:

dF

© ' ©)
Fk®+ h) ' Fk®)+

(h) (k)= F(k®)+r Fu(k®) h

Leveraging a Gauss-Newton approach, since we are searching for the set of parameters that
makes the functionalF (k) = 0, we impose the value of;, when we move in the direction and
verse of vectorh with step sizekhk3 from the initial guess k© equal to 0: mathematically
F((k© + h) = 0. This implies that the vector h can be obtained by solving:

r F(k©@) h= F(k©) (4.16)

for each timet. Givent = (ty;:::;ty) the sampling time such that O<t; < :: <ty we
de ne the following operator A such that

A:R*l RN 4

kKir «Fi(k)

In particular

Q@F,
@k

Then we de ne the operatorF; such that

Anm (K) =

(k); n=1;:3N; m=1;234

F.:R*1 RN
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k! Fe(K)

Vector h is obtained by solving the following linear system:
AKD) h= F (k@) (4.17)

k© is updated as:
k® = k@ + h (4.18)

This gives rise to an iterative algorithm described in pseudocode form in Algorithm 1.

Algorithm 1 Gauss-Newton optimization method for the 2-compartmental analysis inverse
problem

1: Initial guessk©;

2: for " =0to Nyax doO

3:  Find h by solving linear system (4.17) with parameter&’;
4:  Compute k(" = kO + h;

5. end for

6: return k (Nmac)

Note that the operatorsA and F; depend on the measured data, which inevitably contain
noise. Therefore, if the number of iterations in the Algorithm 1 is too large, numerical insta-
bility problems may occur after a large number of conditioning of the derivation operator.
Then, instead of solving the linear system (4.17), the following Tikhonov regularized least
squares problem is solved [39]:

MinnorekAK®) h o ( F(k@)k3+ Kkhk2 (4.19)

This restores the numerical stability of the solution.

4.2.2 Patlak graphical method

The Patlak graphical method is an approach consisting in the manipulation of the system of
ODEs in order to nd an easier equation that in some sense can be tted with a line or plane,
allowing the estimation of a combination of the exchange coe cients [68]. This method,
presented in the original paper [87] with arbitrary tracer and numben of compartments,
requires that the kinetic model must satisfy several assumptions:

~ the plasma compartment is the only source of tracer for the system;

~

the tracer can freely ow from the plasmato a rst tissue region and vice versa, and can
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directly or indirectly reach any compartment of that region. This is called \exchange"
or \reversible";

A

the tracer can freely ow from the plasma or \reversible" tissue region to a second tissue
region from which it can no longer leave. This region, grouped in a single compartment,
is called the \irreversible" or \bound" region.

A

tracer in the reversible region has only two paths: it either returns to the plasma or
remains stored in the irreversible region.

In the case of the 2-compartments model, given the imposed assumptions, the previously
presented Sokolo model is obtained. Therefore, the system of equations describing this

model is de ned as follows:
8
SCe(t)= (ko + ks)Cr(t) + kiCp(t)

_ (4.20)
" G (1) = ksCr (1)

where the concentrations multiplied by the coe cient k, vanish sincek, = 0. The initial
conditions areCg (0) = Cy (0) = 0 and it is known that Cy(0) = 0.

Standard Patlak plot

Starting with the system (4.20), it is required to:

explicit Cr in the rst equation;

replace the obtained form ofCg in the second equation and compute the explicit
expression ofCy, by integrating from time 0 (de ned as the time of tracer injection);

reconstruct Cy as in (4.10) to the left of the equation;
divide both sides of the equation byC,.

Then, the following equation is obtained:

Rt
kiks o Co( )d
ko+ ks Cp(t)

Cr(t) _

_ ko Ce(1) |
Ch(1)

ko + ks Cp(t)

1 W)

+(1 W)

Vo (4.21)

For su ciently long times, the reversible compartment will be in complete equilibrium with
the plasma compartment: the limit time beyond which this equilibrium occurs is called the
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Ce(t)

steady-state time and is denoted byt . For t >t the ratio

Cr, where C, is

Co(t)
constant. Consequently, (4.21) can be rewritten as
Cr(t) RtC( )d
LA T WA 4.22
0 ORI (4.22)
where Kk
—_ 1R3
Ki=(1 W) o+ ks (4.23)
is called the in ux constant and
b=(1 W ko Cep + 4.24

Lett = (to;::;;ty) the sampling time be given such thatty = 0, and to <t; < :: <ty
and there exists O< m < M such thatt, >t . For eachm m we de ne vectors
x;y 2 RM m+l - as:

P m P m
~ X — n=1 (tn tn 1)Cb(tn) — n=1 tan(tn)_

A _ c:T(tm).
ym m Cb(tm)y

for eachm = m ;::;; M. Patlak's method consists of plotting the pairs Xm; ym) on a Carte-
sian graphxy and performing a linear regression between them. Speci cally

hd
K; B=argmin WVm m KXmm B (4.25)
Kib m=m
where v ( )
_ X3y
=y (X X) (4.26)
6: y K x (4.27)
where
1 X 1 X
X_M m+1m= Xm m; VY v m+1m= Ym m (4.28)
and
1 b4
V(x,y)—lvI m+1m: Xm m Ym m Xy (4.29)
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Patlak's regression line can be drawn in they Cartesian as:
¢=Kx+bH (4.30)

wherey\is the prediction corresponding tax values.

Therefore, it is observed that the quantities (4.26) and b (4.27) are respectively an
estimate of the in ux constant K; (4.23) and the constantb (4.24) present in the equation
(4.22).

Remark 4.2.1. Although the quantities are computed for timeg, >t knowledge ofC,
from time O is still required to computex,, because of the integral in(4.22).

Remark 4.2.2. Patlak's analysis does not provide an estimate of all coe cientk;; k,; ks; k4
of the model, but a combination of them, summarized in the in ux constai€;. What
information doesK; provide and why is it important to compute its approximatiorK ? A
very important parameter is the metabolic rate, de ned as glucose:

ksC
MRGIU = ksCr  ksCym = k 3Cr; =1 M (4.31)
k3Cr
This parameter represents the rate of tracer uptake in the irreversible compartment. Under
equilibrium conditions Cg = —1Cb where
ko+ k3
kiks
MRGlu = ————C
" ket ks P

For k, =0 we have that =1. Then:

Kiks Ch = Ki
kot ks >~ 1

MRGIu = Co

The metabolic rate of glucose and the in ux constan; are thus directly proportional to
each other under equilibrium conditions. Calculation oK; involves estimation of the rate
of uptake into the irreversible compartment. In the application to tumors, whekg = 0, the
estimation of Patlak’'s slope implies an estimation of the tumor voracity.

Instead, the intercept parameter is still under investigation and currently lacks a clear
physical interpretation. In fact, it includes, in unknown proportions, tissue blood volume
fraction, tissue tracer transport rate constants, and, for a small, usually unidenti ed fraction,
decay-corrected IF [65].
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Relative Patlak plot

Unlike the standard Patlak method, the relative Patlak method requires knowledge of all
guantities involved in the relation (4.22) only from the steady state time on. This is then
generalizable for any timet >t . In the paper presenting the method [140], the authors
de ne the relation: R,
Cr(t) _ o Co()d
Co(t) Ca(t)
Note that the lower limit of the integral in the equation (4.32) is the steady state time& and
not 0 as in (4.22). As previously done for the standard Patlak method, givefi= (t3;:::;t% o)
the sampling time such thatt <t$ andt§<t?<::<t 9, we de ne vectorsx®and y®as:

P P
o ()t DCH(tR) _ o taCK(tD).

+ P t>t (4.32)

x% =

" Co(th) Co(t3) ’
~ 0 — CT (t(r?n) .
M Cyty)

for eachm = 1;::; M. Linear regression is performed between quantitiesY;y?,) and K°
and B by solving least squares problem:

%0
Ko = arg min Vo  Kx® B (4.33)
" m=1
where
_ V(x5Y9)
oo e (4.34)
=y KX (4.35)

5 - X2y8  x%0 The regression line can be

drawn in the xy Cartesian graph simply as:

wherex®= Mo me1 x2 and V(x%y9 = IV

yo= KO+ B (4.36)

At this point, the aim is to establish a relationship between the quantities'® and B in
(4.36) andK and B in (4.26) and (4.27) respectively from standard Patlak method.
The input function C,, after su cient time (e.g. t>1t )

Co(t) = aze ' t>t (4.37)
with a;;a, > 0.
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Recalling (4.22) and (4.32) we observe that, far>t holds:

Rt Rt
Cr(t) _ o oCo()d \ _ Cy( )d
Ch(t) Ch(t) Co(t)

Through analytical and numerical computations it can be shown that:

R R
Cr(t) _ L Cy( )d o or Gy )d
Gy - Mgy TR TR E K
where Z,
-1 ) (4.38)
1 0
14t
-1 ey )d (4.39)
1 0

Then the relations between standard Patlak slope and intercep€ and b in (4.26) and
relative Patlak slope and intercept®and B in (4.36) are

Ko= K@+ ) (4.40)
=K +b (4.41)

Remark 4.2.3. Since > 0, K and K°have the same sign.

Remark 4.2.4. In the relative Patlak approach data are only known for times > t .
However, estimating the standard Patlak slopgé from K° requires knowledge of , which

in turn depends on the input function at early time points. This means that the analysis
by the relative Patlak method can only be used qualitatively, but does not allow a numerical
estimation of the standard Patlak slop&. However, thanks to the previous remark, it is
still possible to make considerations about the physiology of the region of interest.

4.3 ROI based analysis vs Parametric imaging

In the previous sections, we assumed that the exchange coe cieritsbetween the compart-
ments were neither time nor space dependent. The assumption that they do not depend on
time is plausible: in fact, the metabolism of the patient's tissues can't change in the short
time of the examination. On the other hand, the assumption that the exchange coe cients

do not depend on space is too strong. In fact, there is no spatial homogeneity of metabolism
in di erent regions of a tissue.
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The estimation of k exchange coe cients throughout the region of interest by com-
partmental analysis is called ROI-based analysis and provides averaged information about
metabolic activity in that ROI. The main advantage of this type of analysis is that the noise
in the data, normalized to the volume of the whole selected region, is attenuated. However,
in many cases, such as oncology or the study of neurodegenerative diseases, where it is nec-
essary to capture di erences in metabolism within a region of interest, this type of analysis
is no longer su cient. Thus the technique of parametric imaging is used [131, 42, 34, 49].
This technique consists of generating parametric images, i.e. images of the same size as the
input image, but showing for each pixel (or voxel) the value of the metabolic parameter to be
analyzed. In the example of 2-compartments analysis with exchange coe cierkts, ky; k3; Ka,
the result obtained with parametric imaging consists of 4 static images (or series of dynami-
cal images if a time-resolved parameters estimation is desired), one for each paramigtéor
i = 1;::;4. With parametric imaging, metabolic inhomogeneities can be captured and the
tissue of interest can be analyzed more thoroughly. To perform parametric imaging, the sin-
gle pixel (or voxel) becomes the region of interest and compartmental analysis is performed
for each of them [85].

The main problem in using parametric imaging is the high noise that a ects the data.
Due to the low resolution of the PET machine and phenomena listed in 3.2.1 voxel-wise
analysis is signi cantly more a ected by noise than ROI-based analysis. For this reason, it is
much more common to use simpler techniques, such as the graphical Patlak plot technique,
to perform voxel-wise compartmental analysis.
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Chapter 5

Localized FDG loss in lung cancer le-
sions

In this chapter we will present the article entitled \Localized FDG loss in lung cancer lesions”
that we published onEJNMMI Research [85]. This article was developed in collaboration
collaboration with the Department of Nuclear Medicine at the Policlinico IRCCS San Mar-
tino Hospital in Genoa, Italy.

The aim of this study is to investigate whether (and if so, where) FDG release activity
from neoplastic lung tissue occurs after a certain period of time after its injection in patient's
body.

Indeed, FDG shares with glucose both GLUT-facilitated transmembrane transport and
hexokinase-catalyzed phosphorylation to FDG-6P that, in turn, irreversibly accumulates
within the cytosol being a false substrate for the enzymes channeling glucose-6P to glycolysis
or pentose phosphate pathway [89]. In agreement with this kinetic model, current guidelines
strictly recommend not to shorten the time between tracer injection and scanning below 55
minutes [9, 91, 27]. By contrast, a larger variability is allowed for the maximal duration of
this interval, which can be extended by a further 30 minutes beyond the optimal time of one
hour [23].

This kinetic model implicitly assumes that FDG-vehiculated radioactivity cannot be lost
by cancer lesions. At the time of the introduction of the FDG-PET modality, this con-
cept tted the notion that glucose-6P-phosphatase (G6Pase) (the enzyme hydrolyzing the
sequestered glucose-6P and FDG-6P to the freely exchangeable glucose and FDG) is only
expressed in liver, gut, and kidneys [36, 37]. However, more recent literature on glycogen
storage diseases discovered the G6Pase isoforrfor GgPC5) that is ubiquitously expressed
in all tissues [110] and in several tumors, including uterus, lung, breast, and colon cancer
[72, 117, 107] as well as glioblastoma [80]. The activity of this enzyme and its capability to
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regulate the glucose-6P/glucose ratio is extremely relevant in the maturation and prolifer-
ation of mesenchymal cells [112] and in the modulation of the host in ammatory reaction
[53, 75, 113].

A large literature now documents that virtually all solid tumors are in ltrated by lympho-
cytes and macrophages [86]. The high G6Pase expression of these cells and their variegate
distribution might thus con gure tracer accumulation as a reversible process in some tissue
volumes. So far, this hypothesis has never been tested since FDG accumulation rate in cancer
has been most often evaluated by analyzing the time-concentration curves of relatively large
volumes of interest (VOIs) whose extension did not permit the identi cation of any possible
heterogeneity in tracer kinetics [129]. With the advancement of PET/CT technology, it is
now possible to simultaneously de ne tracer concentrations in both the arterial blood and
in the tissues with serial whole-body acquisitions. By analyzing these time activity curves
(TACs), we demonstrated that, contrary to commonly accepted models, lung cancer lesions
exhibit measurable and heterogeneously distributed tracer loss.

Mathematically, the study exploited the parametric imaging technique (previously ex-
plained in Section 4.3) exploiting the compartmental analysis Sokolo model (4.20). Stan-
dard Patlak (4.22) and relative Patlak (4.32) (progressively delaying its starting time) anal-
yses were performed: the results were compared with each other by exploiting observation
on the sign of the standard and relative Patlak slope in Remark 4.2.3.

In the following sections methods and results are shown in detalil.

5.1 Methods

5.1.1 Patient population and dynamic PET/CT acquisition

The study included 11 patients (9 men and 2 women, mean age 65 years, median 68 years,
range 29{88 years) submitted to whole-body PET examination for staging of suspected
lung cancer. Imaging was performed in the early morning, after 12 hours of fasting. After
measurement of body weight and serum glucose level, an antecubital vein was cannulated,
and each patient was positioned on the bed of a Siemens Flow mCT40 system (Siemens,
Erlangen, Germany) to undergo the preliminary X-ray CT scanning performed according to
the conventional procedure [9]. A list-mode acquisition was started soon before the bolus
injection of FDG (4 % body weight) with the eld of view focused on the heart for

20 minutes. Immediately thereafter, acquisition mode was shifted, and eight whole body
passages were performed from the skull to the mid-tights. In Supplementary Table 1 the

scan time (expressed in minutes) per whole body pass is reported. A last equilibrium scan
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completed the acquisition procedure to be analyzed for the clinical report.

nScan‘ Patient 1 Patient 2 Patient 3 Patient4 Patient5 Patient6 Patient 7 Patient 8 Patient9 Patient 10 Patient 11

1 2 2 2 2 2 2 2 2 2 2 2
2 2 2 2 2 2 2 2 2 2 2 2
3 2 2 2 2 2 2 2 2 2 2 2
4 2 2 2 2 2 2 2 2 2 2 2
5 2 2 2 2 2 2 2 2 2 2 2
6 8 8 8 8 8 8 7 8 8 8 7
7 8 8 8 8 8 8 7 8 8 8 7
8 16 16 17 15 8 8 8 8 8 15 9

Table 5.1: Table of scan times (in minutes) for each patient and scan

Exploited reconstruction algorithm was the PSF+TOF 2i21s that combines an iterative
reconstruction considering point spread function (PSF) correction and time-of- ight (TOF)
information, with 2 iterations and 21 subsets; voxel size was: :(l8642 2:03642 5) mm?.

5.1.2 Image analysis

The chest-centered part of the dynamic acquisition was binned according to the following
frame sequence: 125 seconds, 1210 seconds, 815 seconds, 630 seconds, 260 seconds,

5 120 seconds. By contrast, the eight subsequent whole body scans were characterized by a
slightly variable time sequence due to the length of the desired eld of view. The last whole
body acquisition had an average duration of 14 minutes. Accordingly, the acquisition time
of each slice was de ned based on the DICOM metadata to perform an accurate correction
of 8F physical decay. An expert nuclear physician thus identieca 5 mL VOI on the
descending aorta to estimate the input function (IF) de ned by the activity concentration

in the arterial blood at all times of the dynamic chest-centered frames and in the subsequent
whole body acquisitions. A further VOI was drawn to loosely surround the tumor lesion in
the last scan, and a mask was created to set all the outside voxels to 0. Data were transformed
into SUV images according to the conventional formulation [122] and the cancer lesion was
de ned as the set of all voxels with radioactivity concentratior> 40% of the maximum value
within the identi ed VOI.

5.1.3 Parametric image analysis

For each patient, two sets of parametric images were set up. For the former, a Time Ac-
tivity Curve (TAC) was generated in each tumor voxel throughout the eight whole body
acquisitions and six regression lines were computed considering all eight frames @), the
last seven ones (2 8), and so on, up to the last three (6 8). This analysis provided a
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rst voxel-resolved description of FDG kinetics, made of a set of six parametric TAC images
denoted, from now on, as TAC1 8, TAC2 8, ..., TAC6 8. Aregression analysis performed
for each parametric TAC image allowed de ning the involved voxels as accumulating (with

a positive slope of the regression line) and releasing (with a negative slope of the regression
line). This preliminary evaluation was then compared with the conventional counterpart
represented by the graphical approach to the compartmental analysis described by Patlak
et al. [116], which exploits the irreversible Sokolo model (4.20). Once the equilibrium be-
tween blood and reversible compartments is reached at tinig called steady state time, the
irreversible accumulation within any given voxel can be described by Patlak equation (4.22).
A standard Patlak analysis, performed against all the dynamical FDG-PET images, allowed
the computation of a parametric series of images whose voxels contain the corresponding
standard Patlak slopeK; values (4.26).

However, reproducing the descriptive evaluation reported above, this same analysis was
repeated six times, once again considering tumor radioactivity concentration at all frames,
in the last seven, up to the last three. For each analysis, the Input Function was estimated
by considering the value of the mono-exponential (4.37) function tting its later measured
values. Accordingly, these time resolved Patlak analyses provided six parametric image
series, each one reporting thi€; slope of the corresponding regression line, which was denoted
as Ki)1 supto (Ki)s g. Once again, each voxel was identi ed as accumulating or releasing
according to the sign of the corresponding regression slope.

5.1.4 Statistical analysis

All data are reported as meatt standard error of the mean (SEM). The statistical signi cance

of the regression analysis in the case of the time-resolved approach was assessed by means
of R? > 0:3 for both the TAC parametric images and the Patlak parametric images. In the
correlation analysisp < 0:05 was considered statistically signi cant.

5.2 Results

5.2.1 Clinical data

No patient showed metastatic lesions, while homolateral lymph nodes were involved in two
patients. Tumor localization and nal diagnosis at the histological examination of the har-
vested lesion is reported in Table 5.2. The same table also reports the volumes of both
surrounding VOI and included tumor lesions as well as FDG uptake data. Overall, the nal
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diagnosis was adenocarcinoma and squamous cell carcinoma in 7 and 4 patients, respectively.
Maximal SUV was similar in the two histological types (146 101 vs. 142 8.0, respec-
tively, p = ns); by contrast, tumor volume was slightly, though not signi cantly lower in
adenocarcinoma lesions with respect to squamous ones.{2017:7 mLs vs. 713 759mLs,
respectively,p = 0:11).

ID ‘ Disease site ‘ Histology ‘ VOI ( mm3) ‘ TV (mm3) ‘ TVIVOI (%) ‘ SUV (mean std) ‘ SUV [min,max] ‘ Injected dose (MBq)
1 left/upper lobe adenocarcinoma (G2/G3) 25379.7 6676.7 26.3 344+ 0.84 [2.39, 5.98] 351
2 right/upper lobe adenocarcinoma (G2); lymph nodes involved 156756.8 21834 13.9 5.04 + 1.13 [3.31, 8.28] 313
3 | right medium lobe squamous cell carcinoma 76636.7 28261.8 36.9 4.97 £ 1.27 [3.19, 7.97] 331
4 left/upper lobe adenocarcinoma 109481 21108.3 19.3 9.82+ 2.32 [6.66, 16.5] 319
5 right/upper lobe adenocarcinoma (G2/G3) 30190.2 3068.8 10.2 8.47+ 2.16 [5.6, 13.95] 340
6 left/bottom lobe adenocarcinoma; lymph nodes involved 116447.9 22186.5 19.1 342+ 0.85 [2.27, 5.67] 315
7 right upper lobe adenocarcinoma 180270.4 56938.4 31.6 18.20 + 4.55 [12.16, 30.41] 359
8 left/upper lobe squamous cell carcinoma 526877.2 184189.3 35 1247 + 2.45 [7.5, 18.75] 364
9 left/upper lobe squamous cell carcinoma 323964.1 47172.2 14.6 13.79+ 3.13 [9.26, 23.13] 320
10 left/upper lobe adenocarcinoma 101891.9 13000.9 12.8 3.19+ 0.75 [2.39, 5.98] 341
11 | right medium lobe squamous cell carcinoma 119433.8 25649.2 215 3.78 = 1.00 [2.82, 7.05] 297

Table 5.2: Population description: tumor localization and nal diagnosis at the histological
examination of the harvested lesion; average volume, average and maximal SUV values of
all detected lesions.

5.2.2 Standard and time-resolved Patlak analyses conrm estab-
lished results at volume level

Figure 5.1 illustrates the results of both the standard (5.1.a) and the time-resolved (5.1.b)
Patlak analysis when the slope values of the regression lines are de ned for the whole volume
lesion. TheK; value provided by the standard procedure is nicely correlated with the average
lesion SUV in all patients but one (Patient 8) (5.1.a). Similarly, the agreement between
averageK; values and average SUV remained invariant regardless the starting point of the
time-resolved regression analysis (5.1.b).

The result of this time-resolved analysis was further corroborated by the trend of average
K; values in the whole population (Figure 5.2.a) or in each subject (Figure 5.2.b) as a
function of the starting point of regression analysis. This preliminary analysis con rmed the
acknowledged model considering FDG uptake as an irreversible process when the whole lung
cancer lesion is analyzed. However, this observation was not con rmed when the spatial
resolution of the analysis was escalated to the voxel level (see next Subsection).
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Figure 5.1: Correlation analysis between individual regional SUV and Patlak slope. (a) For
each patient (labeled by their ID), the x-axis contains the SUVs averaged across the cancer
volume computed at the last scan; the/-axis contains the average values of the standard
Patlak slope. (b) For each patient, each colored dot represents the average value of the
Patlak slope corresponding to a speci c interval in the time-resolved analysis.

Figure 5.2: Volumetric time-resolved Patlak analysis. (a) For each time frame on theaxis
the values on they-axis are the volumetric Patlak slopes (mean SEM) averaged across
subjects. (b) The slopes on the y axis refer to each single subject

5.2.3 Time-resolved Patlak analysis highlights releasing voxels

The analysis of parametric maps with a voxel-wise resolution provided a signi cantly di erent
picture as shown in Figure 5.3. The distribution ofR? values (Figure 5.5) indicates that
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50% of Patlak analyses achieved aR? > 0:8. By setting the R? threshold at 0.3, only 10%
of voxel-wise Patlak analyses were excluded.

The time-resolved Patlak analysis based on progressively delaying the starting point,
documented the existence of a signi cant amount of releasing voxels, i.e., with consistently
negativeK; values. Speci cally, the later the starting frame considered for the regression line
computation, the higher the prevalence of cancer voxels characterized by a negative slope.

Intriguingly, \releasing” voxels were evident even in the 2{8 analysis, with the nega-
tive slope of the corresponding regression line remaining invariant when the analysis was
restricted to the later images (Figure 5.4.a). In contrast, the slope for the \accumulating
voxels" showed a slight but progressive increase (Figure 5.4.b).

As shown in Figure 5.6, the progressive appearance of radioactivity release was not related
to an overestimation of tracer concentration in the arterial blood, since the same behavior
was documented by the analysis of time-activity curves (TACs) in all voxels included in
the cancer lesion. Finally, Figure 5.7 shows the correlations between the rate of releasing
voxels and the cancer volume as computed using the static FDG-PET image. This nding
suggests that the release of radioactivity was not signi cantly in uenced by contamination
from normal tissues, as the extent of the releasing regions was independent of tumor volume.
Additionally, the location of the cancer was not displaced in the later images, as the VOI
boundaries remained consistent even when the parametric image calculations were delayed,
as illustrated by a representative case (Figure 5.8) and con rmed in all patients (Figure 5.9).

Figure 5.3: Time- and voxel-resolved Patlak analysis. The two plots show, for each patient
and each time frame, the rate of voxels with negative (a) and positive (b) Patlak slope. Rates
are computed with respect to the total number of voxels in the lesion

58



CHAPTER 5. LOCALIZED FDG LOSS IN LUNG CANCER LESIONS

Figure 5.4: Distribution of regression line time- and voxel- resolved Patlak analysis slope in
releasing (a) and accumulating voxels (b)

Figure 5.5: Histograms of the distribution ofR? parameter for the di erent analyses.
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Figure 5.6: Comparison between the rate of releasing voxels computed by using the TAC
slopes k-axis) and the Patlak slopes y-axis). (a) Each color corresponds to a subject
and each point corresponds to a time frame. (b) Focus on frame 6{8, where each point

corresponds to a patient

Figure 5.7: The rates of releasing voxels as computed from Patlak at interval 5{8, plotted
against the cancer volume (in ml). Each patient is a dot marker. The dotted line is the
linear trend on the subjects
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Figure 5.8: Spatial coherence of voxels. (a) WB STATIC PET tumor image coregistered with
CT. (b) Parametric map showing spatial coherence of voxels that exhibited release activity
in consecutive frames up to frame 6{8. The color scale indicates that release was detected
in the last four (yellow) or three (green) voxels within the tumor volume (pale blue). (c)
Parametric maps generated with Patlak analysis considering the interval 1{8, 3{8, and 5{8.
For each image, the tumor area is identi ed by a square (dashed contour) and reported in
its zoomed version (solid line)
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Figure 5.9: Parametric maps generated with Patlak analysis considering the frames from
1-8, from 3-8 and from 5-8, in all 11 studied patients. For each image, the tumor area is
identi ed by a square (dashed contour) and reported in its zoomed version (solid line). The
spatial coherence of the images is evident.

62



CHAPTER 5. LOCALIZED FDG LOSS IN LUNG CANCER LESIONS

5.2.4 Localization of the accumulating and releasing voxels

To document whether tracer kinetics was clustered in speci ¢ cancer regions, Figure 5.10
shows the voxels representing tumor boundaries, which were identi ed as all voxels with
faces, edges, or corners adjacent to non-cancer ones (with SL&W/40% of maximum). By
contrast, the core region was de ned as the complementary tumor volume.

Figure 5.10: Spatial distribution of releasing and accumulating voxels coregistered with the
CT scan of one of the analyzed patients. MRFDG indicates the accumulation rate of FDG
K.

5.3 Discussion

In the present study, the conventional Patlak analysis showed heterogeneous FDG kinetics
in treatment-nasve lung cancer. The tracer irreversibly accumulated in the largest part of
the lesion volume; however, it was retained in a reversible pool for a measurable number
of voxels. This behavior re ected a true tracer washout, as documented by the progressive
decrease of the ratio between tumor and blood radioactivity concentration that ruled out
signi cant contamination by the blood volume included in the analyzed voxel [128]. It was
independent of the lesion size and relatively more represented in the border zone with respect
to the lesion core. Altogether, these ndings indicate that the well-documented heterogeneity
of cell types populating the tumor eventually results in a heterogeneous kinetics of tracer
accumulation as a possible index of a local in Itration by FDG-releasing in ammatory cells.

5.3.1 Spatial resolution and FDG kinetics

As requested by the standard procedure, the Patlak regression line was computed setting
the X values according to the full-time input function, i.e., from the radio tracer injection
time until the dynamic scan is recorded, and plotting the Y values after the steady state
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has been reached. Due to the irreversible nature of FDG uptake, the estimated regression
line in each voxel should have maintained constant values for both the slope and intercept,
regardless of the starting time of the analysis (see remark 4.2.3). This tenet was not respected
in those lesion voxels that showed a measurable and progressive decrease in tumor/ blood
radioactivity ratio.

Due to its late onset and relatively low prevalence, the e ect of tracer washout on the
Patlak relationship was overshadowed by the accumulation of radioactivity in the earlier
time points. Consequently, the analysis of average FDG kinetics in the entire cancer lesion
showed a strong linear relationship, consistent with ndings from studies using this VOI-
based approach [88]. While applying the generalized Patlak model [56] could have provided
a more accurate estimation of the release rate (usually de ned &S.ss) [56], this was not
feasible in our study due to the limited number of late time points (eight) available for the
late phase of the tumor time-activity curve. Nevertheless, our data support the e ectiveness
of parametric images in highlighting the heterogeneity of cancer metabolic patterns. Fur-
thermore, the progressive enlargement of the releasing volume gradually reduced the number
of \accumulating” voxels, resulting in a small but measurable increase in thel;.

To observe the washout phenomena, it was necessary to retain linear regressions that
slightly deviated from the Patlak assumption of tissue irreversibility. TheR? > 0:3 threshold
ensured the validity of the analysis by excluding only 10% of the voxels in each analysis
that exhibited a strongly non-linear trend (5.5). Given the small cohort and the limited
number of frames available, we chose not to model these non-linear e ects but to provide a
phenomenological description of localized FDG-loss.

The heterogeneous tracer handling of tumor tissue documented by escalating the spatial
resolution down to the voxel size closely agrees with the well documented heterogeneity
of cell type populating the lesion [74, 2], and with the relatively preferential localization
of inammatory cells in proximity of tumor borders [118]. Indeed, while it is universally
accepted that cancer cells display an irreversible FDG accumulation [108, 101], a similar
consensus also applies to granulocytes and macrophages, whose tracer-releasing feature has
been frequently proposed as a possible tool to di erentiate cancer from in ammation [105].

5.3.2 Clinical implications

A small fraction of cancer volume showed a measurable FDG washout. This nding suggests
that the late tracer release should scarcely a ect image quality even when acquisition is
postponed beyond the 50 minutes indicated by the current guidelines [9, 91, 27]. Neverthe-
less, this evidence might improve the capability of PET/CT in verifying the e ectiveness of
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treatments, such as immunotherapy, aiming to improve the host in ammatory response to
cancer. Several studies report a signi cant increase of compartmental analysis in attributing
the tracer uptake to the in ammatory in ltrates promoted by immunotherapy vs the pro-
gression of the disease [120, 130]. However, the complexity and time-consuming nature of
dynamic imaging so far hampered the clinical exploitation of this approach. Nevertheless,
setting up voxel-resolved parametric maps delineating the trend of tumor/blood radioactiv-
ity ratio at the late time typical of tracer washout might represent a potential window to
render this analysis feasible in the routine practice. Indeed, the accuracy of this approach
in providing an accurateK; value is still matter of debate [21], its capability to identify a
negative slope remaining valid when the input function is not fully determined when lim-
ited to its latest time points [140]. Obviously further studies are needed to characterize the
capability of this index to identify the localization of in ammatory in ltrates.

5.3.3 Limitations

Several limitations of this study should be considered. Our study focused on lung cancer,
aiming to simultaneously de ne the time-concentration curve in both the arterial blood and
the tumor lesion. This focus inevitably a ects image quality due to respiratory motion.
However, the blurring caused by this motion should have uniformly a ected all images after
reaching a steady state, given the relatively long and constant acquisition time. Furthermore,
tracer washout involved a progressively enlarging volume within the same cancer tissue loca-
tion, and the automatic de nition of cancer remained stable across di erent Patlak analyses
(Figure 5.9). Therefore, chest motion should not be regarded as the sole mechanism behind
the observed tracer release. On the other side, a second limitation refers to the missing
analysis of cell populations and their di erence between releasing and accumulating voxels.
Due to the high complexity of this evaluation, this task was not attempted, although stroma
elements were obviously represented in all harvested lesions. Nevertheless, this limitation
only partially hampers the nature of our proof- of-concept study aimed to identify the po-
tential capability of voxel-resolved images to recognize heterogeneous tracer kinetics within
the cancer tissue.

5.4 Conclusions

In the present study, delaying the starting point of Patlak graphical analysis indicates a het-
erogeneous FDG kinetics within lung cancer lesions. This evidence can only be obtained by
voxel-wise parametric maps limited to the analysis of the latest time points of dynamic acqui-
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sition. This nding indicates that expanding the analysis of FDG uptake in the time domain
might improve the informative content of PET/CT imaging adopting protocols compatible
with the daily nuclear medicine practice after the introduction of novel scanners character-
ized by large eld of view and high spatial resolution. The potential of this time-resolved
approach to FDG imaging might be of relevance for the evaluation and monitoring of ther-
apy e ectiveness, mostly in patients exposed to immunotherapy in whom di erentiating the

in ammatory enhancement versus the progression of disease requests, so far, pronged and
serial evaluations.
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Chapter 6

The latent dynamics discovery inverse
problem

In the previous chapters, we showed that the problem of reconstructing latent dynamics from
time-series measurements is an extremely recurring problem in the world of nuclear medicine.
This problem arises not only when working with known tracers, but also when testing new
tracers. When the structure of the dynamic model is already known, it is su cient to estimate
the exchange coe cients between the di erent compartments. However, if the structure of
the system is not known, the problem is greatly complicated. Moreover, the variation of
the tracer concentration within each compartment could depend, even nonlinearly, on the
concentrations in the other compartments. For this reason, a more general dynamics model
can be expressed in the form:

X X1 X X1
Ch = Mpg; j(Co) Mg:hj j(Cn) (6.1)
g=0 j=0 g=0 j=0
for h = 1;::;n, wheren denotes the maximum number of tissue compartments, argl= 0
refers to the blood compartment concentratiorCp,. ; : R! R, forj =0;:;D 1 are
functions which can capture the potential nonlinear dependence of the dynamics in a given
compartment on the concentrations in all the di erent compartments included in the model.
For example some of these; can be trigonometric or polynomial functions. myq; and
Mg, for eachh = 1;:::5n, q=0;:5nandj =0;::;;D 1 are the exchange coe cients
between compartmenth and compartmentq with the dependence described by function; .
In this way, for example, ifmy,, = 0 for every j = 0;:::;D 1, then ¢ compartment does
not contribute to the supply of tracer in the compartmentf.
More generally there are many critical data-driven problems, such as understanding cog-
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nition from neural recordings, inferring climate patterns, determining stability of nancial
markets, predicting and suppressing the spread of disease, and controlling turbulence for
greener transportation and energy [14]. Estimating their dynamics also implies the possibil-
ity of carrying out monitoring and forecasting activities.

The mathematical models that describe these type of dynamics are generally systems
of ordinary di erential equations (ODE). These di erential equations describe the evolution
over time of changes in the physical quantity of interest. Latent dynamics discovery problems
consist of reconstructing systems of di erential equations from temporal samples of the
physical quantities involved. In this mathematical framework, they are also called ODE
learning problems.

This chapter is structured as follows:

" a formal description of the mathematical framework for the latent dynamics discovery
problem is given;

" an overview of the main methods used to solve ODE learning problems is provided.

6.1 A mathematical framework for ODE learning

Latent dynamics discovery problems are usually mathematically formalized in terms of or-
dinary di erential equations (ODE) learning problems. In literature, ODE systems in this
application are usually written as follows:

u= 4 = f (6.2)

whereu is the time-depending continuous vector-valued state variable such tha(t) 2 RY,
fort> 0, andf represents the completely unknown time derivative function. In (6.2) the
time derivative of state variableu is made explicit: nevertheless, the problem is still written
in implicit form because the state variableu appears in both members of the equation.

Data are generally collected in a matrixd 2 RT Y which contains the set of measured
data whered = [dg;:::;dr 1] such that d, 2 RY for eachk = 0;::;T 1. Data are
often noisy. Noise is usually additive and is expressed as a random variable: each set of
measured data corresponds to a di erent realization of noise. Given sampling time points
[to; ity 1] =t 2 RT with to<t,<::<ty 1, data can be modeled as:

de = ug + (63)
whereu 2 RT Y is such thatuy = up(ty) for eachk =0;::;;T l1andh=0;:;U 1,
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and is a realization of the random variable describing the noise. In general it is assumed
that data d are a ected by white Gaussian noise. Then  N(0O; ) with the covariance
matrix.

The ODE learning problem consists of reconstructing the unknown time derivative func-
tion f from noisy measured datal.

In the case of dynamics reconstruction problems applied to compartmental analysis on
PET data (6.1), the radioactive tracer concentrations in each compartment represent a state
variable of the ODE system. Again, the derivative functiorf is unknown but its parametric
form is known since it is a linear combination of the concentrations over time in the dif-
ferent compartments weighted by their respective rate constants. Therefore, the problem
of reconstructing the derivative functionf is equivalent to estimating the exchange coef-
cients between compartments from the PET data. However, as noted in Chapter 4 on
compartmental analysis, the model describing obtained PET data is

X X
CG=1 W GMH+Wn GCe (6.4)
i=1 i=1
that is, it is a linear combination of the concentrations in the compartments and the

input function of each compartment. This greatly complicates the dynamics estimation
problem: one would have to estimate individual concentrations over time, knowing only a
linear combination of them. This is a strongly ill-posed problem, since it admits in nite
solutions. However, by introducing a priori knowledge of the coe cients, which can be
mathematically translated into constraints on their ranges, the ill-posedness of the problem
improves and it becomes possible to obtain reliable solutions.

6.2 Existing methods

This section reviews some of the best-known methods used to solve latent dynamics problems
in a data-driven way. In particular the following methods will be exposed:

" Sparse ldenti cation of Nonlinear Dynamics (SINDy) [13];
" Physics Informed Neural Networks (PINN) [20];

~ Learning unknown ODE models with Gaussian processes [46].
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6.2.1 Sparse ldenti cation of Nonlinear Dynamics (SINDy)

The unknown dynamics discovery problem is approached with a sparse regression perspec-
tive ([123], [45], [52]). This method is based on the assumption that a physical phenomenon
is formally simple to describe. Consequently, since the governing equations contain only a
few relevant terms, they can be viewed as sparse in a high-dimensional nonlinear function
space. From these observations, using (6.2) as the model describing the dynamics of the
system, it follows that the derivative functionf consists of only a few terms. By combining
convex methods with sparsity, the resulting model is a good compromise between accuracy
and complexity, avoiding its over tting to the data.

Measured data and their measured derivatives are arranged matricésd- 2 R Y respec-

tively: 2 3 2 3
dip dypp o dyu Oip dip i diy
o e I L B
dri drp i dry Or.1 dfo 0 Oy

Then, alibrary ( d) of nonlinear candidate functions to describe the dynamics, evaluated

in the columns ofd, is constructed. For example:
2. : . 3
| Y R B J J J
(d)=91 d d2 d° = sin@) cos@) ::5 6.6)
[ Y [

where each column of (d)isaT U matrix. For example:

2 3
d%;l d%;Z - di;u

q2 = gdg;l dg;z “e d%;u%
d‘2l';1 d'zl';z - d'2I';U

Functions included in ( d) are called basis functions. In this example, polynomial and
trigonometric functions are employed, but other types of functions may also be considered.
The total number of basis functions in (d) is denoted byD. Then, the dynamics can be
modeled as:

d=( d) (6.7)

where 2 R P) U is the matrix containing unknown coe cients =[ o;::; u 1] Where
h 2 RY D) 1is a column vector for eachh = 0;::::U 1. Since it has been assumed
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that the physical phenomenon under study is formally simple to describe and governing
eqguations contain only a few relevant terms, sparsity has to be imposed on these coe cients.
Therefore, a sparse regression problem is set up: the non-zero coe cients determine which
basis functions remain in the model and thus describe the phenomenon. Each column of
(6.7)

do=( d") s (6.8)

forh=0;::;U 1, is optimized independently in order to nd which terms of (d) intervene
in the h"" component of state variable.

Since, in general onlyd is available,d-is numerically approximated. This is not a well-
conditioned operation since data are always a ected by noise. In fact, dath and their
numerical derivativesd. are generally Itered: for example total variation regularization [99]
is exploited to denoise the data derivative [18].

Then (6.7) can be more realistically written as

d=(d)+ Z (6.9)

where Z is additive white noise modeled as a matrix of independent and identically dis-
tributed Gaussian entries.

The optimization algorithm exploits Least Absolute Shrinkage and Selection Operator
(LASSO) [123, 45] technique which is based on-regularization.

A schematic representation of the SINDy algorithm applied to the Lorenz equations is
shown in Figure 6.1.
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Figure 6.1. SINDy algorithm scheme applied to the Lorenz equations (image credits [13]).

An important limitation is the choice of basis functions. If the set does not contain
the correct functions, i.e., those that actually describe the dynamics, the algorithm will fail
to identify a sparse model. As a result, the resulting model is severely over tted, with
spurious components in many entries of the matrix. In practice, this problem can be
circumvented by combining the algorithm with a priori knowledge of the underlying physics
of the phenomenon under study.

Another important limitation of SINDy algorithm is its strong dependence on the qual-
ity and quantity of the measured data: the numerical di erentiation required to compute
the derivatives to construct the governing equations is a mathematically strong ill-posed
operation.

6.2.2 Physics Informed Neural Networks (PINN)

The technique described in this subsection is called PINN-SR, which stands for Physics In-
formed Neural Networks with Sparse Regression. It exploits neural networks combined with
"0 sparse regression and automatic di erentiation techniques. This is a data-driven method
and allows the discovery of governing di erential equations for nonlinear spatiotemporal
systems that can be mathematically modeled by systems of Partial Di erential Equations
(PDEs), and can thus be seen as an extension of standard ODE learning techniques. Based
on works inspired by SINDy, [100, 102] works based on implicit learning of weak-form PDE
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models [93] and other studies [6, 10], PINN-SR algorithm aims to obtain closed-form PDEs
in a constrained search space with a prede ned library of PDE terms.
The governing equations can be written as:

2u;z 1=p (6.10)

whereu, called state variable, is a U-dimensional time-depending continuous function such
that u(x;t) 2 RY for eachx 2 , the space of de nition, and t 2 [0; T]. F is the unknown
non linear time derivative function parametrized by andr is the gradient operator with
respect to space variablex. The term on the right hand side of the equationp is the
input source term (in common casep = 0). Spatiotemporal measurements of state variable

u are known. The inverse problem is to reconstruct the functiondt in (6.10) from the
measurements of the state variables. Taking inspiration from the SINDy algorithm [13],

it is reasonable to assume that a physical phenomenon is simple to describe: therefore, the
equation (6.10) can be re-written in a sparse representation:

u= (6.11)

where = f1;u;u?; Uy Uy; i sin(u); cos); g is a library of symbolic functions, called
basis functions, which are possible candidates to describe the unknown dynamics. The
cardinality of is D. 2 D U is the coe cient matrix. If present, the input source term
p can be included in . PDE initial and boundary conditions are denoted byl [x 2 ;t =
O;u;u] = 0 and B[x 2 @ u;r u] = 0 respectively. These Initial or Boundary conditions
are unnecessarily either known a priori or measured since sampled data already re ects the
specic I/BC.

Figure 6.2 shows the architecture of this method. The state functions are modeled using
a neural network:u = u(x;t; ), where represents the DNN trainable parameters includ-
ing weights and biases. By callindd, = fu™jm = 1;::;;Nyng the set of u spatiotemporal
measurements, it is possible to de ne the data loss function

Lg( ;D) = Niku u™ks (6.12)
m

Using the automatic di erentiation technique, it is possible to compute the time derivative
u and obtain all candidate functions contained in the set , then . System (6.10) can
be re-written in a residual form as

R =u (6.13)
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whereR are denoted as the PDE residuals. This residual de nes how well the functien
de ned by the neural network parameterized by satis es the PDE system (6.11) parame-
terized by
PDE residuals (6.13) are computed in a set of random collocation poirids = f (x;; tj)jX; 2
ti 2 [0;T];i =1;:::;;Neg. Then, it is possible to de ne the physics loss function

L( D= ku % (6.14)

The method consists of tuning the parameters of the neural networku and of the
PDE system in such a way thatu approximates well the measured data and satis es the
PDE de ned by the parameters

The total loss function is de ned as

L( 5 ;Du;De)= La( ;Du)+ Lp( 5 D)+ k ko (6.15)

where weights the physics loss function and is the regularization parameter associate
to the "o norm. The regularization term has been added in order to induce sparsity on
coe cient matrix . Optimal parameters are denoted by

f % ?gi=argminL( ; ;Dy;Dy) (6.16)

Parameter optimization is implemented through the Alternating Direction Optimization
(ADO) algorithm [11], which consists of alternately optimizing the parameters of the PDE
system and of the neural network. In particular:

e =argminLy(M; ;D) + k ko (6.17)

M =argmin Lg( ;D) + Lp( 5 ke Do) (6.18)

The rst optimization problem (6.17) is attached via Sequential Thresholding Ridge
regression (STRidge) while the second one (6.18) can be attached through a standard DNN
training algorithm.
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Figure 6.2: PINN algorithm scheme (image credits [19])

Remark 6.2.1. It is possible to relax the o term regularization in equation (6.15) by ",
regularization: in this way the ill-posedness of the problem is improved. A pre-training of
PINN-SR, with *; regularization can be implemented before running the ADO algorithm, in
order to obtain an initial guess. In particular a brute-force gradient-based optimization for
both and can be applied.

Remark 6.2.2. If r 2 independent data sets from di erent I/BCs are available, a \root-
branch” DNN is used such that, = u(x;t; ©; ) is ther™ branch of the \root-branch"
neural network, where © and () are the root neural networkN, and r" branch neural
network N, parameters respectively. Figure 6.3 shows the architecture of the method in this
case.

For each branch, libraries () are obtained and stacked to build a unique set. The
same stacking process is applied tq in order to compute the physics loss functio(6.14).

Figure 6.3: PINN algorithm scheme whem 2 independent datasets are available (image
credits [19]).

The computational cost of PINN-SR is much higher than the state of the art techniques
based on the SINDy method: this is mainly due to the long training time of the DNN.

When the numberr of independent data sets is quite large, the number of \root-branch”
neural network parameters that need to be estimated is very large. Moreover, as the di-
mensionality of the spatial domain increases, it is necessary to increase the number of
collocation points in order to maintain su cient accuracy: this can lead to high computa-
tional costs and problems.
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Finally, the PINN-SR method is a library-based method: the library chosen must be
su ciently comprehensive (to ensure accuracy) but not unnecessarily large.

6.2.3 ODE learning with Gaussian processes

In many situations it is impossible to formulate a parametric ODE system that describes the
latent dynamics of the measured data. Therefore, it is possible to introduce nonparametric
modeling [46] using vector elds of Gaussian processes [40, 16, 29, 4, 71]. The dynamics
equation model is

u=f(u) (6.19)

where u(t) 2 RY is the time-depending continuous state variable anfl : RY ! RY
represents the completely unknown time derivative function. The forward solution of the
system of ODEs is computed by an integration operation

Z
u(t) = up + tf(u( ))d (6.20)

to
where ty is the initial time (usually to = 0) and ug = u(tp) is the initial state. The data
are time series obtained by sampling the state variable at times t = [to;::::;tr 1] and
are organized in a matrixd = [do;:::;;dr 1] 2 RT Y. Data are obtained from observation

a ected by Gaussian noise:

de = U+ (6.21)

whereu 2 RT Y is such thatuy = up(ty) for eachk =0;::;;T l1andh=0;:;;U 1,
and , N(O;)with = diag! 2;::::;! 3) the covariance matrix.

By framing the problem in a Bayesian framework based on Gaussian processes, a non-
parametric ODE model can be obtained. Speci cally:

f GP (0;K) (6.22)
that is,
~ E[f(u)] = 0 for eachu 2 RY;
* covfi(u;u9] = K (u;u9.

whereK is the kernel operator andK (u;u% 2 RY Y.
Given a collection of state variables (in the space of state variable®) =[wq; ::;;wyn] 2
RN Y and their corresponding value of the vector eldf(W) = [f(w,);::;f(wy)] 2 RN Y
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(in the space of derivatives) it is possible to compute the probability
P(f(W)) = N (vedf(W))jO;K (W;W)) (6.23)

where K (W ;W) = (K (wi;wj))N o, 2 RN Y (VU is a block matrix of matrix-valued
kernelsK (w;; wj).

Knowing exactly the vector eld f(u) in all possible statesu is impossible: however, it is
necessary to know it since its integral over time domain (6.20) is needed in order to compare
the estimated model with the datad. One de nes a set of inducing points z; 2 RYgM, (or
inducing locations) [92], i.e. a set of points in the space of states for which the vector eld
is assumed to be known, i.ez;;v; 2 RY such that f(z;)) = v; for eachi = 1;::;;M. The
vectorsv; are called inducing vectors. Thus, using the properties of kernel-based Gaussian
processes, it is possible to estimate the vector eld in all possible statesas

f(u), K (u;:2)K (Z:2) veqV) (6.24)

whereZ =[z;;::;; zw ] is the matrix of inducing points,V =[vy;:::; vy ] is the matrix of induc-

ing vectors, and are the parameters de ning the kernel. Furthermor& (u;Z)2 RY M V)
andK (Z;Z)2 RM U (M V) The term K (u;Z) measures the similarity between the in-
put u and the inducing pointsz; for eachi = 1;:::;M: thus, if the input u is very close to

an inducing point z;, then the value off(u) will be similar to the corresponding inducing
vector v;. Figure 6.4 shows an example of a vector eld induced by a Gaussian process and
obtained from the inducing pointsZ and the inducing vectorsV .

Figure 6.4: Example of interpolation using a kernel-based Gaussian process through the
inducing points Z and the inducing vectorsV in the case of 2-dimensional state variables
u() 2 R? (image credits [46]).
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Remark 6.2.3. In most cases, it is assumed that can be written in a known parametric
form f(u; ;t), where are the unknown parameters to be estimated. In this way, the dynam-
ics reconstruction problem is transformed into the problem of estimating the parameters so
that the forward solution of the ODE is maximally compatible with the given data. However,
the datad and the functionf(u; ; ) to be optimized belong to two conceptually di erent
spaces: in fact, the latter lives in the space of the derivatives of the state variables. There-
fore, to make the estimated model comparable with the data, the optimization process requires
the computationally intensive integration operation(6.20) to compute the forward solution.

To avoid integration computations, gradient matching techniques [125, 31, 94] compute the
empirical derivatives of the datad: the latter are directly comparable to the estimated model
f(u; ; ), since they belong to the same space. However, since the data are always a ected by
noise, the empirical derivation is strongly ill-posed.

In order to solve the ODE learning problem, it is necessary to reconstruct the vector eld
f by appropriately estimating the quantities on which it depends, i.e. the kernel parameters
and the inducing vectorsV computed at the inducing pointsZ from the set of measurements
d.

Since the problem has been framed in a Bayesian framework, it is possible to de ne the

likelihood on the data as
T{ 1

P(djuo; f; ) = N (djug; ) (6.25)
k=0

where uy, for k = 0;::;;T 1, are the forward state variables computed using integral
equation (6.20) and additive noise model (6.21) with noise matrix variance .

The distribution of the inducing vectorsV, de ned by the inducing points Z and the
kernel parameters , is given by:

P(VjZ; )= N(veqV)j0;K (Z;2)) (6.26)

Expressing the vector eldf in terms of the inducing vectorsV and the parameters in
(6.25), it is possible to de ne the posterior of the dynamical model as:

P:=P(V; ; ug jd)= P(djV; ;uo; ) P(Vj )P()P(uo)P() (6.27)

where the dependence on the inducing point is omitted since these are chosen a priori
and the hyperpriorsP( ), P(up), P() are assumed to be uniform unless there is additional
a priori knowledge in the respective domains. In Bayesian terms, the problem is to nd the
inducing vectorsV, the kernel parameters , the initial condition uy and the matrix of
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variances of the noise maximizing posteridP (6.27); these quantities are called maximum
a posteriori. By applying a logarithmic transformation and a sign change, the posterior
maximization problem is transformed into the more tractable minimum problem:

VvV, U :arngLr;_ In(P) (6.28)

This problem can be solved by the gradient descent algorithm, where the partial deriva-
tives can be computed either analytically (as in the case of the noise ) or by the nite
di erence technique (as in the case of the parameter3. The pseudocode 2 shows a possible
algorithm to solve this problem.

Algorithm 2 Optimization algorithm for solving the ODE learning problem with non para-
metric model based on Gaussian processes.

1: De ne inducing points U@ (randomly or belonging to a grid). Set initial guesses for
inducing vectorsV @, for parameters ©, for IC u$ and noise variance matrix ©:

2: for g=01to Nje do

3 Interpolate vector eld ¥ in the state domain with Gaussian process with (6.24)
with U(Q)’ V(Q), (Q);

4: Compute forward solutionu(@ with (6.20) with IC ugq) and vector eld f(9;

Gradient descent step to optimize (transformed) posterioP (6.27) and update

V@D (@) g @ @)

6: end for

7. return’ V. 5 Ug;

Remark 6.2.4. For example, choosing a decomposable Gaussian kekg(z; 2% = k (z; 291
wherek (z;z% 2 R is the scalar kernel, then

1o, ,(z Z)?

RS
K (z9= ?e 2 N (6.29)

where ? is the di erential variance and * =["o;:::; "y 1] are the dimension-speci ¢ length-
scales. Kernel parameters are then collected as=[ +; ].
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Chapter 7

Solving Implicit Inverse Problems with
Homotopy-Based Regularization Path

In the previous chapters, we have seen that the latent dynamics discovery problem is an
extremely common problem in a wide variety of applications. In fact, it is possible to frame
this problem within a more general category of problems: the implicit inverse problems.

Implicit inverse problems [77, 81] require the determination of a non-linear functional
applied to a function representing a physical quantity, when only noisy measurements of this
guantity are available. When the functional is modeled by a parametric form, the implicit
inverse problem becomes the one to optimize its parameters. Due to the inherent complexity
of the problem and the nonlinear nature of their constraints, implicit inverse problems are
typically strongly ill-posed and, in particular, are characterized by non-uniqueness of the
solution.

Typical examples of these problems are found in Ordinary or Partial Di erential Equation
constrained optimization, such as equation learning, shape optimization, optimal control and
data assimilation problems.

The aim is to determine the parameters of an ODE or PDE system such that the corre-
sponding solution best ts the observed data [14, 20, 46, 70, 29, 136, 96]. This involves the
optimization of model parameters to match the observation and is often applied in latent
dynamics discovery, where the underlying dynamics governing a system need to inferred from
data. These problems are common in elds like geophysics and biological modeling, where
the governing equations of a system are either unknown or poorly understood, and must be
learned from data [90].

In optimal control, the goal is to determine a control function that minimizes an objective
function while satisfying constraints imposed by a dynamic system of ODEs or PDEs. This
type of problem occurs in a wide range of applications, from robotics (where the goal is to
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optimize control inputs to achieve speci ¢ movements) to medicine (for example, optimizing
drug dosages) and nance (where the objective might be to minimize nancial risk) [7, 1].

Data assimilation involves integrating observational data with mathematical models to
obtain the best possible representation of a physical system. This is particularly important
in areas such as weather forecasting and climate modeling, where models like the Navier-
Stokes equations are combined with real-world data (e.g., satellite measurements) to predict
future states of the system. In methods such as variational data assimilation, the goal is to
optimize the model parameters to align with the observed data, often in high-dimensional
spaces [3, 57, 15].

Given the broad range of problems that can be considered as implicit inverse problems,
the proposed solution methods are typically problem-speci c, and the methods are often
not framed within the broader context of implicit inverse problems, with few exceptions
[98, 76, 7, 1]. Indeed, the strong ill-posedness of these problems often forces the development
of solution methods that are restricted to the speci ¢ application.

In this chapter, we show a homotopy method [133, 3] to follow the regularization path
that can potentially be applied to all speci ¢ problems that can be framed as implicit inverse
problems. The method exploits a variational approach by minimizing a functional that
combines a data- tting term and a penalty term to enforce the stability of the solution.
For any xed value of the regularization parameter, we solve the problem using a gradient
algorithm that leverages the adjoint state method [90] for computing large Jacobians and
the Newton-Raphson technique [24] for solving nonlinear forward problems at each iteration.
These consolidated numerical tools ensure the robustness of the algorithm.

Our strategy is to start with large values of the regularization parameter, ensuring that
the solution exists and is unique. Then, we iteratively solve the problem with decreasing
values of the regularization parameter to obtain a complete regularization path [35]. More-
over, we apply the proposed method to a latent dynamics discovery problem (ODE learning
problem), where the forward model is given by a an autonomous di erential equation (as
equation (6.2)) characterized by few important terms that govern the dynamics. We show
how this method can recover the important terms of the dynamics in the case the di erential
equations contains only periodic functions. As in the case of classical linear inverse problems,
we show the well known semi-convergent behavior of the regularized solution family.

This work is currently submitted to arXiv [84].

The plan of this chapter is as follows. Section 7.1 provides the mathematical framework
of the numerical method, which is formulated in Section 7.2. Section 7.3 describes an appli-
cation related to the problem of learning ODEs. Section 7.4 concludes the chapter with a
summary of our ndings and conclusions.
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7.1 Mathematical framework

Let H be a complete Hilbert space and 2 HY such that
t!u(t) = [uo(t); us(t); 5 uy 1(t)] 2 RY
whereu, 2H foreachh=0;:::;;U 1. Let
F:HY RY1H Y

(uum)!'F (u;m)

be an implicit parametric functional, where the parametric form is known but the values of
the entries ofm 2 RM are unknown. The relationship betweem and m can be expressed
as

F(u;m)=0: (7.1)

We now introduce two vectors,u;d 2 RT Y, such that

Ugh = Un(ty) k=0;:5T 15 h=0;:5U0 1 (7.2)

and
dk;h = Ugh + (73)

where is sampled from a Gaussian distributiorN (0; ). Thus, the parametric implicit
inverse problem addressed in this study is to determima in (7.1), given a discretized, noisy
versiond of u from (7.3) and the known parametric form off .

To address the intrinsic ill-posedness of the problem [43], we introduce a regularized
objective functionky. :RT Y RM ! R dened as

(u;m) ! kg, (u;m) = hg(u)+ g (m) ; (7.4)

where the choice
ha(u) = ku  dk3 (7.5)

is consistent with the Gaussian noise a ecting the measurements (7.3). In (7.4% Os the
regularization parameter, andg : RM | R is a regularization function [124, 99] such that

" g(m) O for eachm 2 RM;
“gm=00 m=0;
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“lim,om =m.

We now de ne a discretized version of the implicit parametric functional in (7.1):
(uym) ! F(u;m) (7.6)

so that equation (7.1) becomes
F(u;m)= 0: (7.7)

We denote byu,, 2 RT Y the solution to (7.7) for a given set of parameters.
From an operational standpoint, the solution of the discretized, regularized parametric
implicit inverse problem is given by

m 2 arg min kyg. (Uuy;m) (7.8)
m2RM

whered is the input data vector of the problem. The solution to the corresponding non-
regularized discretized inverse problem is

m 2 arg r?Fien hg(Um); (7.9)
m M

which is obtained by setting =0 in (7.8).

7.2 Homotopy-based regularization

We propose a homotopy-based optimization scheme to regularize the implicitly constrained
inverse problem de ned by equation (7.9). The method is structured in two conceptual
layers:

" Inner loop { adjoint-based optimization: for a xed regularization parameter > 0,
we solve the regularized problem via a gradient-based algorithm using the adjoint state
method. This yields a sequence of approximations to the parameter vector .

~ Outer loop { homotopy continuation: We trace the regularization path by progressively
decreasing and using the solution obtained for | to initialize the optimization for
1+1 (@ warm restart). This allows us to gradually approach the solutiorm of the
non-regularized problem while maintaining numerical stability.

83



CHAPTER 7. SOLVING IMPLICIT INVERSE PROBLEMS WITH
HOMOTOPY-BASED REGULARIZATION PATH

7.2.1 Inner loop: adjoint-based optimization

For a given > 0, we solve the regularized inverse problem by minimizing the Lagrangian:
Lg; (usm; )= hg(u)+ g(m) h F(u;m)ir u; (7.10)

whereF(u; m) = 0 encodes the implicit constraint.
We recall the following result characterizing stationarity of the regularized problem:

Proposition 7.2.1. Necessary condition for the solution of the discretized regularized im-
plicit inverse problem. Given the discretized regularized parametric implicitly constrained
minimum problem (7.8) associated to functionalF, one of its solutionm and the associ-
ated vectoru,, , then there exists , 2 RT Y such that all the following conditions are
ful lled:

y
1 = @ ! @
" @ @I (Uum ;m ),
@g @
2. — h ;=i = 0.
@n @n Ty (Um ;m m )
Proof. Let us setu, = u and , = . We can de ne the Lagrangian of the problem
as
Lg: (u;m; )= hg(u)+ g(m) h ;F(u;m)it yu; (7.12)
P, ,P
whereh ;F(u;m)it v = o' 1o whF(u;m)en. According to Lagrange's multiplier

theorem [8], ifm is a minimum for the discretized (7.8), then there must exist 2 RT Y
such that (u ;m ; ) is a stationary point for the Lagrangian:

L 4. (u;m; )=0 (7.12)

This implies that all partial derivatives must be equaltoOat ¢ ;m ; ):

@d;

@ (u;m; )=F@u;m)=0; (7.13)
@-d; . . _@ g . H - 0
@ (u;m; )= @ u) h ,@(u,m)lTU 0; (7.14)
@d; . . — g Q . ; -0
o (UM )= @19(m) h gy im )it =0 (7.15)

Equation (7.13) is equivalent to equation (7.7) with parametersn . Equation (7.14) implies
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that must solve

@ . _@h .
@(u ;m ) " @ (u); (7.16)
which means that Ly
@ ' @b
@ @ (u ;m ) (7.17)

Replacingu and  obtained by solving (7.13) and (7.16) respectively in (7.15), we demon-
strate point (ii) of the preposition.

Remark 7.2.1. The adjoint state method consists of computing the gradient of the La-
grangian (7.10) with respect to the unknown parameten1 by computing , called adjoint
state variables obtained by solving the linear systgfi16), called adjoint state system.

Remark 7.2.2. This method can be applied to anjlg : R™ Y ! R such that:
"~ ha(u) O;
" hg(u)=0 Un(tx) = dip for eachk =0;:5T 1, h=0;:5;U0 L

Under these conditionshy can act as an empirical loss function [97].
Thanks to Proposition 7.2.1, we can easily derive a gradient descent algorithm where each
iteration consists of:

1. nd solution u_ of equation (7.7);

2. nd _ solution of (7.16) computed inumm;m(i);

3. compute@'d; (umm;m(i); L) asin (7.15);

@n
4. update parametersm(i) through gradient descent algorithm
- . Q4 :
m* = m® —@(:,' (u o:m®; ) (7.18)

with > 0 the gradient step.

Remark 7.2.3. As F is non-linear, neither the forward (7.7) nor adjoint equations (7.16)
are solved to full precision. Inexact solutions are used to reduce computational cost and
mitigate instability.
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Remark 7.2.4. The forward problem (7.7) is solved by means of the iterative Newton-
Raphson (NR) method. This method is implemented as follows:

u(ik+) = Gk) = F(u(l,k);m(l)); (7.19)
@1 () 0y

where we denoted withu®™ the computed solution ati" algorithm iteration and at k"
y

Newton-Raphson iteration and with % the generalized inverse of the matrix%. This
in turn determines the resolution of the linear system at each step:

@ VKD = F (0 m )y (7.20)
@ (ulik);m())
Then the solution:
uk+) = k) (k) (7.21)

is updated. At the end of the Newton Raphson iterative cycle, we obtain the solutish.

Remark 7.2.5. Step (ii) of the optimization algorithm involves the resolution of the linear
system (7.16). For this purpose the Landweber technique ([44, 104]) is used. Recall that
solving a linear system requires the inversion of the system matrix. However, if this system
is ill-conditioned, its inversion can lead to computational problems. The Landweber technique
aims to restore the numerical stability. It transforms the problem of inverting a matrix into
an iterative algorithm: the number of iterations is the regularization parameter with respect
to the inversion of the matrix under consideration. The&'" Landweber iteration is de ned

as follows:
.
(kD) — (i) @ @ g b 7.22
"o @ @ Wm®) (722
wherew is such that )
0< W< _% (7.23)

and where 2 is the square of the largest singular value %(u(i); m(i)).

Remark 7.2.6.  The optimization algorithm consists of an iterative update ¢t ) ; m®; @)
for i 0. These quantities are never computed exactly but approximated in order to avoid
numerical instability. In fact internal optimization algorithms (NR (7.19) and LW (7.22))

are never brought to convergence. At the end of each iteration of the inner loop, early stop-
ping [137] is applied. Fixed the™ iteration, this is done by checking the values of the loss

function kq. computed in u?. We de ne Nes the number of iterations for early stopping
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and gs a de ned threshold. Then for eachq;i, such thatO | Ngs g0 1 1if
kY K{Pj< es (7.24)

then the inner loop iteration is stopped.
The output of this iterative algorithm corresponding to regularization parameter is the
set of quantities(u ;m ; ).

7.2.2 Outer loop: homotopy continuation

To recover the solution of the original (non-regularized) problem, we construct a regulariza-
tion path:

=[ o uin L] (7.25)
such that o> ;>::> | > 0. For each |, we solve the regularized problem using the
adjoint-based algorithm above, initializing from the solution at | ;:

1. Computem  using the algorithm from Subsection 7.2.1;

2. Use (0 ;;m ) to initialize the optimization for 41 [63].

i
Remark 7.2.7. Since o >> 0, the corresponding parametersn , obtained at the end of
the inner loop will be extremely regularized.

Remark 7.2.8. This strategy enables stable convergence even in ill-posed settings. It ensures
that the algorithm follows a continuous path of minimizers, which typically remain in the
basin of attraction of a desired local solution.

7.2.3 Algorithmic Summary

The complete procedure is summarized in Algorithm 3. Each outer loop iteration corresponds
to a step in the homotopy, while each inner loop performs adjoint-based optimization for
xed .

7.3 Application to latent dynamic discovery problem

In this section, we apply the proposed algorithm to the problem of discovering latent dynam-
ics, where the goal is to reconstruct the unknown dynamics of a set of continuous physical
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Algorithm 3 Homotopy-based Adjoint Optimization

1: Initialize > 0, m©0
2. for | =0to L do
3 Set |

4: for i =1 to Npay do

5: SolveF(u®): m®&)) =0 for u™ (NR (7.19) method)

6: Solve adjoint equation for ) (LW (7.22) method)

7 Computer pLg.

8: Update m(") and apply early stopping (7.24)

9: end for

10: Set m(|+1 ;0) m(I) m(I;N iter )

11: end for

12: return The entire regularization path: @O;m®: Oy for 1 =0;::L

guantities, denoted byu (the state variables), from their temporal samples measured at

periodic with respect to the temporal samples, meaning(ty) = u(tt ;). Inspired by the
formulation in [46], the governing equation (7.1) simpli es to:

F(uum)=u f(u;m)=0; (7.26)
where the function
f:HY RMIH Y
(uym)! f(u;m)
describes the system's dynamics. Following [14, 19, 46], we assume that the latent dynamics
can be expressed as a linear combination of basis functions:
(u)=1 ou); 1(u);: o 12(u)g (7.27)
where, foreachh =0;::;;D 1
i tHYIH Y
ul )= (o j(Was j(UWu 4

is a vector-valued function with components j (u), 2 C*(HY;H) for eachh = 0;::;;U 1.
The dynamics are then modeled as:

X 1X 1

fh(U; m) = Mhos Ujih j (U)ho (728)
j=0 ho=0
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for each componenth = 0;::;;U 1, wherem 2 R(® Y U js the unknown parameter
matrix. This formulation is consistent with the working hypothesis of knowing the form of
implicit parametric functional F . This formulation is consistent with the hypothesis that the
parametric form of the operatorF is known. The corresponding dynamics can be described
by the Cauchy problem:

8

< u(to) = uo; (7.29)

: Po 1 - — ()
Un izo Mjh j(Unh=0 foreachh=0;:5U 1

given an initial condition u(te) = up 2 RY.

2 RT (® V) with components ;(u), 2 RT. The discretized form of the functionalF in
(7.7), under the assumption of (7.26), becomes:

Fuum)=u h T(u);mi=0 (7.30)

whereu 2 RT Y contains the discrete time derivatives of the state variables.

To promote sparsity in the learned dynamics and reduce model complexity, we aphly-
regularization to the coe cient matrix m. In order to enable the use of the adjoint method,
we use a smooth approximation:

Mp_
g(m) = my+ 2 (7.31)
p=1

with > 0 small, as suggested in [25, 126]. While this yields nearly sparse solutions, true
sparsity is enforced by a hard thresholding step [38] applied after each parameter update:
8 (i) I
. <0 if jmp"j < =
HT (M, y= =5 (7.32)
- m$")  otherwise

where | is the regularization parameter. This step is implemented at line 7 of Algorithm 3.

7.3.1 Results

We evaluated the proposed method in a synthetic setting for the one-dimensional caskex

1). Experiments were carried out by varying the set of basis functions, the ground truth
parameters vector and the percentage of noise on synthetic data. To obtain the data in
simulation, given an initial condition ug, the analytical solution is obtained by solving the
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Cauchy forward problem (7.29) using the Python ODE solvesolveivp in scipy.integrate
package. Then, noisy data are computed by adding Gaussian noise with varying standard
deviations as in (7.3).

First, we present simulation results for the base 1 and base 5 (see Table (7.1)) through
error analysis and graphical visualization of the obtained solutions. Next, we propose a the-
oretical discussion: the developed method allows us to observe semi-convergence behavior,
typical of linear inverse problems, as well as the emergence of bifurcations along the regular-
ization path. These phenomena highlight the ill-posedness of the problem, particularly the
non-uniqueness of the solution issue.

Remark 7.3.1. The proposed method works in a non-inverse crime framework. In fact, the
technique used to solve the forward problem during the data generation phase diers from
the one (7.19) used to solve the same problem in the inverse problem.

Table 7.1 shows the set of basis functions, which includes constant, polynomial and
trigonometric terms that can be used to approximate any periodic function.

Table 7.1: List of basis function sets used in experiments.

basis functions (u)

basis 1 cosf),cos(ai), cos(du), cos(4u), cos(5u), cos(au)

basis 2 1, cos(), cos(2), cos(3du), cos(4u), cos(au), cos(au)
basis 3 cog(), sin(u), cos(ai), sin(2u),.., cos(&u), sin(6u)
basis 4 1, cos(), sin(u), cos(2i), sin(2u),..., cos(@u), sin(6u)
basis 5 u, cos), cos(ad1), cos(u), cos(4u), cos(5u), cos(au)
basis 6 u, cos), sin(u), cos(ai), sin(2u),..., cos(au), sin(6u)
basis 7 1,u, cos(), sin(u), cos(ai), sin(2u),..., cos(Gu), sin(6u)

Results were obtained with:
" u(ty) =0:2;
" ty= 25 fork=0;:5T  1landT =100 the time samples;

N (0; ) the additive white Gaussian noise, where we considered three values for
,.e.,, =0:0L0:1;0:2.

a vector of L = 100 logarithmically equi-spaced points in the interval [18 10 ©];
=10 3 gradient step;

Nmax = 1000 maximum number of Lagrangian optimization algorithm with the adjoint
state method,;
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A

Rmax =50 maximum number of NR iterations;

~

L max = 100 maximum number of LW iterations;

~

Nes =5 number of checked loss function values for early stopping technique.

Given a regularization parameter | with | = 0;:::;99, we de ne the relative error between
the associated parameterm() and the ground truth m as:

km®  mk,

REm(I);m = kmkz

(7.33)
Similarly, the relative error between the solutioru(" of the Cauchy problem (7.29) associated
with m(® and the solutionu associated with the ground truthm is given by:
ku® uk,
RE, )y, = ———— 7.34
u('),u ku k2 ( 3 )
For each ground truth and noise level, we generatad= 20 realizations of the noise and
applied the algorithm. For each trialg=1;:::;n, we de ne

q = arg ( min 9REmg);m (735)

To keep the notation simple, we will omit the noise level dependency. This will be clear and
explicit in every situation.

We de ne m the set of parameters associated with the best regularization parametey
(7.35). ug is the solution curve of the Cauchy problem (7.29) associated with,. Then the
relative mean square errors and standard deviations are computed as:

v

u
1 X 1 X
Mm= """ REmgmi m -t REmgm Mm (7.36)
=1 g=1
and v
1 X 1 X
My= = REgu o=t =7 REgu M (7.37)
g=1 i=1
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