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Abstract

The analysis of the elctrocardiogram (ECG) is the standard diagnostic tool for the
assessment of heart function and the diagnosis of cardiac diseases. Unfortunately,
ECG signal is highly susceptible to several kinds of noise, such as thermal and
electromyographic noise, power-line interference, motion artifacts, and baseline
wander. In this dissertation, a framework for ECG signal processing based on the
notion of quadratic variation reduction is proposed. The quadratic variation is a
consistent measure of variability for vectors or sampled functions.

In recent years, growing interest has been focused on the analysis of single
waves of the ECG, like P-waves or T-waves. Being able to track beat-to-beat
changes of such waves has proven to be helpful in predicting important heart dis-
eases, such as atrial fibrillation (AF). Since single waves have low SNR, they are
commonly analyzed via signal averaging. In this way information about beat-to-
beat variability is unavoidably masked or possibly lost. To cope with this prob-
lem, in Chapter 3 a smoothing and denoising algorithm for ECG single waves is
proposed, which is based on the notion of quadratic variation reduction. The algo-
rithm is the closed-form solution to a constrained convex optimization problem,
where the quadratic variation enters as a constraint. Numerical results show that
the approach achieves considerable SNR gain over the whole range of practical
input SNRs.

In Chapter 3 the algorithm is successfully applied to the prediction of AF
through the analysis of P-waves beat-to-beat variability. Denoising by quadratic
variation reduction enters in the definition of a metric that measures P-waves vari-
ability. The study of the statistics of such a metric allows to discriminate between
AF-prone and healthy subjects.

Narrowband artifacts, such as power-line interference, are another common
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Abstract

kind of noise affecting ECG waves. In Chapter 4 is proposed a joint approach
to denoising and narrowband artifacts rejection. It is achieved by solving a con-
strained convex optimization problem, where the energy content of harmonic ar-
tifacts enters as an additional constraint.

The improvement achieved by the approach based on quadratic variation re-
duction is notable, and this makes worth its extension to the smoothing of entire
ECGs. However, this is effective if the local structure of the ECG is explicitly
taken into account in the smoothing operation. In Chapter 5 a smoothing and de-
noising algorithm for entire ECGs is proposed. Smoothing is performed by locally
reducing the variability, i.e., the quadratic variation, of the measured ECG, by an
amount that is inversely related to the local SNR. Numerical results show that the
smoothing performance is significant. The algorithm is favorable also in terms of
complexity, which is linear in the size of the record to smooth.

In the presence of noise and narrowband artifacts, a combined approach based
on joint denoising and artifacts rejection is needed. This is pursued in Chapter 6,
where smoothing and narrowband artifacts rejection are performed jointly com-
bining local characteristics of the ECG and the spectral localization of the artifacts
to reject. Simulation results confirm the effectiveness of the approach and high-
light a notable ability to smooth and denoise ECG signals.

Finally, in Chapter 7 the problem of baseline wander removal is tackled. This
is an unavoidable step in any processing of ECG signals. Baseline wander and
ECG have partially overlapping bands in the low-frequency region of the spec-
trum. This makes its removal difficult without affecting the ECG, in particular
the ST segment, which is related to the diagnosis of acute coronary syndromes.
Due to the in-band nature of this kind of noise, any technique for its removal that
relies on spectral shaping, e.g., linear time-invariant filtering, will unavoidably al-
ter the ST segment. To cope with this problem it is necessary to analyze baseline
noise and ECG components contributing to the ST segment in a domain that is
not the frequency domain. In this regard, the quadratic variation turns out to be
a suitable measure of variability that is not directly related to the frequency do-
main. In Chapter 7 baseline wander is estimated as the component of measured
ECG with the lowest variability. Comparative analyses show that the approach
outperforms state-of-the-art algorithms and is superior in removing baseline wan-
der, while preserving the ST segment. The approach compares favorably also in
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Abstract

terms of computational complexity, which is linear in the size of the vector to de-
trend. This makes it suitable for real-time applications as well as for applications
on devices with reduced computing power, e.g., handheld devices.

All the techniques described for smoothing, rejection of power-line noise and,
in general, narrowband artifacts, either for single waves or entire ECGs, and for
baseline wander removal, share a common approach, although with different tech-
nicalities. This approach is based on the notion of quadratic variation reduction
and constitutes the common framework for ECG signal processing, which is the
object of this dissertation.
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List of symbols

111 vector whose elements equal one

DDDi matrix defined in (5.2.4)

W̃̃W̃W matrix extracted from the DFT matrix as described in Subsection 4.2.3

DDD matrix defined in (3.3.2)

III identity matrix

qqq smoothed vector

WWW DFT matrix

zzz detrended vector

F̂(·) empirical distribution function

(·)H transpose conjugate

(·)T transpose

[xxx] quadratic variation of xxx as defined in (3.3.2)

‖·‖2 Euclidean norm

E{·} expected value

Ea energy content of harmonic artifacts as defined in (4.2.2)

Re{·} real part
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List of symbols

tr(·) trace

A-V atrioventricular

AF atrial fibrillation

ECG electrocardiogram

GSNIR signal-to-noise-and-interference ratio gain

GSNR signal-to-noise ratio gain

KKT Karush-Kuhn-Tucker

QVR quadratic variation reduction

SA sinoatrial

SNIR signal-to-noise-and-interference ratio

SNIR0 signal-to-noise-and-interference ratio before smoothing

SNIRS signal-to-noise-and-interference ratio after smoothing

SNR signal-to-noise ratio

SNR0 signal-to-noise ratio before smoothing

SNRS signal-to-noise ratio after smoothing

WAF wavelet adaptive filtering
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Chapter 1

Introduction

The analysis of the elctrocardiogram (ECG) is the standard diagnostic tool for the
assessment of heart function and the diagnosis of cardiac diseases. Unfortunately,
ECG signal is highly susceptible to several kinds of noise, such as thermal and
electromyographic noise, power-line interference, motion artifacts, and baseline
wander, as recalled in Chapter 2. In this dissertation, a framework for ECG signal
processing based on the notion of quadratic variation reduction is proposed.

In recent years, growing interest has been focused on the analysis of single
waves of the ECG, like P-waves or T-waves. Being able to track beat-to-beat
changes of such waves has proven to be helpful in predicting important heart dis-
eases, such as atrial fibrillation. Since single waves have low SNR, they are com-
monly analyzed via signal averaging. In this way information about beat-to-beat
variability is unavoidably masked or possibly lost. To cope with this problem,
in Chapter 3 a smoothing and denoising algorithm for ECG single waves is pro-
posed [1, 2]. It is based on the idea that the effect of noise and artifacts is to
introduce additional “variability” into the measured wave, with respect to the true
one. Thus, in [1, 2] the quadratic variation is introduced as measure of “variabil-
ity”, and is proved to be a consistent measure in this regard. Then, the problem
of smoothing and denoising is recast as a constrained convex optimization prob-
lem, where the quadratic variation enters as a constraint. The solution is obtained
searching for the signal closest to the observed one, in the `2-norm, that exhibits
reduced quadratic variation. Following this approach, in [1] the smoothing of
P-waves extracted from real data is performed, achieving considerable SNR gain
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Chapter 1

over the whole range of practical input SNRs. The algorithm is also favorable
in terms of computational complexity, which is linear in the size of the vector to
smooth. This makes it suitable for real-time applications.

In [3], the smoothing algorithm for single waves has been successfully applied
to the prediction of atrial fibrillation (AF) through the analysis of P-waves beat-to-
beat variability. Denoising by quadratic variation reduction enters in the definition
of a metric that measures P-waves variability. The study of the statistics of such a
metric allows to discriminate between AF-prone and healthy subjects [3].

Narrowband artifacts, such as power-line interference, are another common
kind of noise affecting ECG waves. Their effect is the introduction of further vari-
ability in the signal and, thus, they can be removed using the algorithm described
above. However, a joint approach that combines denoising and narrowband arti-
facts rejection has proven to be more effective in this regard. In Chapter 4 denois-
ing and harmonic artifacts rejection is performed jointly, by solving a constrained
convex optimization problem, where the energy content of harmonic artifacts en-
ters as an additional constraint [4]. The computational complexity in this case
ranges from O(n) to O(n logn), being n the length of the record to smooth.

The improvement achieved by the approach based on quadratic variation re-
duction is notable, and this makes worth its extension to the smoothing of entire
ECGs. However, this is effective if the local structure of the ECG is explicitly
taken into account in the smoothing operation. Indeed, different portions of ECG
exhibit different local SNRs, as the signal changes its morphology and noise can
be transient or permanent. In Chapter 5 a smoothing and denoising algorithm
for entire ECGs is proposed [5]. Smoothing is performed by locally reducing the
variability of the measured ECG, by an amount that is inversely related to the
local SNR. It is the closed-form solution to a constrained convex optimization
problem, where local quadratic variations of different portions of ECG enter as
constraints. The smoothing performance is significant even without optimizing
smoothing parameters: quantitative analysis on synthetic signals have returned
average SNR gain exceeding 15dB on highly corrupted records with initial SNR
as low as 0dB [5]. Moreover, the algorithm is favorable also in terms of complex-
ity, which is linear in the size of the record to smooth, regardless of the number
of different portions considered in the smoothing operation.
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Chapter 1

In the presence of noise and power-line interference and, more generally nar-
rowband artifacts, a combined approach based on joint denoising and artifacts re-
jection is needed. This is pursued in Chapter 6, where smoothing and narrowband
artifacts rejection are performed jointly, solving a constrained convex optimiza-
tion problem [6, 7]. The optimization problem combines local characteristics of
the ECG and the spectral localization of the artifacts to reject. Performances have
been evaluated on real and synthetic data. Measuring performance in terms of
signal-to-noise-and-interference ratio (SNIR), considering narrowband artifacts
as interference, quantitative analysis have shown SNIR gains up to 27.6dB on
highly corrupted ECG records with initial SNIR as low as −5dB [7]. The algo-
rithm can be efficiently implemented using the conjugate gradient method. In this
case, the complexity ranges from O(n) to O(n logn), being n the size of the vector
to process.

Finally, the problem of baseline wander removal has been tackled in Chapter 7.
Baseline wander is a kind of noise affecting ECG recordings that is ubiquitous in
all electrocardiographic devices, and its removal is an unavoidable step in any
processing of ECG signals. Baseline wander and ECG have partially overlapping
bands in the low-frequency region of the spectrum. This makes its removal diffi-
cult without affecting the ECG, in particular the ST segment, which is related to
the diagnosis of acute coronary syndromes. Due to the in-band nature of this kind
of noise, any technique for its removal that relies on spectral shaping, e.g., linear
time-invariant filtering, will unavoidably alter the ST segment. To cope with this
problem it is necessary to take a different perspective on baseline noise and ECG
components contributing to the ST segment. That is, they should be analyzed in a
domain that is not the frequency domain.

In this regard, the quadratic variation turns out to be a suitable measure of vari-
ability that is not directly related to the frequency domain [8]. The approach based
on quadratic variation reduction has been effectively applied in [9, 10], where
baseline wander is estimated as the component of measured ECG with the low-
est variability. Comparative analyses has shown that this approach outperforms
state-of-the-art algorithms and is superior in estimating and removing baseline
wander [11], [10, 12], while preserving the ST segment [8], [13]. The approach
compares favorably also in terms of computational complexity, which is linear
in the size of the vector to detrend. This makes it suitable for real-time applica-

4

Tesi di dottorato in Ingegneria Biomedica, di Valeria Villani, discussa presso l’Università Campus Bio-Medico di Roma 
in data 23/04/2013. 
La disseminazione e la riproduzione di questo documento sono consentite per scopi di didattica e ricerca, 
a condizione che ne venga citata la fonte

 



Chapter 1

tions as well as for applications on devices with reduced computing power, e.g.,
handheld devices.

The techniques described for smoothing, rejection of power-line noise and
narrowband artifacts, either for single waves or entire ECGs, and for baseline
wander removal share a common framework, which is based on the notion of
quadratic variation reduction.
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Chapter 2

The electrocardiogram

This chapter contains a concise description of the electrical activity of the heart
and the electrocardiographic signal. The scope of this chapter is to provide the
reader with concepts and notions that will be referred to throughout the disserta-
tion.

2.1 Electrical activity of the heart

The heart is a double pump composed of four chambers: a right heart pumps blood
through the lungs for oxygenation, and a left heart pumps oxygenated blood into
the general (systemic) circulation through the peripheral organs. In turn, each of
these hearts is a pulsatile two-chamber pump composed of an atrium and a ven-
tricle, which are shown in Figure 2.1.1. Each atrium is a weak primer pump for
the ventricle and helps to move blood into the ventricle. The ventricles then sup-
ply the main pumping force that propels the blood either through the pulmonary
circulation by the right ventricle or through the peripheral circulation by the left
ventricle [14]. In particular, the right atrium receives venous blood from the sys-
temic circulation, and the right ventricle pumps it into the pulmonary circulation
where oxygen and carbon dioxide are exchanged between the blood and alveolar
gases. The blood leaving the lungs enters the left atrium by way of the pulmonary
veins. Blood then flows from the left atrium into the left ventricle. The left ven-
tricle ejects the blood into the aorta, which then distributes the blood to all the
organs via the arterial system [15].
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Chapter 2
Chapter 10 Rhythmical Excitation of the Heart 117

the fibers of the heart’s specialized conducting system,
including the fibers of the sinus node. For this reason,
the sinus node ordinarily controls the rate of beat 
of the entire heart, as discussed in detail later in 
this chapter. First, let us describe this automatic 
rhythmicity.

Mechanism of Sinus Nodal Rhythmicity. Figure 10–2 shows
action potentials recorded from inside a sinus nodal

fiber for three heartbeats and, by comparison, a single
ventricular muscle fiber action potential. Note that the
“resting membrane potential” of the sinus nodal fiber
between discharges has a negativity of about -55 to 
-60 millivolts, in comparison with -85 to -90 millivolts
for the ventricular muscle fiber.The cause of this lesser
negativity is that the cell membranes of the sinus fibers
are naturally leaky to sodium and calcium ions, and
positive charges of the entering sodium and calcium
ions neutralize much of the intracellular negativity.

Before attempting to explain the rhythmicity of the
sinus nodal fibers, first recall from the discussions of
Chapters 5 and 9 that cardiac muscle has three types
of membrane ion channels that play important roles in
causing the voltage changes of the action potential.
They are (1) fast sodium channels, (2) slow sodium-
calcium channels, and (3) potassium channels. Opening
of the fast sodium channels for a few 10,000ths of a
second is responsible for the rapid upstroke spike of
the action potential observed in ventricular muscle,
because of rapid influx of positive sodium ions to the
interior of the fiber. Then the “plateau” of the ven-
tricular action potential is caused primarily by slower
opening of the slow sodium-calcium channels, which
lasts for about 0.3 second. Finally, opening of potas-
sium channels allows diffusion of large amounts of
positive potassium ions in the outward direction
through the fiber membrane and returns the mem-
brane potential to its resting level.

But there is a difference in the function of these
channels in the sinus nodal fiber because the “resting”
potential is much less negative—only -55 millivolts in
the nodal fiber instead of the -90 millivolts in the ven-
tricular muscle fiber. At this level of -55 millivolts,
the fast sodium channels mainly have already become
“inactivated,” which means that they have become
blocked. The cause of this is that any time the mem-
brane potential remains less negative than about -55
millivolts for more than a few milliseconds, the inacti-
vation gates on the inside of the cell membrane that
close the fast sodium channels become closed and
remain so. Therefore, only the slow sodium-calcium
channels can open (i.e., can become “activated”) and
thereby cause the action potential. As a result, the
atrial nodal action potential is slower to develop than
the action potential of the ventricular muscle. Also,
after the action potential does occur, return of the
potential to its negative state occurs slowly as well,
rather than the abrupt return that occurs for the 
ventricular fiber.

Self-Excitation of Sinus Nodal Fibers. Because of the
high sodium ion concentration in the extracellular
fluid outside the nodal fiber, as well as a moderate
number of already open sodium channels, positive
sodium ions from outside the fibers normally tend to
leak to the inside. Therefore, between heartbeats,
influx of positively charged sodium ions causes a slow
rise in the resting membrane potential in the positive
direction. Thus, as shown in Figure 10–2, the “resting”
potential gradually rises between each two heartbeats.
When the potential reaches a threshold voltage of
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A-V bundle
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Internodal
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Figure 10–1

Sinus node, and the Purkinje system of the heart, showing also
the A-V node, atrial internodal pathways, and ventricular bundle
branches.

Sinus
nodal fiber
Ventricular
muscle fiber

Threshold for
discharge

“Resting 
potential”

M
ill

iv
ol

ts

Seconds
0 1 2 3

0

+20

–40

–80

Figure 10–2

Rhythmical discharge of a sinus nodal fiber. Also, the sinus nodal
action potential is compared with that of a ventricular muscle fiber.

Figure 2.1.1: Electrical conduction system within the heart. A-V: atrioventricular
(Figure from [14]).

Each mechanical heartbeat is triggered by an action potential which originates
from a rhythmic pacemaker within the heart and is conducted rapidly throughout
the organ to produce a coordinated contraction [16]. In normal conditions, the
atria contract about one sixth of a second ahead of ventricular contraction, which
allows filling of the ventricles before they pump the blood through the lungs and
peripheral circulation [14].

The smooth, rhythmic contraction of the atria and ventricles has an underlying
electrical precursor in the form of a well-coordinated series of electrical events
that takes place within the heart. This set of electrical events is intrinsic to the
heart itself. This is well demonstrated by the fact that, when removed from the
body and placed in a nutrient medium, the heart continues to beat rhythmically
for many hours. Thus, the coordinated contraction of the atria and ventricles is
set up by a specific pattern of electrical activation in the musculature of these
structures [17].

Normally, the impulse for cardiac electrical stimulation originates in the sinus
node, also called sinoatrial (SA) node. It is located in the superior posterolateral
wall of the right atrium immediately below and slightly lateral to the opening of
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Chapter 2

the superior vena cava [14], as depicted in Figure 2.1.1. The fibers of the SA node
have the capability of self-excitation, i.e., they can automatically rhythmically
discharge and contract [14]. The rate of rhythmical discharge of the SA node is
faster than that of any other part of the heart. As a result, the SA node controls the
beat of the heart and is the pacemaker of the normal heart [14, 15, 18, 19].

The ends of the SA nodal fibers connect directly with surrounding atrial mus-
cle fibers [14]. Therefore, action potentials originating in the sinus node travel
outward into these atrial muscle fibers. In this way, depolarization spreads through
the entire atrial muscle mass and signals the atria to contract. As a consequence,
blood is pumped nearly simultaneously through the tricuspid and mitral valves
into the right and left ventricles [14, 18, 19]. Three anatomic conduction path-
ways (anterior, middle, and posterior internodal, shown in Figure 2.1.1) originat-
ing within or in proximity of the SA node spread excitation through the myocar-
dial atrial tissue [14, 15, 19, 20]. The atrial conductive system is organized so that
the cardiac impulse does not travel from the atria into the ventricles too rapidly;
this delay allows time for the atria to empty their blood into the ventricles before
ventricular contraction begins. The delay in transmission is primarily caused by
the atrioventricular (A-V) node and its adjacent conductive fibers. The A-V node
is located in the inferior–posterior region of the interatrial septum separating the
left from the right atrium [14]. It slows the impulse conduction velocity to about
one-tenth the velocity found in atrial or ventricular myocytes [15].

Action potentials leaving the A-V node enter the base of the ventricle at the
A-V bundle, known also as bundle of His [14, 15, 18, 19]. A special characteristic
of the A-V bundle is the inability, except in abnormal states, of action potentials
to travel backward from the ventricles to the atria. Thus, only forward conduc-
tion from the atria to the ventricles is allowed [14]. Furthermore, the A-V bundle
represents the only route for forward conduction between atrial and ventricular
muscle, since everywhere, except at the A-V bundle itself, the atrial muscle is
separated from the ventricular muscle by a continuous fibrous barrier [14]. Fig-
ure 2.1.1 shows that the A-V bundle from the A-V node penetrates the central
fibrous body and passes through the membranous septum as a common bundle
and splits into left and right bundle branches at the apex of the muscular septum
that separates the two ventricles [15, 18]. The left and right bundle branches lie
beneath the endocardium on the two respective sides of the ventricular septum.
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Chapter 2

Figure 2.2.1: Typical heartbeat of normal ECG

Each branch spreads downward toward the apex of the ventricle, progressively
dividing into smaller branches, as shown in Figure 2.1.1. The bundle branches
divide into an extensive system of Purkinje fibers that penetrate into the muscle
mass and finally become continuous with ventricular myocytes. These become
the final pathway for cell-to-cell conduction within the ventricles [14, 15, 18].

2.2 Characteristics of the normal electrocardiogram

The ECG is a non invasive measure of the electrical activity of the heart recorded
by skin electrodes. This activity is caused by repetitive depolarization and po-
larization of the myocardium during each beat [14]. Physiological ECG signals
exhibit a recurrent pattern, where each portion identifies a precise phase of the
cardiac cycle. Changes in different parts of this pattern reflect an impairment of
the corresponding district of the heart, as will be shown in chapters 3 and 7. The
analysis of ECG signals is commonly used as the standard diagnostic tool for the
detection of cardiac diseases.

Figure shows a typical beat from a normal ECG consists of a P-wave, a QRS
complex, and a T-wave [14].

The P-wave is the result of the depolarization that spreads from the SA node
throughout the atria. It is caused by electrical potentials generated when the atria
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Chapter 2

depolarize before atrial contraction begins. In normal adults its duration varies
from 0.08s to 0.11s [14, 15, 21]. Alterations of P-waves will be discussed in
Chapter 3 with regard to atrial fibrillation.

The short isoelectric segment after the P-wave, namely PQ segment, corre-
sponds to the interval between the beginning of electrical excitation of the atria
and the beginning of excitation of the ventricles. It spans the time required for the
propagating impulse to advance from the atria through the A-V node, bundle of
His, bundle branches, and the system of Purkinje fibers until the ventricular my-
ocardium begins to depolarize [21]. The normal PQ interval ranges from 0.12s to
0.20s [14, 15, 21].

The QRS complex represents ventricular depolarization. It occurs at the begin-
ning of contraction of the ventricles and is caused by potentials generated when
the ventricles depolarize before contraction, that is, as the depolarization wave
spreads through the ventricles [14]. In normal adults the QRS duration varies be-
tween 0.07s and 0.10s [21]. Since the QRS complex has the largest amplitude of
the ECG waveforms, it is used in computer-based analysis for beat detection and
delineation [22,23]. The atria repolarize approximately when the QRS complex is
being recorded in the electrocardiogram. Therefore, the atrial repolarization wave
is usually obscured by the much larger QRS complex and is seldom observed in
the ECG [14, 15].

The ST segment is the interval between the end of the QRS complex, namely
J point, and the beginning of the T-wave. It is normally isoelectric and represents
the period at which the entire ventricle is depolarized. It roughly corresponds to
the plateau phase of the ventricular action potential [15, 21]. The ST segment is
important in the diagnosis of various cardiac conditions, in which it can become
either depressed or elevated, indicating nonuniform membrane potentials in ven-
tricular cells [15]. Moreover, it is susceptible to distortions when baseline wander
is removed. The problem of preserving the ST segment while removing baseline
wander is tackled in Chapter 7.

The T-wave represents the ventricular repolarization and is caused by poten-
tials generated as the ventricles recover from the state of depolarization [14].
Since fibers in the ventricular muscle begin to repolarize not in the same instant,
the process of ventricular repolarization extends over a long period. For this rea-
son, the T-wave in the normal electrocardiogram is a prolonged wave, but the
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Chapter 2

voltage of the T-wave is considerably less than the voltage of the QRS complex,
partly because of its prolonged length [14].

2.3 Noise and artifacts in ECG signals

Unfortunately, ECG signals are usually corrupted by different types of noise and
interference, originating from external sources or directly from other physiolog-
ical processes of the body [16, 22]. In the worst cases, the useful signal may be
dramatically masked by noise and its informative content can be revealed after
appropriate signal processing. In the following, we sketch the main sources of
noise and artifacts in ECG signals [16, 22].

Power-line interference is characterized by 50Hz or 60Hz sinusoidal inter-
ference, possibly accompanied by a number of harmonics. It is caused by many
sources, including supply plugs, outlets, cables, and other equipment operating
nearby [24]. Thus, it is ubiquitous in any clinical situation [16, 22, 24]. Al-
though various precautions can be taken to reduce the effect of power-line in-
terference, recordings are often contaminated by residual power-line interference
[16, 20, 22, 25, 26]. Chapters 4 and 6 cope with the problem of rejecting power-
line interference, and in general narrowband artifacts, from ECG single waves and
entire records, respectively.

Electrode motion artifacts are caused by skin stretching, movement of the
electrode and, possibly, loss of contact between the electrode and skin. This leads
to variation in the impedance at the electrode-skin interface and results in sharp
changes in ECG recording [16, 22].

Electromyographic noise is due to the electrical activity originated by muscle
contractions. Its spectrum overlaps ECG spectrum in the high-frequency region,
where are located ECG components that mainly contribute to QRS complexes.
Thus, suppression of electromyographic noise is often cause of distortion in the
QRS complex [22, 27]. Moreover, the problem of electromyographic noise sup-
pression becomes extremely important when ECG is recorded during physical
exercise, for long-term recording by portable devices (for example, ambulatory
Holter monitoring) or for ECG recording of children or of people with injured
extremities [27]. In such cases, it is not possible to ensure relaxed conditions for
the patient, and the muscular activity is reflected in high-amplitude electromyo-
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graphic noise.
Baseline wander is mainly caused by respiration. Additional causes are per-

spiration, patient’s body movements, skin-electrode interface, and variation of the
impedance between electrodes and skin due to poor electrode contact [16, 18,
22, 28]. It is modeled as a low-frequency additive noise with band in the range
0÷ 0.8Hz that can extend up to 1Hz, or even more, during stress tests [16, 22].
The in-band nature of baseline wander makes its removal difficult without affect-
ing the ECG, in particular the ST segment, thus spoiling relevant clinical informa-
tion [29]. Chapter 7 is entirely devoted to the problem of baseline wander removal
with specific regard to preserving the ST segment.

Measurement and quantization noise account for thermal noise and quantiza-
tion error introduced by quantization in the analog-to-digital conversion, respec-
tively.
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Chapter 3

Smoothing and denoising for single
ECG waves

In recent years, growing interest has been focused on the analysis of single ECG
waves for the purpose of predicting important heart diseases. Given the low
signal-to-noise ratio associated to ECG waves, such analyses are possible if noise
and artifacts are effectively filtered out from ECG waves. To this end, in this chap-
ter a novel smoothing and denoising algorithm for single ECG waves is presented.
The approach is based on the notion of quadratic variation reduction. We prove
that quadratic variation is a consistent measure of variability for vectors or sam-
pled functions. The algorithm is the closed-form solution to a constrained convex
optimization problem, where the quadratic variation of the noisy wave enters as a
constraint. Simulation results confirm the effectiveness of the approach and show
that the proposed algorithm is remarkably good at smoothing and denoising ECG
waves. The availability of such a smoothing tool for single ECG waves allows the
investigation of P-waves beat-to-beat variability for the purpose of atrial fibril-
lation (AF) prediction. Denoising by quadratic variation reduction enters in the
definition of a metric that measures P-waves variability. The study of the statistics
of such a metric allows to discriminate between AF-prone and healthy subjects.
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Chapter 3

3.1 Introduction

In recent years, growing interest has been focused on the analysis of single por-
tions of the ECG, like P-waves, ST segments and T-waves. Being able to track
beat-to-beat changes of such waves has proven to be helpful in predicting im-
portant heart diseases. This is the case, for example, of the analysis of P-waves
for the purpose of atrial fibrillation prediction, the study of T-wave alternans to
predict sudden cardiac death, and the analysis of ST segment deviations to de-
tect acute coronary syndromes. Moreover, beat-to-beat analysis may be useful
to improve the understanding of the pathophysiological mechanisms of atrial or
ventricular substrates predisposing to cardiac disease. However, the analysis of
the temporal variability of consecutive waves, whether P- or T-, is possible only
if reliable beat-to-beat waves are available. Since single waves have low SNR,
these analyses are possible if noise and artifacts are effectively filtered out from
such waves. Typically, this is achieved by denoising the whole record and then
extracting the portions of interest or via signal averaging. As a consequence, lo-
cal characteristics of the signal are not taken into account and information about
beat-to-beat variability is unavoidably masked or possibly lost. Indeed, each P-
or T-wave provides important information about the corresponding depolarization
pattern throughout the atrial or ventricular substrate, respectively.

To overcome this limitation, we have recently proposed a novel smoothing and
denoising algorithm for ECG single waves [1,2], which is the object of this chap-
ter. The approach can be applied indistinctly to P-waves and T-waves. It is based
on the notion of quadratic variation, is meant as a suitable measure of variability
for vectors or sampled functions. The notion of quadratic variation is introduced
in Subsection 3.3.2. The algorithm is derived in Subsection 3.3.3 as the closed-
form solution to a constrained convex optimization problem, where smoothing
and denoising are achieved by reducing the quadratic variation of the noisy wave.
We tested the proposed algorithm on P-waves and compared its performance with
a linear-phase FIR low-pass filter [1]. Simulation results, presented in Section 3.4,
confirm the effectiveness of the approach and show that the proposed algorithm is
remarkably good at smoothing and denoising ECG waves.

In Section 3.5, the smoothing algorithm for single waves is successfully ap-
plied to the prediction of atrial fibrillation through the analysis of P-waves beat-
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Chapter 3

to-beat variability [3]. Following an approach similar to that used for T-waves in
the analysis of ventricular repolarization, we investigate P-waves variability, i.e.,
the variation over time of P-waves morphology.

3.2 State of the art

3.2.1 Denoising P-waves

Atrial Fibrillation (AF) is a sustained cardiac rhythm disturbance characterized
by rapid and irregular atrial impulses and ineffective atrial contractions [30]. Ac-
cording to the ATRIA study, its prevalence is 1% of total population, increasing
to 9% among patients 80 years or older [31]. The number of persons with AF in
the United States in 2010 ranges from ≈ 2.7 to 6.1 million, and is projected to
increase to between ≈ 5.6 and 12 million by 2050 [32]. AF is not directly life-
threatening but is associated with increased risk of stroke, heart failure, cognitive
dysfunction, and premature death [33] and has enormous socioeconomic implica-
tions. Annual costs for AF treatment amount to C 3209 per patient in the EU [34]
and increase with delay in diagnosis.

AF results from cardiac impulses that have gone berserk within the atrial mus-
cle mass, stimulating first one portion of the atrial muscle, then another portion,
then another, and eventually feeding back onto itself to re-excite the same atrial
muscle over and over, never stopping. When this happens, many small portions
of the atrial muscle will be contracting at the same time, while equally as many
other portions will be relaxing. Thus, there is never a coordinate contraction of
all the atrial muscle at once, which is required for a pumping cycle of the heart.
Despite massive movement of stimulatory signals throughout the atria, the atrial
chambers neither enlarge nor contract but remain in an indeterminate stage of par-
tial contraction, pumping either no blood or negligible amounts to ventricles [14].
Moreover, the lack of coordinated atrial contraction leads to unusual fluid flow
states through the atrium. These could favor the formation of thrombus at risk to
embolize, especially after return to normal sinus rhythm.

On the ECG, AF is described by the replacement of consistent P-waves by
rapid oscillations or fibrillatory waves that vary in size, shape, and timing, associ-
ated with an irregular, frequently rapid ventricular response when atrioventricular
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Figure 3.2.1: Butterfly plot of P-waves belonging to a healthy subject (left) and to
a patient prone to AF (right).

conduction is intact [14, 30].
The ECG contains valuable prognostic information that can identify patients

at risk of AF [35,36]. Prolonged and fractioned atrial activity during sinus rhythm
had been observed in ECG recordings of patients who experienced AF. Conduc-
tion defects and abnormal activation patterns in the atria that may lead to AF are
manifested in irregular and prolonged P-waves, as exemplified in Figure 3.2.1. As
a consequence, time-domain and morphological characteristics of ECG P-waves
have been extensively studied to predict AF occurrence or recurrence [35–40].

First studies of P-waves characteristics were performed manually by visual
inspection [40, 41], thus incurring in limited accuracy [42]. However, current
standard approaches to the analysis of P-waves make use of signal averaging
techniques to extract a template [35, 38–40, 43–50]. Then, some features, such
as P-wave dispersion or duration, are extracted from the template. Signal aver-
aging is needed to reduce noise, since P-waves exhibit low signal-to-noise ratio.
However, the unavoidable drawback of this approach is that some information is
lost. Indeed, each P-wave provides important information about the corresponding
depolarization pattern throughout the atrial substrate and the electrophysiologic
mechanisms underlying AF can be masked in the averaging operation. Moreover,
changes between consecutive P-waves, which are representative of irregular and
chaotic atrial activation, may be hidden in the template.
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Chapter 3

3.2.2 Denoising T-waves

The analysis of T-waves is of particular interest since it is related to the predic-
tion and diagnosis of sudden cardiac death and malignant ventricular arrhythmias.
Sudden cardiac death refers to death from the abrupt cessation of cardiac function,
usually due to a lethal arrhythmia and usually occurs in the background of struc-
tural heart disease or coronary artery disease [51]. Almost half a million people
die of sudden cardiac death each year in the United States alone, resulting in more
deaths than stroke, lung cancer, breast cancer, and AIDS combined. Worldwide,
sudden cardiac death comprises 50% of overall cardiac mortality in developed
countries [51].

In the last decades, increasing evidence has been reported on the relationship
between electrocardiographic phenomenon of T-wave alternans and vulnerabil-
ity yo malignant ventricular arrhythmias and sudden cardiac death [52–54]. In
general, alternans of the ECG is defined as a change in the amplitude and/or mor-
phology of a component of the ECG that occurs on an every-other-beat basis. In
particular, the T-wave alternans, also termed repolarization alternans, is charac-
terized by changes in shape, amplitude or polarity of the T-wave, appearing with
regular rhythmicity, usually every other beat, unaccompanied by gross changes
in the cycle length [16, 55, 56]. An example of T-wave alternans is reported in
Figure 3.2.2. Macroscopic alternans of the T-wave is a rare appearance. In most
cases, such alternans is not detectable by visual ispection, but appears at a micro-
volt level [57]. Thus, in the effort to assess a clinically useful marker of sudden
cardiac death, development of methods for non-invasive automatic detection of
non-visible (microvolt) T-wave alternans has been a major challenge in the last
two decades [16, 56, 58, 59].

Any system for T-wave alternans detection requires a signal preprocessing step
to control for possible effects of factors that may affect T-wave alternans identifi-
cation. This step usually accounts for noise filtering, baseline wander removal, R
peaks detection and T-waves extraction [56, 59, 60]. The most frequent approach
to high-frequency noise suppression is low-pass linear filtering, as documented
in [59]. Cut-off frequency usually varies in the range from 50Hz to 360Hz, how-
ever lower cut-off frequencies (around 15Hz) may be chosen. However, QRS
complexes would lose their high-frequency components, what might degrade QRS
detection and alignment. Moreover, the widened QRS could confound the adja-
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Figure 3.2.2: Continuous ECG tracing showing macroscopic T-wave alternans
(Figure from [56]).

cent ST-T complex [59]. In [61] low-pass filtered ECG segments were further
compared with a template to reject residual noisy portions. Alternatively to linear
filtering, a wavelet based denoising approach is proposed in [62]. Both of these
approaches share the fact that denoising is applied to the the whole ECG record
and denoised T-waves are then segmented. As a consequence, local characteris-
tics of the single T-waves are not taken into account and some information about
beat-to-beat variability may be lost.

3.3 Proposed approach

3.3.1 Rationale

From the previous section, it is evident that the ability to conduct a meaningful
analysis of predisposing factors to AF, or sudden cardiac death, strongly depends
on the availability of reliable P-waves, or T-waves. In this regard, P-waves, or
T-waves, are reliable if the detrimental effects of noise and artifacts are reduced
to an acceptable level.

In this section we propose an algorithm that is particularly effective for ECG
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single waves smoothing and denoising [1, 2]. It is based on the following idea.
The measured wave is affected by noise and artifacts whose effect is to introduce
additional “variability” into the observed wave with respect to the true one. Thus,
provided that we introduce a suitable index of variability, smoothing and denois-
ing can be performed by searching for a version of the wave that is close, in some
sense, to the observed one, but has less “variability”. We make this idea precise
in the following.

3.3.2 The quadratic variation

The variability of a generic vector can be quantified introducing the following

Definition 1. Given a vector xxx = [x1 · · ·xn]
T ∈Rn, with n≥ 2, the quadratic varia-

tion of xxx is defined as

[xxx] .=
n−1

∑
k=1

(xk− xk+1)
2 (3.3.1)

and is denoted by [xxx].

The quadratic variation is a well-known property used in the analysis of stochas-
tic processes [63]. However, in this context we consider it as a function of deter-
ministic or random vectors.

Introducing the (n−1)×n matrix

DDD =


1 −1 0 · · · 0

0 1 −1 . . . ...
... . . . . . . . . . 0
0 · · · 0 1 −1

 , (3.3.2)

the quadratic variation of xxx can be expressed as

[xxx] = ‖DDDxxx‖2 , (3.3.3)

where ‖·‖ denotes the Euclidean norm.
The quadratic variation is a consistent measure of variability and its use is

motivated by the following property: for vectors affected by additive noise, on av-
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erage it does not decrease and is an increasing function of noise variances. Indeed,
the following holds.

Proposition 1. Let xxx = xxx0+www, where xxx0 ∈Rn is a deterministic vector and www∈Rn

is an absolutely continuous random vector with zero mean and covariance matrix
KKKw = E

{
wwwwwwT}. Then

E{[xxx]}= [xxx0]+ tr
(
DDDKKKwDDDT)≥ [xxx0] (3.3.4)

where the inequality is strict almost surely1.

Proof. Taking into account (3.3.3), the average quadratic variation of xxx becomes

E{[xxx]}= E
{
‖DDDxxx0‖2 +‖DDDwww‖2 +2xxxT

0DDDTDDDwww
}

= [xxx0]+ tr
(
DDDKKKwDDDT)

where, in the last equality, we have exploited the invariance of the trace under
cyclic permutations. Note that tr

(
DDDKKKwDDDT)≥0, since it is the trace of a positive

semidefinite matrix [64], and tr
(
DDDKKKwDDDT)>0 almost surely. In fact, denoting by

www = [w1 · · ·wn]
T, we have

tr
(
DDDKKKwDDDT)= n−1

∑
k=1

E
{
(wk−wk+1)

2
}
.

Thus, tr
(
DDDKKKwDDDT) = 0 if and only if the random variables (wk−wk+1), for k =

1, . . . ,n− 1, are almost surely zero, i.e., the components of the noise vector www
are almost surely equal. This event has zero probability since www is an absolutely
continuous random vector, and thus tr

(
DDDKKKwDDDT)> 0 almost surely.

Note that in Proposition 1, no assumptions are made about the distribution of
www, so the consistency of quadratic variation as a measure of variability holds re-
gardless of the statistics of the noise. Moreover, E{[xxx]} in (3.3.4) is an increasing
function of noise variances since

tr
(
DDDKKKwDDDT)= n−1

∑
k=1

(
σ

2
k +σ

2
k+1−2σk,k+1

)
,

1A property holds almost surely if it is true with probability one.
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Chapter 3

where σ2
k = E

{
w2

k

}
and σk,k+1 = E{wkwk+1}.

The next subsection is devoted to the development of an efficient algorithm
for smoothing ECG single waves exploiting the concept of quadratic variation.

3.3.3 Smoothing ECG waves

In this section we denote by qqq the vector collecting samples from the measured
ECG wave, the one that is affected by noise and artifacts, and by xxx the corre-
sponding vector after smoothing. Following the line of reasoning presented in
subsection 3.3.1, we determine xxx solving the following optimization problem

minimize
xxx∈Rn

‖xxx−qqq‖2

subject to [xxx]≤ ρ

(3.3.5)

where ρ is a positive constant that controls the degree of smoothness for qqq [1, 2].
Its value is chosen in accordance with the peculiarity of the problem and satisfies
ρ < [xxx] in order to avoid trivial solutions. In fact, when ρ≥ [xxx] the solution is xxx =qqq
and no smoothing is performed. Note that we do not need to know in advance the
appropriate value for ρ in any particular problem. In fact, as it will be clear later,
the solution to the optimization problem (3.3.5) can be expressed in terms of a
parameter that controls the degree of smoothness, i.e., the quadratic variation of
the solution, and that is related to the value of ρ in (3.3.5).

Let us consider (3.3.5) in more detail. It is a convex optimization problem,
since both the objective function and the inequality constraint are convex. As
a consequence, any locally optimal point is also globally optimal and Karush-
Kuhn-Tucker (KKT) conditions provide necessary and sufficient conditions for
optimality [65]. Moreover, since the objective function is strictly convex and the
problem is feasible, the solution exists and is unique. The Lagrangian is

L(xxx,λ) = ‖xxx−qqq‖2 +λ([xxx]−ρ)

from the KKT conditions we get

∇L(xxx,λ) = 2(xxx−qqq)+2λDDDTDDDxxx = 0, (3.3.6)
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λ([xxx]−ρ) = 0, (3.3.7)

and the nonnegativity of the Lagrange multiplier λ ≥ 0. However, if λ = 0 from
(3.3.6) it follows that xxx = qqq, which is infeasible since the inequality constraint is
not satisfied. Hence λ > 0 and from (3.3.7) it results that the inequality constraint
is active, i.e., [xxx] = ρ. Thus, solving (3.3.6) we get eventually

xxx =
(
III +λDDDTDDD

)−1
qqq (3.3.8)

where III denotes the identity matrix, and λ is determined by

[xxx] =
∥∥∥DDD
(
III +λDDDTDDD

)−1
qqq
∥∥∥2

= ρ. (3.3.9)

Note that in (3.3.8) the inverse exists for any λ ≥ 0, since DDDTDDD is positive
semidefinite, and when λ = 0 the solution corresponds to not smoothing. It is
interesting that the solution to (3.3.8) is a linear operator acting on qqq. Moreover,
the Lagrange multiplier λ plays the role of a parameter controlling the quadratic
variation of the solution xxx, i.e., the degree of smoothing applied to qqq. In addition,
λ can be used in place of ρ since they are in one-to-one correspondence through
(3.3.9). In fact, the following property holds true [10].

Proposition 2. The quadratic variation of xxx in (3.3.9) [xxx] =
∥∥DDD
(
III +λDDDTDDD

)−1qqq
∥∥2

is a continuous and strictly decreasing function of λ ∈ [0,+∞) regardless of qqq,
provided that it is not a constant vector. When qqq is a constant vector [xxx] = 0.
Moreover,

lim
λ→+∞

[xxx] = 0

regardless of qqq.

Proof. When qqq is a constant vector, qqq ∈ ker(DDD), i.e., DqDqDq = 0, and the following
identities hold

[xxx] =
∥∥∥DDD
(
III +λDDDTDDD

)−1
qqq
∥∥∥2

=
∥∥∥(III +λDDDDDDT)−1

DDDqqq
∥∥∥2

= 0
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where we exploited the identity DDD
(
III +λDDDTDDD

)−1
=
(
III +λDDDDDDT)−1DDD [66].

When qqq is not a constant vector we have

[xxx] =
∥∥∥DDD
(
III +λDDDTDDD

)−1
qqq
∥∥∥2

= qqqT (III +λDDDTDDD
)−1

DDDTDDD
(
III +λDDDTDDD

)−1
qqq (3.3.10)

= qqqTDDDTDDD
(
III +λDDDTDDD

)−1 (
III +λDDDTDDD

)−1
qqq

= qqqTDDDTDDD
(
III +λDDDTDDD

)−2
qqq (3.3.11)

since
(
III +λDDDTDDD

)−1 and DDDTDDD commute.
Matrix DDDTDDD is symmetric positive semidefinite and thus diagonalizable [64].

Moreover DDDTDDD is tridiagonal and has zero as a simple eigenvalue with correspond-
ing unit-norm eigenvector 1√

n111 [67]. Thus, the spectral decomposition of DDDTDDD can
be expressed as

DDDTDDD =UUUΓΓΓUUUT (3.3.12)

where ΓΓΓ = diag(0,γ2, . . . ,γn) is a diagonal matrix with γi>0, for i = 2, . . . ,n, and
UUU is an orthogonal matrix having 1√

n111 as its first column. Taking into account
(3.3.12), formula (3.3.11) becomes

[xxx] = qqqTDDDTDDD
(
III +λDDDTDDD

)−2
qqq

= qqqTUUUΓΓΓUUUTUUU (III +λΓΓΓ)−2UUUTqqq

= qqqTUUUΓΓΓ(III +λΓΓΓ)−2UUUTqqq

= qqqTUUU diag

(
0,

γ2

(1+λγ2)
2 , . . . ,

γn

(1+λγn)
2

)
UUUTqqq

=
n

∑
i=2

γi

(1+λγi)
2

(
uuuT

i qqq
)2

(3.3.13)

where uuui denotes the ith column of UUU . Note that, since qqq is assumed not a constant
vector, there exists at least an index k ≥ 2 such that uuuT

k qqq 6= 0 in (3.3.13). In fact,
uuuT

1 z̃zz, . . . , uuuT
nqqq, denote the components of qqq in the orthonormal basis spanned by the

columns of UUU . In particular uuuT
1qqq is the component along the constant vector 1√

n111,

whereas uuuT
i qqq, for i = 2, . . . ,n, denote the components in the subspace orthogonal
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to the constant vectors. Thus, since qqq is not constant it must have at least a non
zero component in this subspace.

From (3.3.13) it follows that the quadratic variation [xxx] is a linear combination
with positive coefficients of continuous and strictly decreasing functions of λ and
thus it is continuous and strictly decreasing. Moreover, from (3.3.13) it follows

lim
λ→+∞

[xxx] = 0

regardless of qqq, thus proving the proposition.

Proposition 2 is equivalent to say that, when qqq is not a constant vector, (3.3.9)
establishes a one-to-one correspondence between λ∈ [0,+∞) and ρ∈ (0, [qqq]], with
λ = 0 corresponding to ρ = [qqq], and λ→+∞ corresponding to ρ→ 0+.

A consequence of Proposition 2 is that we do not need to know in advance
the value of ρ in (3.3.5), since smoothing can be performed according to (3.3.8),
without caring about ρ and by reducing parametrically the quadratic variation of
the solution xxx to the desired level. That is, λ is used in place of ρ as the controlling
parameter. In general, the optimal value for the controlling parameter can be found
and λ can be adapted to the particular problem or to meet some performance
criteria. For example, considering the SNR gain2 as a quality index, λ can be
chosen as the one that entails the maximum gain. However, different figures of
merit can be chosen, according to the peculiarity of the problem.

As stated above, smoothing through (3.3.8) is a linear operator acting on the
signal to smooth qqq. It is worthwhile noting that the matrix of the transformation,
namely

(
III +λDDDTDDD

)−1, is not Toeplitz [66] and this makes the transformation time
variant [68]. As a consequence, there exists no linear time-invariant filter that can
achieve the same result as (3.3.8) [10]. However, it can be proved that, under some
hypotheses, smoothing through (3.3.8) is approximately equivalent to passing the
signal through a two-poles IIR filter whose transfer function is the z-transform
of an autocorrelation function. Thus its frequency response has zero phase. In
particular, it is the autocorrelation function of the impulse response of a single-
pole IIR filter. In other words, smoothing through (3.3.8) can be approximately

2This is the ratio between the SNR after and before smoothing.
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seen as zero-phase filtering, where data are passed through a single-pole IIR filter
in both the forward and reverse directions [2].

It is important to consider the computational aspects related to the smoothing
operation, since a matrix inversion is involved in (3.3.8). If the size of the vector
qqq is large enough computational problems may arise. Actually this is not an issue
for the typical length of vectors representing P-waves or T-waves. However, if the
same algorithm is applied to a complete ECG recording the computational burden,
in terms of time and memory, and the accuracy become serious issues, even for
batch processing.

However, smoothing ECG waves through (3.3.8) amounts to solve a linear sys-
tem where the coefficient matrix, namely (III +λDDDTDDD), is tridiagonal [64]. Tridi-
agonal systems can be solved efficiently with O(n) operations [69], being n the
number of unknowns. As a consequence, smoothing using (3.3.8) can be per-
formed with complexity O(n), i.e., linear in the size n of the vector qqq to smooth.
This property is very important and makes the proposed algorithm suitable also
for real-time applications.

Finally, it is worthwhile noting that the algorithm we propose is not limited
to the smoothing of ECG waves, but it can be applied in very general situations,
whenever smoothing and/or denoising are needed. This is due to the fact that the
formulation and the rationale behind it, i.e., quadratic variation reduction, have
general validity.

3.4 Simulation results

In this section, we report some results we obtained applying the proposed smooth-
ing algorithm to P-waves [1]. Similar results can be achieved considering T-
waves, given the generality of the approach.

In order to evaluate the performance of the algorithm, a noiseless reference
model of P-wave is needed. In this regard, we considered the P-wave model re-
ported in [70], obtained fitting linear combinations of Gaussian functions to mea-
sured P-waves. Such a model can be reliably used to represent real P-waves as
documented in the cited reference.

The noiseless reference model considered is reported in Figure 3.4.2. It has a
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duration of 200ms and its bandwidth essentially does not exceed 100Hz. It has
been sampled at 2048Hz and the corresponding samples have been collected in a
vector denoted by ppp0.

The noiseless P-wave reference model ppp0 has been corrupted by additive noise,
denoted by www, where the components of www are independent identically distributed
zero mean Gaussian random variables with variance σ2

w. Thus, the corresponding
noisy P-wave is

ppp = ppp0 +www. (3.4.1)

In order to assess performance of the proposed algorithm the following quantities
have been considered:

– the signal-to-noise ratio before smoothing

SNR0 =
‖ppp0‖2

n ·σ2
w

where n is the size of vector ppp0;

– the signal-to-noise ratio after smoothing

SNRs =
‖ppp0‖2

‖xxx− ppp0‖2 (3.4.2)

where (xxx− ppp0) is the error vector with respect to the reference model ppp0.

In definition (3.4.2), we consider as noise affecting the smoothed vector xxx, both
the residual Gaussian noise and the reconstruction error.

Performances are measured in terms of SNR gain, defined as

GSNR =
SNRs

SNR0
=

n ·σ2
w

‖xxx− ppp0‖2 . (3.4.3)

Simulations have been carried out applying smoothing in accordance with (3.3.8)
and choosing for λ the value, denoted by λopt , that entails the maximum SNR
gain.

In Figure 3.4.2 the noiseless P-wave reference model ppp0 (red dashed line) is
reported. Figure 3.4.1 shows the corresponding noisy version ppp, corrupted by
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Figure 3.4.1: P-wave reference model of Figure 3.4.2 corrupted by additive Gaus-
sian noise with SNR0 = 0dB.
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Figure 3.4.2: P-wave reference model ppp0 (red dashed line) and smoothed solution
xxx (black continuous line) from the noisy P-wave of Figure 3.4.1 [1].
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additive noise according to (3.4.1), with SNR0 = 0dB. Note that the SNR in
this case is quite low, nevertheless the proposed algorithm is very effective in
denoising ppp. The resulting smoothed vector, namely xxx, is plotted in Figure 3.4.2
(black continuous line) for an easy comparison with the reference model (red
dashed line). In this case the resulting SNR gain is quite remarkable and amounts
to GSNR = 19.4dB. It is important to point out that we evaluated the proposed
algorithm on different models of P-wave and the resulting gains were all consistent
with the ones reported in this work.

In order to evaluate how gain varies as input SNR changes, in Figure 3.4.3 we
report the average SNR gain versus input SNR (bottom axis), when the reference
P-wave model of Figure 3.4.2 is corrupted by additive noise with SNR ranging
from −20dB to 40dB. The top axis of Figure 3.4.3 represents the correspond-
ing in-band SNR, computed using the 100Hz bandwidth of the P-wave reference
model. The in-band SNR is about3 10.1dB greater than the corresponding input
SNR.

For each input SNR we considered the solutions with λ = λopt for 300 noise
realizations and then we averaged the corresponding SNR gains. As Figure 3.4.3
highlights, the proposed algorithm exhibits a remarkable ability in smoothing P-
waves. It achieves considerable gains over the whole range of practical input
SNRs and for input SNR≤ 6dB the average gain exceeds 15dB. It is remarkable
that even when the SNR is quite high the algorithm exhibits considerable gain.

It is worth noting that the proposed algorithm is able to reject both out-of-band
and in-band noise. In this regard, low-pass filtering cannot reject in-band noise
without altering the signal. Indeed, an ideal 100Hz low-pass filter, in the same
setting of our simulation, would exhibit a constant average gain of about 10.1dB
over the whole range of input SNR, as a result of rejection of the sole out-of-band
noise. This is confirmed by simulation where we considered a linear-phase FIR
low-pass filter synthesized applying the window method [68] to an ideal 100Hz
low-pass filter, using a Kaiser window and requiring 0.1dB ripple in passband and
80dB attenuation in stopband. In Figure 3.4.3 we report the filter SNR gain versus
input SNR, averaged over the same 300 noise realizations used before.

Figure 3.4.3 highlights the effectiveness of the proposed algorithm and shows,

3Actually it is 10 log(10.24)dB ≈ 10.1dB, where 10.24 is the ratio between half of the sam-
pling frequency and bandwidth of the P-wave reference model.
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Figure 3.4.3: Average SNR gain GSNR versus input SNR (bottom axis) and in-
band SNR (top axis) [1].

in particular considering the in-band SNR, that it outperforms low-pass filtering
for all practical values of SNR.

3.5 An application: atrial fibrillation prediction

Through the smoothing algorithm above described, we are able to improve the
signal-to-noise ratio of single P-waves. As a consequence, reliable beat-to-beat
P-waves are available and the temporal variability of consecutive P-waves can be
analyzed. Following an approach similar to that used for T-waves in the analysis
of ventricular repolarization [71], it is worth investigating P-waves variability, i.e.,
the variation over time of morphological characteristics of P-waves. Only few
attempts to examine P-wave changes on a beat to beat basis have been proposed
[72, 73]. However, beat-to-beat changes have never been deeply investigated or
quantified.

In the following we propose an approach to measure beat-to-beat P-waves
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variability [3]. Denoising by quadratic variation reduction enters in the definition
of a metric that measures P-waves variability. The study of the statistics of such
a metric allows to discriminate between AF-prone and healthy subjects, as shown
in subsection 3.5.2.

3.5.1 Method

Below we describe the strategy we have developed in order to measure P-waves
variability within an ECG tracing of cardiac cycles [3].

3.5.1.1 Study population

The study population consisted of 37 subjects, divided into 2 groups: 21 patients
had a persistent form of atrial fibrillation and underwent electrical cardioversion
(AF group); 16 subjects had no history of AF and have been considered as controls
in this paper (control group). The AF group consists of 10 patients, who experi-
enced at least another documented episode of AF within 3 months after cardiover-
sion (AF relapse group), and 11 patients, who did not experience any documented
AF episodes after cardioversion (no-AF relapse group). The Istituto Superiore di
Sanità in Rome, Italy, provided us with the ECG signals, which had been acquired
at the Institute of Cardiology of the Policlinico Sant’Orsola-Malpighi in Bologna,
Italy. Each recording was 5 minutes in duration and was acquired using a high
resolution mapping system (BioSemi ActiveTwo, Amsterdam, Netherlands) in a
16-electrodes configuration, with a sampling frequency of 2048Hz, a resolution of
24-bit (about 30nV LSB), and a bandwidth from DC to 400Hz. For AF patients,
ECG was recorded after successful cardioversion.

3.5.1.2 Pre-processing of P-waves

P-waves were first isolated according to the method proposed in a previous pa-
per [70]. After the detection of each R-wave, P-waves were extracted in a 200ms-
long window starting from 300ms before the R-wave. Then, in order to remove
baseline wander, a beat-by-beat linear piecewise interpolation was performed, se-
lecting fiducial points from TP and PQ tracks of each beat for linear interpolation.
Finally, ectopic atrial signals or P-waves with excessive noise were excluded by
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template matching of each P-wave as described in [70]. The extracted P-waves
are finite length sampled signals available in the following as vectors having the
same size. P-waves from ECG II lead were considered.

3.5.1.3 Quantification of the energy of P-waves differences

P-waves selected during the above mentioned pre-processing phase are analyzed
in order to define and characterize statistical indicators of AF phenomena based
on P-waves morphological variability.

We denote by pppi the i-th segmented P-wave of the ECG tracing under analysis
and by p̃ppi the corresponding P-wave after smoothing by the algorithm described
above. Let us assume to have N of such waves each L samples long. In order to
emphasize the morphological differences instead of absolute differences among
waves, a unit-norm normalization is applied to each of them:

p̂ppi =
p̃ppi
‖p̃ppi‖

where, according to (3.3.8),

p̃ppi =
(
III +λDDDTDDD

)−1
pppi .

We propose to evaluate the distance between single P-waves for each subject,
namely εi, j

εi, j =
∥∥p̂ppi− p̂pp j

∥∥2 (3.5.1)

where ‖·‖ denotes the Euclidean norm and p̂ppi and p̂pp j are P-waves from the
same subject. Thus, (3.5.1) amounts to computing the squared Euclidean norm
between single smoothed P-waves, or, equivalently, the squared Mahalanobis dis-
tance between single noisy P-waves, i.e., prior smoothing. However other norms
revealing specific aspects of waves can be used.

A complete statistical characterization of distance (3.5.1) is provided by its
empirical cumulative distribution function:

F̂(ε) =
2

N(N−1)

N

∑
i< j

χ(−∞,ε]

(
εi, j
)
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where χE(·) denotes the indicator function of the set E.
Although the empirical cumulative distribution function is rich of information

about waves variability, the availability of descriptive parameters may be of inter-
est. In the following we consider the sample mean and the sample variance of the
differences energies as indicators:

µ =
2

N (N−1)

N

∑
i< j

εi, j

σ
2 =

2
N (N−1)−2

N

∑
i< j

[
εi, j−µ

]2
3.5.2 Results

Before ECG acquisition, AF patients underwent electrical cardioversion. In Fig-
ure 3.5.1, we report the empirical cumulative distribution functions pertaining to
controls (top), no-AF relapse group (middle), and AF-relapse group (bottom).
Each curve corresponds to a patient.

Top panel of Figure 3.5.1 shows the empirical cumulative distribution func-
tion of P-waves differences energy for patients belonging to the control group.
All the functions exhibit similar behavior, with a high probability of having low
differences among different P-waves. Conversely, in middle and bottom panels of
Figure 3.5.1 show the empirical cumulative distribution function of P-waves dis-
tance for AF patients. In this case the probability of significant differences among
P-waves increases. This effect is considerably more evident in the case of AF re-
lapse group. It is worth noting that the distribution functions of AF relapse group
are significantly different from the corresponding functions pertaining to the con-
trol group. Moreover, considering the AF relapse and the no-AF relapse groups it
is possible to appreciate differences in the distribution functions that allow same
level of discrimination between the two groups.

The joint analysis of sample mean and sample variance confirms the difference
between the control group and the AF patients groups. Figure 3.5.2 shows the log-
log plot of the pair sample mean and sample variance, namely (µ,σ2), for each
patient. Two regions can be distinguished: bottom-left and top-right regions.
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Figure 3.5.1: Empirical cumulative distribution functions of distance between
P-waves for controls (top), AF patients in the no-AF relapse group (middle), and
AF patients in the AF relapse group, compared to curves for controls (bottom) [3].
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Figure 3.5.2: Sample mean and sample variance of differences energy for AF
group and control group [3].

In the bottom-left region both mean and variance of the distance is small. This
region identifies controls and, hence, patients without AF problems. Conversely,
the top-right region identifies patients belonging to the AF relapse
group, i.e., patients with AF problems. In this figure, control group results to
be well separated from AF-relapse group. No-AF relapse group turns out to be
characterized by intermediate values with respect to other groups. The proposed
method seems able to discriminate between healthy and AF patients. In this regard
it could be of help in identifying AF-prone patients.

3.6 Conclusions

In this chapter we considered the problem of smoothing and denoising single por-
tions of the ECG, such as P-waves and T-waves. The effort has been motivated by
the need to have reliable beat-to-beat P- and T-waves. Indeed, tracking changes
between consecutive waves turns out to be very important in understanding the
mechanisms underlying cardiac diseases, such as atrial fibrillation and sudden
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cardiac death. This is attainable only if reliable waves are available, that is if
noise and artifacts are filtered out effectively from each single wave. To this end,
we proposed a novel smoothing and denoising algorithm for ECG single waves.
It is based on the notion of quadratic variation reduction. Quadratic variation is
meant as a measure of variability for vectors or sampled functions. The problem
of smoothing ECG single waves is recast as a constrained convex optimization
problem, where quadratic variation enters as a constraint. The smoothed wave
is estimated searching for the signal closest to the observed one, but exhibiting
reduced quadratic variation. The computational complexity of the algorithm is
linear in the size of the vector to be processed, and this makes it suitable also for
real-time applications as well as for applications on devices with reduced com-
puting power, e.g., handheld devices. Simulation results on P-waves confirm the
effectiveness of the approach and highlight a remarkable ability to smooth and
denoise them. Similar results can be achieved with T-waves. Moreover, it is
worthwhile remarking that the proposed algorithm is not limited to ECG, but can
be effectively applied to a broader class of bioelectrical signals. Indeed, the for-
mulation and the rationale behind it have general validity.

The availability of such a smoothing tool for single ECG waves allows to in-
vestigate the temporal variability of waves for the purpose of predicting important
heart diseases. In this chapter, we proposed a novel method for the statistical
analysis of P-waves beat-to-beat variability aimed at atrial fibrillation prediction.
Denoising by quadratic variation reduction enters in the definition of a metric that
measures P-waves variability. Taking advantage of the smoothing algorithm, the
approach is based on the computation of the empirical cumulative distribution
function of distances between consecutive P-waves. The proposed method was
tested on P-waves from healthy and atrial fibrillation prone subjects and proved
promising for capturing atrial anomalies and identifying patients prone to atrial
fibrillation.
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Chapter 4

Joint smoothing and narrowband
artifacts rejection for single ECG
waves

Narrowband artifacts, such as power-line interference, are a common kind of
noise affecting ECG waves. Their effect is the introduction of further variabil-
ity in the signal and, thus, they can be removed using the algorithm described
in the previous chapter. However, a joint approach that combines denoising and
narrowband artifacts rejection has proven to be more effective in this regard. In
this chapter, denoising and harmonic artifacts rejection is performed jointly, by
solving a constrained convex optimization problem, where the energy content of
harmonic artifacts enters as an additional constraint. The computational com-
plexity in this case ranges from O(n) to O(nlogn), being n the length of the record
to smooth. Simulation results confirm the effectiveness of the approach and high-
light its ability to remove both noise and artifacts.

4.1 Introduction

In the previous chapter we pointed out the importance of smoothing and denois-
ing single ECG waves. Indeed, the ability to conduct a meaningful analysis of
predisposing factors of certain atrial and ventricular diseases strongly depends on
the availability of reliable ECG waves, e.g., P-waves and T-waves. In this regard,
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ECG waves are reliable if the detrimental effects of noise and artifacts are reduced
to an acceptable level. To this end, we proposed a novel algorithm for smoothing
and denoising single ECG waves, based on the notion of quadratic variation re-
duction. In this chapter, we extend to approach to narrowband artifacts rejection.

Narrowband artifacts, which include harmonic artifacts and power-line inter-
ference, are a common kind of noise affecting ECG recordings. Power-line in-
terference at 50Hz or 60Hz is a disturbance unavoidably present in any clinical
situation [16,22,24]. AC fields caused by a power-line represent a common noise
source in the ECG, as well as to any other bioelectrical signal recorded from the
body surface [16, 17, 22, 24]. They are are caused by many sources, including
supply plugs, outlets, cables, and other equipment operating nearby [24]. AC
fields that may cause interference can be magnetic or electric [17, 24]. A chang-
ing magnetic field produced by AC can induce in any nearby conductive loop an
electromotive force, which results in an AC potential. A changing electric field
produced by an alternating potential can also produce interference by causing AC
currents to flow to ground through the system. These currents flow through tis-
sue and electrode impedances, thus producing AC potential. Electric fields can be
present even when the apparatus is not turned on, because current is not necessary
to establish the electric field [17, 24].

Various precautions can be taken to reduce the effect of power-line interfer-
ence, such as selection of a recording location with few surrounding electrical
devices or appropriate shielding and grounding of the location [25]. Moreover,
modern biomedical amplifiers have a very high common mode rejection ratio [26].
Nevertheless, recordings are often contaminated by residual power-line interfer-
ence, which sometimes can mask the real signal, especially those portions having
low amplitude, such as late potentials [16, 22]. Therefore, artifacts suppression is
an unavoidable step in any preprocessing of ECG signal before clinical interpreta-
tion. However, , as remarked in the previous chapter, particular care must be paid
in such preprocessing step to preserve signal morphology and retain all relevant
clinical information.

Customarily, noise reduction and artifacts rejection are tackled as two dis-
tinct problems. Classical approaches to artifacts suppression resort to linear time-
invariant notch filtering [16, 22, 25]. However, since power-line amplitude and
phase are time-varying, such technique is unable to track slow variations around
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the 50/60Hz fundamental and its harmonics. The use of a band-stop filter does
not help in this regard since it induces distortions in ECG signals and impacts
the correct delineation of waves. Adaptive approaches have been presented to
handle variations in power-line frequency and suppress the influence of transients
manifested by the occurrence of QRS complexes [22, 74–77]. They track the am-
plitude, phase and frequency of the fundamental component and of the harmonics
of the power-line interference. However, this technique introduces unacceptable
transient response time, especially following signals of steep and high amplitude,
e.g. the QRS complex [26, 75]. Another approach to the removal of power-line
interference is to estimate the amplitude and phase of the interfering sinusoid in an
isoelectric segment, usually the PQ or TP segment. Then, the estimated sinusoid
is subtracted from the original ECG signal [22, 78].

In the remaining of this chapter, we propose a novel approach to jointly sup-
press noise and narrowband artifacts in ECG single waves, e.g., P-waves or T-
waves. The approach has been published in [4]. The rationale behind the pro-
posed approach and the smoothing algorithm are described in Section 4.2. In Sec-
tion 4.3 numerical results of simulations on P-waves are reported. However, being
the proposed approach of general validity, similar results are achieved considering
T-waves. Eventually, Section 4.4 follows with conclusions.

4.2 Proposed approach

4.2.1 Rationale

In the previous chapter, we proposed a novel algorithm that proves being quite
effective in smoothing ECG single waves. It is based on the idea that the effect of
noise and artifacts on ECG waves is to introduce additional “variability” into the
measured wave, with respect to the true one. To reduce such amount of undesired
“variability”, in Subsection 3.3.2 the quadratic variation is introduced as a mea-
sure of “variability”, and we proved it is a consistent measure in this regard. The
problem of smoothing and denoising is recast as a constrained convex optimiza-
tion problem, where the quadratic variation enters as a constraint. The solution
is obtained searching for the signal closest to the observed one, but exhibiting
reduced quadratic variation.
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The effect of narrowband artifacts, such as power-line interference, is the in-
troduction of further variability in ECG waves. Thus, they can be removed using
the smoothing algorithm described throughout Section 3.3. However, as will be
illustrated in Subsection 4.2.2, a joint approach that combines denoising and tai-
lored narrowband artifacts rejection proves to be more effective in this regard. In
particular, in Subsection 4.2.3 we quantify the amount of narrowband artifacts
through their energy content. Thus, noise and narrowband artifacts suppression is
achieved in Subsection 4.2.4 by jointly reducing the quadratic variation of waves
and the energy content of narrowband artifacts [4].

4.2.2 The quadratic variation

As stated in Subsection 3.3.2, we quantify the variability of a generic vector
xxx = [x1 · · ·xn]

T ∈ Rn through its quadratic variation, namely [xxx], defined as

[xxx] .=
n−1

∑
k=1

(xk− xk+1)
2 = ‖DDDxxx‖2 ,

where ‖·‖ is the Euclidean norm and DDD has been defined in (3.3.2).
In Subsection 3.3.2 we proved that the quadratic variation is a consistent in-

dex of variability for vectors. We motivated its use in denoising signals showing
that, for vectors affected by additive noise, on average it does not decrease and is
an increasing function of noise variances. In fact, let xxx = xxx0 +www, where xxx0 is a
deterministic vector and www = [w1 · · ·wn]

T is a zero-mean random vector with co-
variance matrix KKKw = E

{
wwwwwwT}. Computing the averaged quadratic variation of

xxx, in Proposition 1 we got

E{[xxx]}= [xxx0]+ tr
(
DDDKKKwDDDT) .

Considering a typical scenario, let www = mmm+aaa, where mmm is due to white Gaus-
sian noise whereas aaa is due to the residual narrowband artifacts, e.g., 50/60Hz
power-line noise. We may assume mmm ∼ N

(
000,σ2

mIII
)

and aaa = [a1 · · ·an]
T vector of

samples from a harmonic process, i.e., ak = Acos
[
2π

f0
Fc
(k−1)+φ

]
, with A and φ

independent, φ uniformly distributed in [0,2π), f0 ∈ {50Hz, 60Hz} and Fc being
the sampling frequency. Moreover mmm and aaa are independent.
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In this case it is easy to verify that

tr
(
DDDKKKwDDDT)=
= 2(n−1)

[
σ

2
m +2E

{
A2}sin2

(
π

f0

Fc

)]
=

2‖xxx0‖2 (n−1)
n

[
1

SNR
+

4
SIR

sin2
(

π
f0

Fc

)]
(4.2.1)

where SNR = ‖xxx0‖2

nσ2
m

denotes the signal-to-noise ratio and SIR = 2‖xxx0‖2

nE{A2} is

the signal-to-interference ratio, considering the power-line noise as interference.
From (4.2.1) it is evident that the average quadratic variation is a decreasing func-
tion of SNR and SIR. This supports the rationale behind quadratic variation re-
duction as a viable criterion for noise reduction. However, in (4.2.1) the SIR−1 is
multiplied by 4sin2 (π f0/Fc) that is less than 1 when f0/Fc < 1/6. For example,
when f0 = 60Hz and Fc = 2048Hz it is about 3×10−2. As a result, low-frequency
harmonic artifacts tend to be less attenuated in response to a quadratic variation
reduction. Thus, extra conditions must be considered for effective narrowband
artifact rejection.

4.2.3 Narrowband artifacts rejection

The approach proposed to effectively reject narrowband artifacts is to exploit
quadratic variation reduction in conjunction with an additional requirement. The
requirement is to make negligible the energy content of narrowband artifacts in
the denoised signal [4].

To quantify it, denote by xxx ∈ Rn a generic real vector and let

XXX =WWWxxx

be its DFT [68], whereWWW =
[
wh,k

]
is the DFT matrix, with wh,k =

1√
n exp{− j2π(h−

1)(k−1)/n}, h,k = 1, . . . ,n. Now, denote by W̃WW the matrix obtained stacking the
rows of WWW corresponding to the harmonic components that we want to reject, as
depicted in Figure 4.2.1. Note that since xxx is a real vector, symmetries occur in
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Figure 4.2.1: Extraction of matrix W̃WW from DFT matrix WWW : f1 and f2 represent
the central frequencies of the narrowband artifacts to reject. Note symmetries
occurring in both matrices.

its DFT [68] and rows have to be matched in pairs in general.1 Matrix W̃WW has
dimensions m×n, with m < n in general. The quadratic form

Ea =
∥∥∥W̃WWxxx

∥∥∥2
= xxxTW̃WW

H
W̃WWxxx = xxxTRe

{
W̃WW

H
W̃WW
}

xxx (4.2.2)

quantifies the energy content of the narrowband artifacts. In (4.2.2) (·)H denotes
the transpose conjugate and Re{·} is the real part.

4.2.4 Joint denoising and harmonic artifacts rejection

In this subsection, using the same nomenclature as in Subsection 3.3.3, we denote
by qqq the vector collecting samples from the measured ECG wave, the one that is
affected by noise and artifacts, and by xxx the corresponding vector after smoothing.
Following the line of reasoning presented previously, we achieve joint denoising
and narrowband artifacts rejection by reducing the quadratic variation and the
energy content of narrowband artifacts of the noisy wave qqq. This amounts to
determine xxx solving the following optimization problem

1Apart from some special cases where single rows are taken.
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minimize

xxx∈Rn
‖xxx−qqq‖2

subject to [xxx]≤ a
Ea ≤ b

(4.2.3)

where a and b are positive constants controlling the degree of smoothness for qqq.
Their values are chosen in accordance with the peculiarity of the problem and
satisfy a < [qqq] and b < ‖qqq‖2 in order to avoid trivial solutions. Indeed, when
a≥ [qqq] and b≥ ‖qqq‖2 the solution is xxx = qqq and no smoothing is performed.

Let us consider (4.2.3) in more detail. It is a convex optimization problem,
since both the objective function and the inequality constraints are convex. As
a consequence, any locally optimal point is also globally optimal and Karush-
Kuhn-Tucker (KKT) conditions provide necessary and sufficient conditions for
optimality [65]. Moreover, since the objective function is strictly convex and the
problem is feasible the solution exists and is unique. The Lagrangian is

L(x,λ,ν) = ‖xxx−qqq‖2 +λ

(
‖DxDxDx‖2−a

)
+ν

(∥∥∥W̃WWxxx
∥∥∥2
−b
)

and from the KKT conditions we get

λ≥ 0,

ν≥ 0,

λ

(
‖DxDxDx‖2−a

)
= 0,

ν

(∥∥∥W̃WWxxx
∥∥∥2
−b
)
= 0,

∇L(x,λ,ν) = 2(xxx−qqq)+2λDDDTDxDxDx+2νW̃WW
H

W̃WWxxx = 0. (4.2.4)

However, if λ = 0 and ν = 0 from (4.2.4) it follows that xxx = qqq, which is infeasible
since the inequality constraints are not satisfied. Hence, the Lagrange multipliers
λ and ν cannot be both null at the same time and at least one of the inequality
constraints is active.

Solving (4.2.4) we get eventually
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xxx =
(

III +λDDDTDDD+νRe
{

W̃WW
H
W̃WW
})−1

qqq (4.2.5)

where III is the identity matrix and λ and ν are functions of a and b [4].
Note that in (4.2.5) the inverse exists for any λ ≥ 0 and ν ≥ 0 and when λ =

ν = 0 no smoothing is performed. It is interesting that the solution to (4.2.3) is a
linear operator acting on qqq. Moreover, the parameters λ and ν control the degree
of smoothing applied to qqq. In particular, even though λ and ν interact, λ mainly
controls the quadratic variation of the solution, i.e., the reduction of wideband
noise, whereas ν mainly controls the degree of rejection of narrowband artifacts.

A consequence of (4.2.5) is that we do not need to know in advance the value
of a and b in (4.2.3). In fact the solution to the optimization problem (4.2.3) can
be expressed in terms of the two parameters λ and ν that control the degree of
smoothness of xxx and whose values are related to the values of a and b in (4.2.3).
Thus, smoothing can be performed without caring about a and b, by reducing
parametrically the quadratic variation of the solution and the energy of artifacts
to the desired levels. In general, the optimal values for λ and ν can be adapted
to fulfill some performance criteria. For example, considering the SNR gain2

as a performance index, λ and ν can be chosen to achieve the maximum gain.
However, different figures of merit can be chosen, according to the peculiarity of
the problem.

Finally, some remarks on the computational aspects related to the smoothing
operation, since matrix inversion is involved in (4.2.5). If the size of vector qqq is
large enough, computational problems may arise. Actually this is not an issue for
the typical length of vectors representing P-waves or T-waves, even considering
high sampling frequencies. However, in the case of analyses such as the one of
P-wave variability in Section (3.5), where smoothing is applied to several waves,
the computational burden, both in terms of time and memory, and the accuracy
become serious issues, even for batch processing.

In this regard, the proposed algorithm behaves favorably. It is possible to
prove that smoothing using (4.2.5) can be performed with complexity O(n logn)
(or O(n) when ν = 0), where n is the size of vector qqq. This property is very
important and makes it suitable also for real-time applications. Just to give an idea

2This is the ratio between the SNR after and before smoothing.
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of how fast the proposed algorithm is, a MATLAB (ver. 7.11) implementation of
(4.2.5) with ν > 0 running over a PC equipped with 2.3GHz Core i5 processor,
takes about 0.23s to smooth an ECG record of 106 double precision floating point
samples.

4.3 Simulation results

In this section, we report results obtained applying the above described algorithm
for joint denoising and narrowband artifacts rejection to P-waves [4]. Given the
generality of the approach, similar results are achieved considering T-waves.

In order to provide quantitative evaluation of performances, we considered
a reference noiseless model of P-wave. This has been extracted from a synthetic
ECG trace generated using the model described in [79]. The P-wave segment has a
duration of 200ms and has been sampled at 2048Hz. The corresponding samples
have been collected in the vector ppp0. The reference P-wave ppp0 has been corrupted
by additive noise and harmonic artifacts, denoted by www and ddd respectively.

The components of www are independent identically distributed zero mean Gaus-
sian random variables with variance σ2

w such that SNR = 10log ‖ppp0‖2

n·σ2
w

= 2dB,
where n is the length of ppp0. Concerning harmonic artifacts ddd, we considered three
sine waves with random phases at frequencies 60Hz, 80Hz and 120Hz, respec-
tively. The sine waves at 60Hz and 120Hz account for the first and second har-
monics of the power-line noise, whereas the 80Hz sine wave is a generic harmonic
interference. Magnitudes of the waves at frequencies 60Hz and 80Hz have been
chosen to be the same, whereas magnitude of the sinusoid at frequency 120Hz
has been set to half. The resulting signal-to-interference ratio SIR = 10log ‖ppp0‖2

‖ddd‖2

was chosen to be 1.5dB.
Thus, the corresponding noisy P-wave is

ppp = ppp0 +www+ddd (4.3.1)

and is characterized by a signal-to-noise-plus-interference ratio

SNIR0 = 10log
‖ppp0‖2

‖www+ddd‖2 =−1.3dB .
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Figure 4.3.1: Top: noiseless reference P-wave (blue) and noisy P-wave (red). Mid-
dle: reference P-wave ppp0 (blue) and reconstructed P-wave after partial smoothing
x̃xx (red). Bottom: Reference P-wave ppp0 (blue) and smoothed P-wave xxx (red) [4].
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Chapter 4

The top panel of Figure 4.3.1 shows the noiseless reference P-wave ppp0 in blue and
the corresponding noisy P-wave ppp of (4.3.1) in red.

In the middle panel of Figure 4.3.1 we report the reference model (ppp0, in
blue) and the reconstructed wave (̃xxx, in red) resulting from a partial smoothing
which reduces the quadratic variation of the noisy wave but not the energy of
narrowband artifacts, i.e., ν = 0 in (4.2.5). The parameter λ = 524 was chosen
in order to minimize the Euclidean distance ‖̃xxx̃xxx̃xxx− ppp0‖, where x̃xx− ppp0 is the error
vector with respect to the reference model ppp0. Although SNIR0 is quite low,
partial smoothing with ν = 0 and λ = 524 is very effective in denoising ppp and
the resulting wave x̃xx may be considered a good approximation of ppp0. Indeed,
measuring the performance of the proposed algorithm in terms of SNIR gain

GSNIR = SNIRS−SNIR0 = 10log
‖www+ddd‖2

‖x̃− pppx̃− pppx̃− ppp0‖2

where SNIRS is the SNIR after smoothing and SNIR0 is the SNIR before smooth-
ing, for these realizations of noise and harmonic interferences we obtain GSNIR =

20.7dB.
Nevertheless, to reduce the residual oscillatory behavior in x̃xx, we considered

the combined action of ν and λ. In the bottom panel of Figure 4.3.1 we compare
the reference P-wave ppp0 (in blue) and the denoised P-wave xxx (in red) resulting from
smoothing with ν and λ such as to minimize the Euclidean distance ‖xxx− ppp0‖.
Here, the smoothing makes it hard to distinguish between the two waves. The
resulting gain is GSNIR = 44.3dB, considering the same realizations of noise and
narrowband interferences of the middle panel of Figure 4.3.1.

Eventually, it is important to point out that we evaluated the proposed algo-
rithm on different models of P-wave, realizations of noise and disturbance vectors.
The resulting gains were all consistent with the ones reported in this work.

4.4 Conclusions

In this chapter we considered the problem of noise and narrowband artifacts re-
moval in the ECG waves, e.g., P-waves and T-waves. In particular, narrowband
artifacts include harmonic artifacts and power-line interference, which is ubiqui-
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tous in clinical environment. Customarily, noise reduction and artifacts rejection
are tackled as two distinct problems. In this chapter we have proposed a novel
approach to jointly suppress noise and narrowband artifacts.

To reject the variability induced in the measured wave by noise and artifacts,
we exploit the quadratic variation as a suitable index of variability, and quantify
the amount of narrowband artifacts through their energy content. The proposed
approach achieves denoising and narrowband artifacts rejection combining two
actions: the joint reduction of the quadratic variation of the noisy wave and of the
energy content of narrowband artifacts. The algorithm is the closed-form solution
to a constrained convex optimization problem, where the quadratic variation and
the energy content of narrowband artifacts enter as constraints. The smoothing
performance is significant: quantitative analysis on synthetic P-waves have re-
turned SNIR gain exceeding 44dB on highly corrupted wave with initial SNIR as
low as −1dB. The computational complexity of the algorithm is O(n logn) (or
O(n) in some special cases) in the size n of the vector to be processed, and this
makes it suitable for real-time applications.

The low complexity of the algorithm makes it suitable, after proper extension,
for processing longer signal records, such as whole ECGs, as will be shown in
Chapter 6.
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Chapter 5

Smoothing and denoising for ECG
records

Since the improvement achieved on single ECG waves by the approach based on
quadratic variation reduction presented in Chapter 3 is notable, its extension to
the smoothing of entire ECGs may be worthy. To be effective, this must take into
account the local structure of ECG. In this chapter, we present a fast and effective
algorithm for smoothing and denoising ECG records. Smoothing is achieved by
locally reducing the quadratic variation of different portions of a noisy ECG by an
amount that is inversely related to the local SNR. The computational complexity
of the algorithm is linear in the size of the vector under analysis, thus making it
suitable for real-time applications and for applications on devices with reduced
computing power. Numerical results confirm the effectiveness of the approach and
highlight its ability to remove noise and artifacts from ECG signals, outperform-
ing low-pass filtering for all values of SNR.

5.1 Introduction

ECG signals are highly susceptible to contamination by several kinds of noise
and artifacts, such as 50 or 60Hz power-line interference, thermal and quantiza-
tion noise, electromyographic interference, electrode motion artifacts and baseline
wander [16, 22]. Thus, noise and artifacts suppression is an unavoidable step in
any processing of ECG signals. Several solutions have been proposed in the lit-

48

Tesi di dottorato in Ingegneria Biomedica, di Valeria Villani, discussa presso l’Università Campus Bio-Medico di Roma 
in data 23/04/2013. 
La disseminazione e la riproduzione di questo documento sono consentite per scopi di didattica e ricerca, 
a condizione che ne venga citata la fonte

 



Chapter 5

erature to suppress noise and artifacts with the aim of preserving ECG morphol-
ogy. The non-stationary nature of cardiac signal and the in-band nature of noise
and artifacts make sometimes ineffective linear time-invariant filtering [16]. To
overcome this limitation, several studies focused on adaptive filtering techniques
where filters match local characteristics of the processed signal [74, 75, 77, 80].

Multiresolution analysis based on wavelet decomposition is another common
technique for ECG denoising [81–84]. Broadly speaking, these approaches de-
compose the signal into a preset number of components having different scales
and resolutions [85]. Components affected by noise are either filtered or discarded
by fixed or adaptive thresholding of wavelet coefficients.

Other approaches to ECG denoising resort to mathematical morphology [86–
88]. They mainly differ in the choice of the structuring element, the order in which
operators are applied, and the way operators are combined.

Further, principal component analysis (PCA) [89] and independent component
analysis (ICA) [90, 91] have been proposed for the denoising of ECG records.
These approaches are based on multivariate statistical approaches: signal is de-
composed into components, which are determined from data and have some geo-
metric (orthogonality) or statistical (independence) properties. Denoising is per-
formed identifying and discarding the components that contribute to noise before
signal reconstruction.

A nonlinear Bayesian filtering framework is proposed in [92] for the filtering
of single channel noisy ECG recordings. The necessary dynamic models of the
ECG are based on a modified nonlinear dynamic model [79], previously suggested
for the generation of a highly realistic synthetic ECG.

In [93] a new method for ECG enhancement based on the empirical mode
decomposition (EMD) [94] is proposed. EMD acts essentially as a dyadic filter
bank resembling those involved in wavelet decompositions [95].

In the recent work [1], extended in [4], we proposed a smoothing algorithm
for heavily corrupted single ECG waves, e.g., P-waves and T-waves. The ap-
proach has been widely described in Chapter 3 and Chapter 4. It is based on the
notion of quadratic variation reduction and proved to be very effective in both
denoising and rejecting harmonic artifacts. However, when applied to an entire
ECG record its effectiveness reduces, as shown in Subsection 5.2.1, since differ-
ent portions of a noisy ECG exhibit different local SNRs. The aim of this chapter

49

Tesi di dottorato in Ingegneria Biomedica, di Valeria Villani, discussa presso l’Università Campus Bio-Medico di Roma 
in data 23/04/2013. 
La disseminazione e la riproduzione di questo documento sono consentite per scopi di didattica e ricerca, 
a condizione che ne venga citata la fonte

 



Chapter 5

is to extend the approach based on the notion of quadratic variation reduction to
the smoothing and denoising of entire ECG records. Towards this end, we need
to keep into account the local structure of the ECG signal. This is achieved in
Subsection 5.2.2 by introducing the notion of local quadratic variation. The algo-
rithm is the closed-form solution to a constrained convex optimization problem,
where the local quadratic variations of different segments of the ECG enter as
constraints [5].

The chapter is organized as follows. The rationale behind the proposed ap-
proach and the notion of local quadratic variation are described in Subsection 5.2.1.
The smoothing algorithm is derived in Subsection 5.2.2. Computational aspects
are discussed in Subsection 5.2.3. Section 5.3 and Section 5.4 follow with numer-
ical results and conclusions.

5.2 Proposed approach

5.2.1 Rationale: the local quadratic variation

The improvement achieved on single ECG waves by the approach based on quad-
ratic variation reduction presented in Chapter 3 is notable, and this makes worth
its extension to the smoothing of entire ECGs. However, the amount of addi-
tional “variability” introduced in the observed ECG by noise and artifacts is time-
varying, since signal morphology changes over time, and noise and artifacts can
be persistent, like thermal noise, or transient, like electromyographic noise. As
a consequence, different portions of a noisy ECG present different local1 SNRs.
As an example, in Figure 5.2.1 we report a P-wave (black, left) and a QRS com-
plex (black, right) extracted from a simulated ECG [79]. Waveforms in the two
panels are reported on the same scale. Although they have been corrupted with
white noise with the same variance, the noisy waves (red) exhibit quite different
local SNRs: SNRP = 3.2dB for the P-wave and SNRQRS = 9.6dB for the QRS
complex. Smoothing these waves by quadratic variation reduction requires two
different values of the smoothing parameter λ in (3.3.8): the optimal value for λ,
i.e., the one that entails the maximum SNR gain (3.4.3), is λP = 12 for the P-wave

1The local SNR is the SNR computed on a portion of the signal.
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Figure 5.2.1: P-wave and QRS complex corrupted with same noise variance ex-
hibit different local SNRs: SNRP = 3.2dB for the P-wave and SNRQRS = 3.2dB
for the QRS complex.

and λQRS = 2.1 and the QRS complex. Thus, to be effective smoothing and de-
noising can be performed by locally reducing the variability of a measured ECG.
Considering the quadratic variation (3.3.1) as a suitable measure of variability,
this means locally reducing the quadratic variation of different portions of a noisy
ECG by an amount that is inversely related to the local SNR [5].

Given a vector xxx = [x1 · · ·xn]
T ∈ Rn, let us denote a generic subvector2 of xxx

by xxx(k1,k2) = [xk1 · · · xk2]
T, with 1 ≤ k1 < k2 ≤ n, . It will come in handy later

to express the quadratic variation of xxx(k1,k2) in terms of xxx. Thus, introducing the
diagonal matrix SSS(k1,k2) ∈ Rn×n defined as

S(k1,k2) = diag{s1, · · · ,sn}

with

si =

{
1 , k1 ≤ i≤ k2

0 , otherwise
,

the quadratic variation of xxx(k1,k2) can be computed as

[xxx(k1,k2)] = ‖DDDSSS(k1,k2)xxx‖2 , (5.2.1)

where DDD has been defined in (3.3.2).
2Having size greater than or equal to 2.
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5.2.2 ECG smoothing by local quadratic variation reduction

In the following, we denote by qqq the vector collecting n samples of the measured
ECG, which is affected by noise and artifacts, and by xxx ∈ Rn the corresponding
vector after smoothing. The idea is to perform smoothing and denoising by locally
reducing the quadratic variation of different portions of the measured ECG.

Let 0≤ L≤ n−1 and assume the vector qqq decomposed into L+1 segments

qqq(ki,ki+1) = [qki · · · qki+1]
T, for i = 0, . . . ,L (5.2.2)

where indices ki satisfy

1 = k0 < k1 < · · ·< kL < kL+1 = n .

Segments in (5.2.2) denote distinct portions of the ECG characterized by differ-
ent local SNRs, like QRS complexes, P-waves or T-waves, as depicted in Fig-
ure (5.2.2). Note that two consecutive segments overlap: this choice guarantees
the absence of abrupt changes in the smoothed vector xxx.

Smoothing is performed searching for a vector xxx close to qqq, with segments
xxx(ki,ki+1) having reduced quadratic variation with respect to the corresponding
qqq(ki,ki+1), i.e., [xxx(ki,ki+1)] < [qqq(ki,ki+1)]. The amount of reduction depends on
the segment and is inversely related to the local SNR. In formal terms, smoothing
can be achieved solving the following optimization problem

minimize
xxx∈Rn

‖xxx−qqq‖2

subject to [xxx(ki,ki+1)]≤ ai, i = 0, . . . ,L

(5.2.3)

where [ · ] denotes the quadratic variation and ai, for i = 0, . . . ,L, are positive con-
stants controlling the degree of smoothness applied to each segment of qqq [5]. Their
values are chosen in accordance with the peculiarity of the problem and satisfy
ai < [qqq(ki,ki+1)] in order to avoid trivial solutions.3 Note that we do not need to
know in advance the appropriate values for ai in any particular problem, as it will
be clear later.

3When ai ≥ [qqq(ki,ki+1)], for i = 0, . . . ,L, the solution is xxx = qqq and no smoothing is performed.
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Let us consider (5.2.3) in more detail. It is a convex optimization problem,
since both the objective function and the inequality constraints are convex. As
a consequence, any locally optimal point is also globally optimal and Karush-
Kuhn-Tucker (KKT) conditions provide necessary and sufficient conditions for
optimality [65]. Moreover, since the objective function is strictly convex and the
problem is feasible the solution exists and is unique. Denoting by

DDDi =DDDSSS(ki,ki+1) (5.2.4)

with i = 0, . . . ,L, the Lagrangian is

L(xxx,λ0,λ1, . . . ,λL) = ‖xxx−qqq‖2 +
L

∑
i=0

λi

(
‖DDDixxx‖2−ai

)
and from the KKT conditions we get

∇L(xxx,λ0,λ1, . . . ,λL) = 2(xxx−qqq)+2
L

∑
i=0

λi
(
DDDT

i DDDixxx
)
= 0 (5.2.5)

λi

(
‖DDDixxx‖2−ai

)
= 0, i = 0, . . . ,L (5.2.6)

λi ≥ 0, i = 0, . . . ,L . (5.2.7)

However, if λi = 0, with i = 0, . . . ,L, from (5.2.5) it follows that xxx = qqq, which is
infeasible since the inequality constraints are not satisfied. Hence, at least one of
λi, i = 0, . . . ,L, must be non null and from (5.2.6) it results that at least one of the
inequality constraints is active. Eventually, solving (5.2.5) we get

xxx =

(
III +

L

∑
i=0

λiDDD
T
i DDDi

)−1

qqq (5.2.8)

where III is the n× n identity matrix and λ0, . . . ,λL are nonnegative parameters
functions of a0, . . . ,aL.

Note that in (5.2.8) the inverse exists for any λi ≥ 0 and when λi = 0, for
i= 0, . . . ,L, no smoothing is performed. It is interesting that the solution to (5.2.3)
is a linear operator acting on qqq. Moreover, the L+ 1 parameters λi control the
degree of smoothing applied to each of the L+ 1 segments of qqq. In particular,
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Figure 5.2.2: Smoothing of an ECG beat by local quadratic variation reduction:
noisy (blue) and smoothed (red) signals.

even though λ0, . . . ,λL interact, λi mainly controls the quadratic variation of the
segment xxx(ki,ki+1).

As a consequence, we do not need to know in advance the appropriate value
of ai in (5.2.3), as smoothing can be performed according to (5.2.8) where the pa-
rameters λi, for i = 0, . . . ,L, control the degree of smoothness, i.e., the quadratic
variation, of each portion of the solution. These parameters are related to the val-
ues of ai in (5.2.3). In this way, smoothing can be performed without caring about
ai, by reducing locally the quadratic variation of the solution to the desired levels.
The controlling parameters λi can be adapted to meet some performance criteria.
For example, considering the SNR gain, i.e., the ratio between the SNR after and
before smoothing, as a performance index, the optimal values for λi, i = 0, . . . ,L,
can be found as the ones that entail the maximum SNR gain. However, different
figures of merit can be chosen, according to the peculiarity of the problem.

Figure (5.2.2) shows an example of application of smoothing by (5.2.8) on an
ECG beat. In this example L = 4 since the ECG has been divided into 5 regions:
isoelectric TP segment, P-wave, QRS complex, T-wave, and isoelectric TP seg-
ment. xxxi and λi represent the corresponding smoothed subvectors and smoothing
parameters, respectively. In this regard, it is worthwhile noting that the approach
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is well suited for signals with periodic, or pseudoperiodic, structure, such as ECG.
In this case, homologous portions, i.e., exhibiting analogous local SNRs, share the
same value for the corresponding smoothing parameters. As a consequence, the
number of independent parameters reduces and few parameters control the degree
of smoothing. In the case of Figure (5.2.2), this corresponds to setting λ0 = λ4

and, possibly, λ1 = λ3.

5.2.3 Computational issues

The smoothing operation (5.2.8) involves matrix inversion. So, computational
aspects become important, especially if the size of vector qqq is large enough, as is
the case of entire ECG records. In this case, the computational burden, both in
terms of time and memory, and the accuracy may become serious issues, even for
batch processing. In this regard, the proposed algorithm behaves favorably.

Smoothing through (5.2.8) amounts to solve a linear system where the coeffi-

cient matrix, namely
(

III +
L
∑

i=0
λiDDD

T
i DDDi

)
, is tridiagonal [64]. Tridiagonal systems

can be solved efficiently with O(n) operations [69], being n the number of un-
knowns. As a consequence, smoothing using (5.2.8) can be performed with com-
plexity O(n), i.e., linear in the size of vector qqq, regardless of the value of L. Just
to give an idea of how fast our algorithm is, a MATLAB (ver. 7.11) implemen-
tation of (5.2.8) with L = 103 running over a PC equipped with 2.3GHz Core i5
processor takes about 0.73s to smooth a record of 107 double precision floating
point samples, which correspond to an ECG∼ 5.5 hours long, sampled at 512Hz.

This property makes the proposed algorithm suitable also for real-time appli-
cations and for applications on handheld devices with reduced computing power,
such as smartphones or tablets. This may be very important in depressed areas
of less-developed countries, where, due to a lack of adequate primary care ca-
pacity, ECG is recorded under not ideal conditions, with low-cost recorders, i.e.,
more sensitive to artifacts and noise, and often by untrained people. Then, ECG is
transferred from compact and inexpensive battery-powered acquisition devices to
mobile phones and relayed for interpretation to experts, usually located in urban
hospitals. The availability of such a fast tool for the smoothing of ECG records
would provide an instantaneous feedback about recording quality to untrained op-
erators, thus prompting them to make adjustments in recording data, e.g., prepare
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skin more adequately, correct the position of electrodes, and improve electrodes
contact. As a consequence, only diagnostically useful high-quality recordings
would be sent to experts, thus facilitating their work and avoiding the risk of sat-
urating their capacity.

5.3 Simulation results

In the following simulations, ECG delineation was accomplished manually: seg-
ments including P-waves, QRS complexes, T-waves, and isoelectric levels were
roughly determined by visual inspection. No accurate delineation is required, as
the proposed smoothing algorithm proved to be robust in this regard. Thus, seg-
mentation is not a critical task for subsequent smoothing by our algorithm and
can be implemented without extreme accuracy also in noisy recordings. Auto-
matic tools [19, 96] for ECG segmentation may be used, too.

We adopt the following nomenclature for smoothing parameters λi in (5.2.8):
λP, λQRS, λT, and λiso denote the parameters controlling the degree of smooth-
ing for P-waves, QRS complexes, T-waves and isoelectric segments, respectively.
When required, we denote by λQ, λR and λS the corresponding parameters for
Q-waves, R peaks, and S-waves.

It is worthwhile noting that values of parameters λi are related and tend to have
approximately a constant ratio. In our simulations, both on real and simulated
data, we found the following empirical relations holding for a wide range of SNRs

λiso ' 8λP, λT ' λP, λS ' 0.2λP, λQ ' λS . (5.3.1)

Relations (5.3.1) allow us to reduce the number of smoothing parameters for ECG
to one or two. It is remarkable that even without optimization the smoothing
performance is significant, as simulation results will show.

The performance of the proposed algorithm has been investigated both on real
and simulated ECG traces.

As for real signals, we considered ECG traces from the MIT-BIH Normal Si-
nus Rhythm Database [97] available on Physionet [19]. This database includes
18 long-term ECG recordings of subjects with no significant arrhythmias. Signals
were acquired at a sampling frequency of 128Hz with 12-bit resolution. Fig-
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Figure 5.3.1: ECG record nsrdb/16483 from the MIT-BIH Normal Sinus Rhythm
Database [97]: noisy (red) and smoothed (blue) by local quadratic variation re-
duction [5].

ure 5.3.1 shows a 3.5s segment of the record nsrdb/16483 affected by thermal
and electromyographic noise (red curve) and the same record after denoising by
local quadratic variation reduction (blue curve). In this case, local quadratic vari-
ation reduction was applied to the following segments: isoelectric TP and PQ seg-
ments, P-waves and T-waves, and QRS complexes. The corresponding degrees of
smoothing were: λiso = 8λP, λT = λP = 30, and λQRS = 0, i.e., no smoothing for
QRS complexes. A visual and qualitative comparison of the two curves highlights
how local quadratic variation reduction technique managed to smooth the ECG
signal. Although the values of the smoothing parameters were chosen merely by
visual inspection, without any optimization, undesired noise was removed without
any visible distortion of the original signal.

For a quantitative assessment of performance of the proposed algorithm, we
considered a synthetic ECG signal corrupted by noise. The synthetic noiseless
ECG record, denoted by qqq0, was generated according to the model described in
[79], setting the sampling frequency to 512Hz and the heart rate to 60bpm. The
record lasts 15s and its bandwidth essentially does not exceed 40Hz. The first 5s
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of qqq0 are reported in Figure 5.3.2 (blue curve).
The noiseless ECG qqq0 has been corrupted by additive noise, denoted by www,

where the components of www are independent identically distributed zero mean
Gaussian random variables with variance σ2

w. Thus, the corresponding noisy ECG
signal is

qqq = qqq0 +www.

Figure 5.3.2 reports the noiseless ECG record qqq0 (blue) and its noisy version
qqq (red curve), corrupted by additive Gaussian noise with SNR0 = 0dB.

To quantify performance, the following quantities have been considered:

- the signal-to-noise ratio before smoothing:

SNR0 =
‖qqq0‖2

n ·σ2
w

where n is the size of vector qqq0;

- the signal-to-noise ratio after smoothing

SNRs =
‖qqq0‖2

‖xxx−qqq0‖2

where (xxx−qqq0) is the error vector with respect to the reference ECG record
qqq0. Here, we consider as noise affecting the smoothed vector xxx both the
residual noise and the reconstruction error.

Performance is measured in terms of SNR gain, defined as

GSNR =
SNRs

SNR0
=

n ·σ2
w

‖xxx−qqq0‖2 .

In the following two simulations, local quadratic variation reduction was ap-
plied to the following segments: isoelectric TP, PQ and ST segments, P-waves
and T-waves, Q-waves and S-waves, and R peaks. The corresponding degrees
of smoothing were: λiso = 8λP, λQ = λS = 0.2λP, λT = λP, λR = 5,4,3,2,1 for
SNR0 in dB in the ranges [−15,10), [−10,−5), [−5,5), [5,15), [15,30), respec-
tively. The value for λP was chosen as the one that entails the maximum SNR
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Figure 5.3.2: ECG record simulated according to the model in [79]: noiseless
reference (blue) and noisy record (red) corrupted by additive Gaussian noise with
SNR0 = 0dB.

gain. This choice is motivated by the need to determine the limit performance of
the proposed algorithm.

In Figure 5.3.3 the first 5s of both the smoothed vector xxx (red) and the refer-
ence ECG qqq0 (blue) are plotted together for ease of comparison. Note that in this
case the SNR before smoothing is quite low, nevertheless the proposed algorithm
is very effective in denoising qqq, as Figure 5.3.3 highlights. The two curves almost
overlap and the SNR gain in this case is as high as GSNR = 14.5dB.

To evaluate how gain varies as input SNR changes, we report in Figure 5.3.4
the average SNR gain versus input SNR, when the reference ECG record qqq0 is cor-
rupted by additive Gaussian noise with SNR ranging from −15dB to 30dB. The
top axis in Figure 5.3.4 represents the in-band SNR, which is computed using the
40Hz bandwidth of the reference ECG record. The in-band SNR is about4 8.1dB
greater than the corresponding input SNR. For each input SNR we averaged the
gain GSNR over 100 noise realizations. As Figure 5.3.4 highlights, the proposed

4Actually it is 10 log(6.4)dB ≈ 8.1dB, where 6.4 is the ratio between half of the sampling
frequency and bandwidth of the reference ECG record.
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Figure 5.3.3: Noiseless reference ECG qqq0 (blue) from Figure 5.3.2 and smoothed
ECG xxx (red) by local quadratic variation reduction [5].

algorithm is very effective in smoothing ECG signals and achieves considerable
gain over the whole range of practical input SNRs.

It is worth noting that the proposed algorithm is able to reject both out-of-band
and in-band noise. In this regard, low-pass filtering cannot reject in-band noise
without altering the signal. Indeed, an ideal 40Hz low-pass filter, in the same set-
ting of our simulation, would exhibit a constant average gain of about 8.1dB as a
result of the rejection of the sole out-of-band noise. This is confirmed by simula-
tions where we considered a linear-phase FIR low-pass filter synthesized applying
the window method [68] to an ideal 40Hz low-pass filter, using a Kaiser window
and requiring 0.1dB ripple in passband and 80dB attenuation in stopband. In Fig-
ure 5.3.4 we report the filter SNR gain versus input SNR, averaged over the same
100 noise realizations used before. Figure 5.3.4 highlights the effectiveness of the
smoothing algorithm, which outperforms low-pass filtering for all values of SNR.
Note that high-pass filtering is the standard approach to ECG denoising currently
implemented in all electrocardiographic devices [16, 20, 25, 98, 99].
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Figure 5.3.4: SNR gain Gsnr versus input SNR (bottom axis) and in-band SNR
(top axis). Gain has been averaged over 100 realizations of noise [5].

5.4 Conclusions

In this chapter, a novel approach to smoothing heavily corrupted ECG traces has
been presented. Denoising of ECG is effective if the local structure of the ECG
is explicitly taken into account in the smoothing operation. Indeed, different por-
tions of a noisy ECG exhibit different local SNRs. As a consequence, smooth-
ing and denoising can be performed by locally reducing the variability of ECG.
Considering the quadratic variation as a suitable index of variability for vectors
or sampled functions, we achieve smoothing by locally reducing the quadratic
variation of different portions of a noisy ECG by an amount that is inversely re-
lated to the local SNR. The algorithm is the closed-form solution to a constrained
convex optimization problem, where local quadratic variations of different por-
tions of ECG enter as constraints. Simulation results confirm the effectiveness
of the approach and highlight its ability to remove noise and artifacts from ECG
traces. Quantitative assessment of performance shows that the approach outper-
forms low-pass filtering for all values of SNR. Moreover, it is able to reject both
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in-band and out-of-band noise. The computational complexity of the algorithm
is linear in the size of the record to smooth. This makes it particularly suitable
for real-time applications and for applications on handheld devices with reduced
computing power, such as smartphones or tablets.

Eventually, it is worthwhile noting that the algorithm is particularly suited
for signals with periodic, or pseudoperiodic, structure. Indeed, in this case only
few parameters control the degree of smoothing. However, the rationale and the
formulation behind it have general validity and do not depend on the nature of the
signal to process. Thus, the approach can be effectively applied to the broader
class of bioelectrical signals. In this regard, preliminary results of its application
to TMS-EEG records are encouraging.
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Chapter 6

Joint smoothing and narrowband
artifacts rejection for ECG records

Narrowband artifacts, such as power-line interference, are a common kind of
noise affecting ECG recordings. Their effect is the introduction of further vari-
ability in the signal. Thus, they can be removed using the algorithm for ECG
smoothing described in the previous chapter. However, a joint approach that
combines denoising and narrowband artifacts rejection has proven to be more
effective in this regard. This is pursued in this chapter, where smoothing and nar-
rowband artifacts rejection are performed jointly, solving a constrained convex
optimization problem. The optimization problem combines the local characteris-
tics of the ECG and the spectral localization of the artifacts to reject. The local
quadratic variation of different portions of the noisy ECG and the energy content
of harmonic artifacts enter as constraints in the problem. The computational com-
plexity ranges from O(n) to O(nlogn), being n the length of the record to smooth.
Simulation results confirm the effectiveness of the approach and highlight its abil-
ity to remove both noise and narrowband artifacts in ECG signals.

6.1 Introduction

Narrowband artifacts, which include harmonic artifacts and power-line interfer-
ence, are a common kind of noise affecting ECG recordings. Hence, artifacts
suppression is an unavoidable step in any preprocessing of ECG signal. Details
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about causes originating them are provided in Section (4.1).
Customarily, noise reduction and artifacts rejection from ECG records are

tackled as two distinct problems. Classical approaches resort to linear time-
invariant filters, whether low-pass to attenuate noise, or notch to remove harmonic
artifacts [16, 22, 25]. However, low-pass filtering cannot remove in-band noise
due to muscle activity, nor accommodate the non-stationary nature of cardiac sig-
nals [22]. Moreover, harmonic artifacts in general represent an in-band noise for
ECG signal and their amplitude and phase are time-varying. Hence, on the one
hand, the suppression band of the notch filter should be as narrow as possible in
order to minimize distortions in the filtered signal; on the other hand, a narrow
stopband may lead to ineffective filtering of artifacts since it may be unable to
track slow variations around the fundamental and its harmonics. To overcome
these limitations, adaptive filtering has been proposed both for noise [74, 80] and
power-line cancellation [74, 75]. Furthermore, wavelet decomposition was pro-
posed for ECG denoising [81,83,100] and power-line interference removal [100].
Further approaches resort to empirical mode decomposition [93], mathematical
morphology [86], and independent component analysis [91].

In the previous chapter we have described a novel approach to smoothing and
denoising ECG records that keeps into account the local structure of ECG signal.
Its effectiveness reduces when it is used to reject multiple harmonic artifacts. To
overcome this limitation, in this chapter we propose a joint approach to denois-
ing and narrowband artifacts rejection that exploits the narrowband nature of the
artifacts [6, 7].

The chapter is organized as follows. The rationale behind the proposed ap-
proach is described in Subsection 6.2.1. The smoothing algorithm is derived in
Subsection 6.2.2. Sections 6.3 and 6.4 follow with simulation results and conclu-
sions.

6.2 Proposed approach

6.2.1 Rationale

In the previous chapter, we have proposed a novel algorithm for smoothing and
denoising ECG records. It is based on the idea that the effect of noise and artifacts
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on ECG is to introduce additional “variability” into the measured record, with re-
spect to the true one. The amount of additional “variability” is time-varying, since
signal morphology changes over time, and noise and artifacts can be persistent,
like thermal noise, or transient, like electromyographic noise. As a consequence,
different portions of a noisy ECG exhibit different local SNRs, where local SNR is
the SNR computed on a portion of the signal. Considering the quadratic variation
as a suitable measure of variability, in Section 5.2 we achieve smoothing of ECG
by reducing the local quadratic variation of different portions of a noisy ECG by
an amount that is inversely related to the local SNR.

The effect of narrowband artifacts, such as power-line interference, is the in-
troduction of further variability in ECG. Thus, they can be removed using the
smoothing algorithm (5.2.8) presented in Subsection 5.2.2. However, we showed
in Subsection 4.2.2 that low-frequency harmonic artifacts tend to be less attenu-
ated in response to a quadratic variation reduction. A joint approach that combines
denoising and tailored narrowband artifacts rejection proves to be more effective
in this regard. To this end, the amount of narrowband artifacts has been quantified
in Subsection 4.2.3 through their energy content. Thus, we achieve joint ECG de-
noising and narrowband artifacts rejection by exploiting local quadratic variation
reduction in conjunction with an additional requirement: to make negligible the
energy content of narrowband artifacts in the denoised signal [6, 7].

6.2.2 Smoothing ECG signals

In the following qqq ∈ Rn is the measured ECG, which is affected by noise and ar-
tifacts, and xxx the corresponding vector after smoothing. The idea is to perform
smoothing, meant as combined denoising and artifacts rejection, by jointly reduc-
ing the local quadratic variation of different segments of the measured ECG and
the energy content of narrowband artifacts.

Let the vector qqq be decomposed into L+1 segments

qqq(ki,ki+1) = [qki · · · qki+1]
T, for i = 0, . . . ,L (6.2.1)

with 0 ≤ L ≤ n− 1 and 1 = k0 < k1 < · · · < kL < kL+1 = n. Segments in (6.2.1)
denote distinct portions of the ECG exhibiting different local SNRs, like QRS
complexes, P-waves or T-waves, as depicted in Figure 5.2.2. Note that two con-
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secutive segments overlap. This choice guarantees the absence of abrupt changes
in the smoothed vector xxx.

Following the line of reasoning outlined above, denoising and narrowband
artifacts rejection can be recast as the following convex optimization problem

minimize
xxx∈Rn

‖xxx−qqq‖2

subject to [xxx(ki,ki+1)]≤ ai, i = 0, . . . ,L
Ea ≤ b

(6.2.2)

where [xxx(ki,ki+1)] denotes the local quadratic variation (5.2.1) of xxx(ki,ki+1), Ea

has been defined in (4.2.2) to quantify the energy content of narrowband artifacts,
a0, . . . ,aL are positive constants controlling the degree of smoothness applied to
each segment qqq(ki,ki+1), and b is a positive constant controlling the degree of
rejection of narrowband artifacts [7]. We do not need to know in advance the
appropriate values for ai and b in any particular problem, as will be shown later.

Problem (6.2.2) is a convex optimization problem, since both the objective
function and the inequality constraints are convex. As a consequence, any locally
optimal point is also globally optimal and Karush- Kuhn-Tucker (KKT) conditions
provide necessary and sufficient conditions for optimality [65]. Moreover, since
the objective function is strictly convex and the problem is feasible, the solution
exists and is unique. The Lagrangian is

L(xxx,λ0, . . . ,λL,ν) = ‖xxx−qqq‖2 +
L

∑
i=0

λi

(
‖DDDixxx‖2−ai

)
+ν

(∥∥∥W̃WWxxx
∥∥∥2
−b
)

where Di has been defined in (5.2.4) and W̃WW in Subsection (4.2.3). From the KKT
conditions we get

λi

(
‖DDDixxx‖2−ai

)
= 0, i = 0, . . . ,L, (6.2.3)

ν

(∥∥∥W̃WWxxx
∥∥∥2
−b
)
= 0, (6.2.4)

∇L(xxx,λ0, . . . ,λL,ν) = 2(xxx−qqq)+2
L

∑
i=0

λiDDDT
i DDDixxx+2νW̃WW

H
W̃WWxxx = 0 (6.2.5)
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and the nonnegativity of the Lagrange multipliers, i.e., ν ≥ 0 and λi ≥ 0, with
i = 0, . . . ,L. From (6.2.5) it results that at least one of the Lagrange multipliers λi

and ν must be non null, otherwise xxx = qqq and no smoothing is performed. Hence,
from (6.2.3) and (6.2.4) at least one of the inequality constraints must be active.
Solving (6.2.5) we get

xxx =

(
III +

L

∑
i=0

λiDDD
T
i DDDi +νRe

{
W̃WW

H
W̃WW
})−1

qqq (6.2.6)

where III denotes the identity matrix [7]. The parameters λ0, . . . ,λL and ν are func-
tions of a0, . . . ,aL and b in (6.2.2), but are used in their place to control the solution
(6.2.6). Smoothing can be performed without caring about ai and b, by adapting
λi and ν in (6.2.6) to meet some performance criteria. For example, the optimal
values for λi and ν can be found as those that entail the maximum gain on signal-
to-noise-and-interference ratio (SNIR), i.e., the ratio between the SNIR after and
before smoothing. It is worthwhile to remark that, even though λ0, . . . ,λL and
ν interact, λi mainly controls the quadratic variation of the segment xxx(ki,ki+1),
whereas ν mainly controls the degree of rejection of narrowband artifacts.

Finally, some remarks on computational aspects, since matrix inversion is in-
volved in (6.2.6). Let us denote by n the size of qqq. In the general case λi > 0
and ν > 0, it is possible to prove that smoothing through (6.2.6) can be performed
with complexity O(n logn) using the conjugate gradient method [101]. Indeed,
such method does not require the storage of the matrix to be inverted but requires
only the computation of the product between the matrix and a vector. Moreover,
in our case convergence to the solution is achieved in few steps. Thus, the com-
putational complexity of (6.2.6) is determined by the computation of the product
between the matrix W̃WW and a vector, which can be performed through the FFT
with complexity O(n logn). Finally, when λi = 0, for i = 0, . . . ,L and ν > 0, the
complexity is still O(n logn), but the solution can be achieved by direct methods.
When ν = 0, (6.2.6) is solved efficiently by direct methods with complexity O(n)
regardless of L, as detailed in Chapter (5).
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6.3 Simulation results

The performance of the proposed algorithm has been investigated both on real
and synthetic ECG signals. In all simulations, ECG delineation was performed
manually: the different segments were roughly determined by visual inspection.
No accurate delineation is required, as the proposed algorithm proved to be robust
in this regard. Thus, segmentation is not a critical task for subsequent smoothing
by our algorithm and can be implemented without extreme accuracy also in noisy
recordings. Automatic tools for ECG segmentation may be used, too.

Regarding real signals, in Figure 6.3.1 we report a portion of a noisy ECG qqq
(red) from ambulatory recording, which is strongly affected by noise and narrow-
band artifacts centered at 50Hz and 100Hz (plus higher harmonics), due to power-
line noise. The signal was acquired with a sampling frequency of 512Hz and
with 16-bit resolution. In the same figure we report the corresponding smoothed
signal xxx (blue) resulting from joint denoising and narrowband artifacts rejection.
Within each beat local quadratic variation reduction has been applied to P-wave,
QRS complex, T-wave, and isoelectric TP, PQ, and ST segments. We denote the
corresponding parameters by λP, λQRS, λT, and λiso, respectively. Their value
have been set according to relations (5.3.1), setting λiso = 8λP, λT = λP„ and
λQRS = 0.2λP. Thus, the independent parameters reduce to λP and ν, which have
been roughly set to λP = 90 and ν= 104 without any optimization. As Figure 6.3.1
highlights, the proposed approach managed to effectively smooth the noisy ECG,
although it was highly corrupted, and neither optimization in the choice of the
smoothing parameters nor accurate ECG segmentation were performed.

In order to provide quantitative evaluation of performances, we tested the pro-
posed algorithm on synthetic ECG signals corrupted by noise and harmonic arti-
facts. A synthetic noiseless ECG record, denoted by qqq0, was generated according
to the model described in [79], setting the sampling frequency to 512Hz and the
heart rate to 75bpm. The bandwidth of qqq0 essentially does not exceed 40Hz.
The noiseless ECG qqq0 was corrupted by additive noise, denoted by www, which is
a zero-mean Gaussian random vector with independent components having vari-
ance σ2

w such that SNR = 10log ‖qqq0‖2

n·σ2
w
= 5dB, being n the length of qqq0. In ad-

dition, qqq0 was corrupted by harmonic artifacts, denoted by ddd, which consist of
three sine waves with random phases and frequencies 30Hz, 60Hz and 120Hz,
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Figure 6.3.1: ECG from real data: noisy ECG qqq (red) and smoothed ECG xxx (blue)
using the proposed algorithm [7].

respectively. The corresponding amplitudes, namely A30, A60 and A120, are in
the ratio A30/A60 = A60/A120 = 2 and are such that the corresponding signal-to-
interference ratio SIR = 10log ‖qqq0‖2

‖ddd‖2 = 0dB. The sine waves at 60Hz and 120Hz
account for the first and second harmonics of the power-line noise, whereas the
sine wave at 30Hz models a strong in-band harmonic interference.

The resulting ECG corrupted by noise and artifacts is qqq = qqq0 +www+ddd, and is
characterized by a signal-to-noise-plus-interference ratio

SNIR0 = 10log
‖qqq0‖2

‖www+ddd‖2 =−1.3dB.

Note that qqq is highly corrupted. Figure 6.3.2 reports a segment of qqq (red) together
with the corresponding noiseless reference ECG qqq0 (blue).

Performance is measured in terms of SNIR gain

GSNIR = SNIRs−SNIR0 = 10log
‖www+ddd‖2

‖xxx−qqq0‖2
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Figure 6.3.2: Synthetic ECG: noiseless reference ECG qqq0 (blue) form the model
in [79] and corrupted ECG qqq (red), affected by noise and narrowband artifacts
with SNIR0 =−1.3dB [7].

where SNIRs = 10log ‖qqq0‖2

‖xxx−qqq0‖2 is the signal-to-noise-plus-interference ratio after

smoothing. By (xxx−qqq0) we regard as noise affecting xxx both the residual noise and
the reconstruction error.

In Figure 6.3.3 we report in blue the reference ECG qqq0 and in red the record
smoothed by the algorithm in the previous chapter, i.e., ν = 0 in (6.2.6). Smooth-
ing was applied with different smoothing parameters to the following segments:
isoelectric PQ, ST and TP segments (λiso), P-waves (λP), Q-waves (λQ), R peaks
(λR), S-waves (λS), and T-waves (λT). The corresponding smoothing parame-
ters were: λiso = 8λP, λQ = λS = 0.2λP, λR = 3, and λT = λP = 60, according
to (5.3.1). The value for λP has been coarsely set by visual inspection of the
smoothed signal, without any optimization. It is remarkable that even without
optimization the smoothing performance is significant, as Figure 6.3.3 shows. In-
deed, for these realizations of noise and narrowband artifacts the gain is GSNIR =

13.5dB.
However, a residual oscillatory behavior is still present in x̃xx. To suppress it, we
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Figure 6.3.3: Reference ECG qqq0 (blue) and reconstructed ECG x̃xx (red) setting
ν = 0 in (6.2.6). In this case, the gain is GSNIR = 13.5dB [7].
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Figure 6.3.4: Reference ECG qqq0 (blue) and smoothed ECG xxx (red) after joint
denoising and artifacts rejection. The resulting gain is GSNIR = 19.6dB [7].

71

Tesi di dottorato in Ingegneria Biomedica, di Valeria Villani, discussa presso l’Università Campus Bio-Medico di Roma 
in data 23/04/2013. 
La disseminazione e la riproduzione di questo documento sono consentite per scopi di didattica e ricerca, 
a condizione che ne venga citata la fonte

 



Chapter 6

must consider the combined action of λi > 0, i ∈ {iso,P,Q,R,S,T}, and ν > 0 in
(6.2.6). This amounts to performing joint denoising and harmonic artifacts rejec-
tion on qqq. In Figure 6.3.4 we compare the resulting smoothed ECG signal xxx (red)
and the noiseless ECG record qqq0 (blue) as reference. The smoothing parameters
λi are the same as in Figure 6.3.3 and ν has been coarsely set to 103, again without
any optimization. As Figure 6.3.4 highlights, the proposed approach managed to
effectively smooth the ECG signal. The corresponding SNIR gain is as high as
GSNIR = 19.6dB, thus entailing an additional 6.1dB gain over the sole denoising
of Figure 6.3.3.

6.4 Conclusions

In this chapter we have considered the problem of noise and narrowband artifacts
removal in ECG signals. Narrowband artifacts include harmonic artifacts and
power-line interference, which is ubiquitous in clinical environment. The pro-
posed approach achieves denoising and narrowband artifacts rejection combining
two actions: the local reduction of the quadratic variation of different segments of
the ECG by an amount inversely related to the local SNR, and the global reduction
of the energy content of narrowband artifacts. These actions are performed jointly.
Numerical results confirm the effectiveness of the approach and highlight its abil-
ity to remove noise and artifacts in ECG signals. The computational complexity of
the algorithm ranges from O(n) to O(nlogn) using the conjugate gradient method,
being n the size of the vector to smooth. Finally, it is worthwhile noting that
the proposed algorithm is not limited to ECG and can be effectively applied to
a broader class of signals, since the rationale and the formulation behind it have
general validity.
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Chapter 7

ECG baseline wander removal
preserving the ST segment

Baseline wander is a low-frequency additive noise affecting almost all bioelectri-
cal signals. ECG is the worst affected in this regard, since baseline wander and
ECG have overlapping bands. The in-band nature of baseline wander makes its
removal difficult without affecting the ECG, in particular the ST segment. This
is a portion of the ECG with high clinical relevance, as it is related to the di-
agnosis of acute coronary syndromes. The ST segment is highly susceptible to
distortion when baseline removal is performed affecting the low-frequency region
of ECG spectrum, where are concentrated the harmonic components that mainly
contribute to the shape of the ST segment. In this chapter we propose to tackle the
problem of baseline removal from a different perspective, considering the quad-
ratic variation as an alternative measure of variability not directly related to the
frequency domain. Baseline is estimated solving a constrained convex optimiza-
tion problem where quadratic variation enters as a constraint. The solution de-
pends on a single parameter whose value is not critical. The computational com-
plexity of the algorithm is linear in the size of the vector to detrend. This makes
it suitable for real-time applications as well as for applications on devices with
reduced computing power, e.g., handheld devices. An efficient implementation of
the algorithm is presented later in the chapter. Performances of the approach are
extensively evaluated and compared to the state of the art. The approach is ana-
lyzed also in terms of distortions introduced in the ST segment. Moreover, overall
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Chapter 7

performance of our approach and competing algorithms is assessed, taking into
account jointly effectiveness in removing baseline wander, distortion introduced
in the ST segment and computational burden. Results show that quadratic varia-
tion reduction is the most effective and the fastest algorithm for baseline wander
removal, among those effective in removing baseline drift. Eventually, the pro-
posed algorithm is not limited to ECG signals, but can be effectively applied to a
broader class of bioelectrical signals. In this regard, we have successfully applied
it to EMG, EEG and EOG signals.

7.1 Introduction

Baseline wander is a particular kind of noise affecting almost all bioelectrical sig-
nals, ranging from electroencephalogram (EEG) [22,102] and magnetoencephalo-
gram (MEG) [102], to electrooculogram (EOG) [20,103], electromyogram (EMG),
either surface or needle EMG [104], and electrocardiogram (ECG) [16, 22]. The
sources of baseline wander may be different, but it always appears as a low-
frequency artifact that introduces slow oscillations in the recorded signal.

In the following, we discuss the problem of baseline wander separately for the
different bioelectrical signals. A special focus to ECG signals is provided and in
Section 7.3 we report an exhaustive review of state-of-the-art approaches for ECG
baseline wander removal.

EEG and MEG In EEG and MEG registrations, baseline can be due to brain
activity, muscle tension, sweating, eye and head movement, electrode movement
(in the case of EEG) or other noise sources [28, 105]. In particular, baseline cor-
rection is a crucial task in the analysis of event-related activities measured in re-
sponse to a time-locked stimulation, such as electric potentials recorded from the
scalp with EEG, namely event-related potentials (ERPs), or magnetic fields mea-
sured close to the head through MEG, namely event-related fields (ERFs) [102].
Indeed, such a response is about 10-fold weaker than the spontaneous activity of
the brain [22] and can be easily masked by noise. Moreover, stimuli are often
presented at a relatively high rate so that the response to a previous stimulus has
not extinguished at the moment of the current stimulus, resulting in an additional
contribution to baseline [102]. Common approaches to baseline correction in ERP
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and ERF analyses are: i) high-pass filtering [102, 106], ii) ensemble averaging of
several trials [22], and iii) subtraction of the average over a pre-stimulus inter-
val [107]. The respective limits are: i) baseline and ERP, or ERF, spectra overlap,
ii) a large number of records is needed and some information is lost in the averag-
ing, and, finally, iii) trends more complex than the constant cannot be removed.

EMG EMG signals are used in the assessment of muscles activity, acquired
whether on skin surface (surface EMG, or sEMG) or with a needle inserted into the
muscle (needle EMG, or nEMG) [108,109]. Regardless of the acquisition method,
EMG signals are affected by baseline fluctuations primarily due to electrical drifts
in the acquisition equipment [22,108,110,111]. Additionally, baseline drift is also
caused by skin-electrode interface in sEMG [28, 109, 110], and by movements of
the recording needle relative to the muscle and variation of skin potential induced
by the needle in nEMG [111]. However, the main source of baseline fluctuations
in EMG recordings is interference of adjacent muscle units different from the one
under investigation [22, 111, 112]. Such a crosstalk phenomenon is more evident
in sEMG records as nEMG provides a high-resolution localized description of
muscle activity [22,109]. The common approach to baseline fluctuations removal
from EMG recordings is high-pass filtering [22, 113, 114]. Nevertheless, baseline
drift and EMG spectra have overlapping bands in the low-frequency region of
the spectrum [111, 114, 115]. For example, in [116, 117] the analysis of the low-
frequency region of EMG spectrum was proposed to quantify fatigue undergone
by certain muscles. Moreover, spectral content of baseline fluctuations is highly
variable, depending on the muscle whose activity is recorded, the degree of muscle
contraction, and the position of needle [111, 112]. This translates into a difficulty
in selecting the appropriate cut-off frequency of the filter [110]. In this regard,
several recommendations have been issued, but they all suggest the use of different
cut-off frequencies [104, 110, 115, 118]. To overcome these limitations, several
approaches have been proposed in the literature [111, 114].

ECG The main cause of baseline wander in ECG signals is respiration. In-
deed, both the resistivity and position of the lungs change during respiration [119].
Moreover, the orientation and location of the heart change during the respiratory
cycle, and certain cyclic changes occur in the measured electric heart vector as a
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consequence of the respiration [119, 120]. Additional causes of baseline wander
in ECG signals are perspiration, patient’s body movements, skin-electrode inter-
face, and varying impedance between electrodes and skin due to poor electrode
contact [16, 18, 22, 28]. Baseline wander is ubiquitous in all electrocardiographic
devices, thus its removal turns out to be an unavoidable step in any processing of
ECG signals.

Among bioelectrical signals, ECG is the worst affected by baseline wander.
Indeed, baseline wander in ECG is modeled as a low-frequency additive noise
with band in the range 0÷0.8Hz that can extend up to 1Hz, or even more, during
stress tests [16, 22]. As a consequence, baseline wander and ECG have overlap-
ping bands in the low-frequency region of the spectrum [121]. Unfortunately,
distortion in this band of ECG spectrum negatively affects the shape of the ST
segment, which is the portion connecting the QRS complex with the T-wave [14].
Details about the ST segment are provided in Section 7.2. Furthermore, the low-
frequency region of ECG spectrum proved to be useful in detecting nightly events
of obstructive sleep apnea [122, 123]. The in-band nature of baseline wander
makes its removal difficult without affecting the ECG, thus spoiling relevant clin-
ical information [29].

In this chapter we propose propose a novel approach to baseline wander esti-
mation and removal for bioelectrical signals. The approach is based on the notion
of quadratic variation reduction [9–12]. The quadratic variation has been intro-
duced in Subsection 3.3.2 as a measure of variability for functions or sampled
vectors, and we have proved that it is a consistent measure in this regard. The
problem of baseline wander estimation is recast as a constrained convex optimiza-
tion problem, where the quadratic variation enters as a constraint. Baseline is
estimated searching for the signal closest to the observed one, but exhibiting re-
duced quadratic variation. Numerical results show that the approach effectively
removes baseline wander and outperforms state-of-the-art algorithms [10, 12]. It
compares favorably also in terms of computational complexity, which is linear in
the size of the vector to detrend [12]. This makes it suitable for real-time applica-
tions as well as for applications on devices with reduced computing power, e.g.,
handheld devices. We also investigate the behavior of our approach with specific
respect to preserving the ST segment [8, 13]. Eventually, we present an over-
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all analysis of performances of our approach and state-of-the-art algorithms that
assesses algorithms jointly in terms of effectiveness in removing baseline drift,
distortion introduced in the ST segment and computational burden [13]. To our
knowledge, this kind of joint analysis has never been conducted before. Results
show that quadratic variation reduction has the best performance and is the fastest
algorithm for baseline wander removal, among those effective in removing base-
line wander.

The chapter is organized as follows. In Section 7.2 we give some details about
the ST segment and its clinical relevance. Due to the importance of baseline
wander removal in ECG, Section 7.3 is fully devoted to review the literature on
this topic. The rationale behind the approach we propose is described in Sub-
section 7.4.1. The baseline wander estimator is derived in Section 7.4.2 as the
solution to a constrained convex optimization problem. In Section 7.5 we report
an efficient implementation of the algorithm. Numerical results of several per-
formance analyses are reported in Section 7.6. We assess performances of our
approach with regard to different aspects, i.e., effectiveness in removing baseline
drift, distortion in the ST segment and computational burden, and compare it to
the state of the art. Finally, Section 7.7 follows with conclusions.

7.2 The ST segment

The ST segment represents the period at which the entire ventricle is depolar-
ized and roughly corresponds to the plateau phase of the ventricular action po-
tential [15]. In health conditions, it is isoelectric with respect to the PQ segment.
The ST segment has strong clinical relevance, since deviations from its physio-
logical level, namely elevation or depression, as shown in Figure 7.2.1, indicate
that membrane potentials in ventricular cells are nonuniform [15]. This condition
reflects an undergoing Acute Coronary Syndrome (ACS).

ACS are life-threatening disorders and represent one of the most severe forms
of heart disease and the main cause of mortality in developed countries [124].
According to the Heart Disease and Stroke Statistics 2012 Update from the Amer-
ican Heart Association (AHA), 1,190,000 hospital discharges in the United States
were due to ACS in 2009 [32]. Moreover, approximately every 25 seconds, an
American will have a coronary event, and approximately every minute, someone
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Figure 7.2.1: ECG beats from real data exhibiting a normal ST segment level
(i.e., isoelectric to PQ segment, top), ST elevation (+165µV relative to isoelectric
PQ level, middle) and ST depression (−167µV relative to isoelectric PQ level,
bottom). Asterisks mark isoelectric PQ level and ST level.

will die of one [32]. As reported in [125–127], the term ACS comprises a con-
tinuum of biological events progressing from plaque instability to plaque rupture,
coronary thrombosis, reduced coronary blood flow, myocardial ischemia and, ul-
timately, myocardial necrosis. ACS identifies a spectrum of clinical disorders
caused by acute ischemic heart disease, including unstable angina, ST-segment
elevation myocardial infarction and non-ST-segment elevation myocardial infarc-
tion [124, 125].

The ECG is the gold standard for identifying the presence and location of
acute myocardial ischemia [128]. Hence, it is a fundamental tool for the diag-
nosis of ACS [99, 129]. Information about the site of the infarct related lesion,
prediction of final infarct size, and estimation of prognosis can be obtained from
the initial ECG [128]. The main electrocardiographic abnormalities in ACS are
ST segment deviations (elevation or depression), T-wave tenting or inversion and
pathologic Q-waves [14, 124, 125, 129–131]. Thus, special care must be paid in
any processing of ECG signals to preserve the features related to these syndromes,
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in particular the ST-segment. However, despite the clinical relevance of this por-
tion of the ECG, only few approaches to baseline wander removal explicitly focus
on minimizing distortion of the ST segment, as will be shown in the next section.

7.3 Review of baseline wander removal for ECG

The simplest approach to ECG baseline wander removal is high-pass filtering with
cut-off frequency of about 0.8Hz [132, 133], and it is available with efficient im-
plementations [78,134]. However, this approach, and in general any technique for
baseline removal that relies on frequency domain separation, may induce unac-
ceptable distortions in the ST segment [18, 25, 29, 135–137]. To prevent this, the
American Heart Association (AHA) recommends a cut-off frequency of 0.05Hz
for routine filters or 0.67Hz or below for linear digital filters with zero phase dis-
tortion [99]. However, some residual baseline drift may still be present in the
filtered signal [25]. To overcome this problem, linear time-variant filtering ap-
proaches have been proposed. In [138] is proposed a low-pass filter with time-
varying cut-off frequency that depends on the instantaneous RR interval, i.e., the
interval between two consecutive R peaks. This approach has better performance
than low-pass filtering with fixed cut-off frequency, but can still distort the ST
segment. Adaptive filtering was proposed in [74], where baseline is estimated
minimizing the mean-squared error between the noisy ECG and a constant refer-
ence input. However, due to slow convergence, this approach cannot track abrupt
changes in baseline and causes distortion in the ST segment as well [74]. To
cope with this problem, in [139] a cascade adaptive filter is proposed, where the
adaptive filter of [74] is combined with an adaptive impulse correlated filter.

A different approach is median filtering proposed in [140, 141]. It consists
in subtracting from the signal the median value computed in a sliding window
of fixed length. Performance dramatically depends on the choice of the win-
dow length. To deal with this problem, in [141] a two-stage median filtering
using two different window lengths is proposed. However, a residual drift in the
detrended signal is still noticeable [141]. In [142] a multistage procedure, in-
cluding median subtraction and polynomial fitting, is proposed. Computational
complexity increases, and the procedure requires an accurate detection of QRS
complexes [142].
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Another common technique for baseline estimation is polynomial fitting, typ-
ically cubic splines [143, 144]. This approach requires the identification of an
isoelectric point, namely knot, for every beat. Baseline is estimated as the poly-
nomial that best fits the knots. The major disadvantage of this technique is that it
needs ECG delineation, which may lead to unreliable knots location in presence
of noise [22]. Moreover, performance dramatically decreases in presence of low
heart rates. Indeed, low heart rates mean knots located far apart, and thus only
slow trends can be caught in baseline estimate [22, 144]. Moreover, polynomial
fitting is unviable in presence of arrhythmias or premature complexes and cannot
remove sudden baseline shifts [145].

Multiresolution analysis based on wavelet decomposition is another common
technique for baseline removal. It has been proposed in several works [84, 146–
150]. Basically, wavelet decomposition approaches decompose the signal into a
preset number of components having different scales and resolutions [85]. Com-
ponents affected by baseline drift are either discarded [147, 150] or filtered [146,
148, 149]. The signal is then reconstructed by an inverse transformation. The dif-
ferent approaches mainly differ in the choice of the mother wavelet, the number
of components in which the original signal is decomposed, and the way compo-
nents affected by baseline are selected and processed. The Daubechies wavelet
db4 [151] is among the most used, since the corresponding mother wavelet has a
shape resembling the typical ECG beat [149, 150]. In [148] the component con-
tributing to baseline undergoes a so-called wavelet averaging filtering, i.e., the
average amplitude of the PQ segment is subtracted in each beat. In [149] baseline
is estimated as the component whose energy, calculated as a function of wavelet
coefficients, exceeds an empirical threshold. In [146] a joint approach, namely
WAF, combining wavelet decomposition and adaptive filter is proposed. Base-
line drift is removed by adaptively filtering the wavelet component that mainly
contributes to baseline. In evaluating performance, the problem of ST segment
distortion is explicitly taken into account. Finally, the bionic wavelet transform is
used in [84], which results in a better tradeoff between time and frequency resolu-
tion [152]. The major issues when using wavelet decomposition are the choice of
the mother wavelet, the number of decomposition levels, and the use of automatic
or empirical threshold, if soft-thresholding is used.

Mathematical morphology [86–88, 153, 154] is another approach to baseline
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wander removal, which is also known as background normalization in this context.
This is a nonlinear technique for signal or image processing based on set opera-
tions [88] that incorporates shape information of a signal or image [86]. The basic
idea of mathematical morphology is to modify geometric features, i.e., the shape
information of a signal, considered as a set, by transforming it through its inter-
action with another object, referred to as the structuring element [88]. The basic
morphological operators are erosion and dilatation that combined result in open-
ing and closing operators [88]. There are several papers that exploit mathematical
morphology for baseline wander removal in ECG [86–88,153,154]. They mainly
differ in the choice of the structuring element, the order in which operators are
applied, and the way operators are combined. Moreover, in [154] morphological
operators and empirical mode decomposition are used in combination. The main
drawbacks of background normalization by morphological operators are the pres-
ence of residual drift and noticeable distortions in the detrended signal [86–88].

A relatively recent approach to baseline removal is empirical mode decom-
position (EMD) [94], and its modified version, namely ensemble EMD [155]. It
relies on the local characteristic time scale of the data, and thus can be applied to
nonlinear and non-stationary processes [94]. The EMD is a data-driven technique
that decomposes (within a prescribed error) the signal into a sum of intrinsic mode
functions (IMFs) with decreasing frequency content. Higher-order IMFs represent
slow oscillations and are expected to mainly contribute to baseline. Thus, base-
line drift is removed discarding or filtering the last higher-order IMFs. The main
concerns about this technique are the trial by trial choice of the number of IMFs
to reject or filter, and the high computational burden. Moreover, simply discard-
ing the last higher-order IMFs, as in [156–158], may introduce significant distor-
tions [93], since relevant signal components may be cancelled. For this reason,
EMD is usually followed by additional low-pass filtering steps [93, 154], which
add complexity to an already time-consuming procedure.

For the sake of completeness, we mention few other approaches addressing the
problem of baseline wander removal for ECG. Joint baseline wander and power-
line interference removal is performed in [159] by means of a nonlinear trimmed
moving average filter. An adaptive Kalman filter is proposed in [160]. In [161]
is presented an algorithm based on the notion of dominant points. Independent
component analysis is exploited in [162] and neural networks in [163].
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Among all the approaches cited above, those that somehow take into account
the problem of preserving the ST segment are only two, to the the best of our
knowledge. First, a high-pass two-pole, phase-compensated digital filter was pro-
posed in [134] and its ability to remove baseline wander without altering the ST
segment was discussed. However, the proposed filter fails the AHA triangular
test for ST segment distortion [135] and results in a cutoff frequency of 1Hz, in
contrast to AHA recommendations [99]. Second, the problem of ST segment dis-
tortion is explicitly taken into account in evaluating performance of WAF [146].
Moreover, a comparative analysis of seven different baseline removal algorithms
was carried out in [164], strictly focusing on the evaluation of distortions intro-
duced into the ST segment. The algorithm that proved being the most effective
in this regard is right the WAF [146]. Finally, for the sake of completeness, we
mention that in [165] ST segment distortion is used, with other figures of merit,
to characterize performance of some baseline removal algorithms.

Finally, in the recent works [9, 10, 12] we have proposed a novel approach to
baseline wander estimation and removal, based on the notion of quadratic varia-
tion reduction. It is the object of this chapter and will be described and analyzed
in full detail in the following sections.

7.4 The proposed approach

7.4.1 Rationale

As highlighted in Section 7.1, ECG baseline wander is modeled as a low-frequency
additive noise over the range 0÷ 1Hz [16, 22]. Thus, baseline wander and ECG
overlap in the low-frequency region of the spectrum. The low-frequency com-
ponents of the ECG (mainly) contribute to the shape of the ST segment [136]:
distortion in this band of the ECG spectrum negatively affects the shape of the ST
segment, thus spoiling relevant clinical information. As a consequence, the in-
band nature of baseline wander makes its removal difficult without affecting the
ECG, in particular the ST segment [135,136]. In other words and with little abuse
of language, baseline wander is a “low-frequency” noise and the “low-frequency”
components of the ECG (mainly) contribute to the shape of the ST segment. The
problem is that they overlap both in time and frequency domain. As a conse-
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quence any technique for baseline removal that relies on spectral shaping, e.g.,
linear time-invariant filters, will unavoidably alter the ST segment. To cope with
this problem it is necessary to take a different perspective on baseline noise and
ECG components contributing to the ST segment. That is, they should be sep-
arated in a domain that is not the frequency domain. To this end, the following
considerations come in useful.

Baseline wander is a “low-variability” noise and the ST segment is a “low-
variability” component1 of the ECG as well. When they are considered in the
frequency domain, “low-variability” is synonymous of “low-frequency”, band-
width is regarded as a measure of “variability”, and the aforementioned problem
of overlapping bands arises. To cope with this problem it is necessary to introduce
a suitable measure of “variability” that is not directly related to the frequency do-
main. A careful choice of such a measure allows us to separate baseline noise
from ECG components contributing to the ST segment. Thus baseline wander can
be removed from ECG without significantly affecting the ST segment.

To this end the quadratic variation (3.3.1) comes in useful. It is a good can-
didate in this regard since it is not directly related to the frequency domain and
with Proposition 1 in Subsection 3.3.2 we have proved that it is a consistent mea-
sure of variability. Being baseline drift a “low-variability” noise, it exhibits low
quadratic variation. Hence, baseline wander can be estimated searching for ECG
components with reduced quadratic variation [9, 10].

7.4.2 Baseline Wander Estimation and Removal

In this section, we denote by z̃zz the vector collecting n samples of a measured
biosignal, i.e., one that is affected by baseline wander, by xxx the vector of estimated
baseline, and by zzz = z̃zz−xxx the corresponding detrended vector. Following the line
of reasoning presented above, baseline wander can be estimated searching for a
signal component that has reduced variability, with respect to the measured signal.
This amounts to searching for a component that is “close” to the observed signal,
but has reduced quadratic variation. The problem of baseline estimation can be
recast as a convex optimization problem

1To be precise, “low-variability” components of the ECG contribute to the ST segment.
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minimize

xxx∈Rn
‖xxx− z̃zz‖2

subject to [xxx]≤ ρ

(7.4.1)

where ρ is a nonnegative constant that controls the quadratic variation of the esti-
mated baseline [9,10]. Its value is chosen in accordance with the peculiarity of the
problem and satisfies ρ < [̃zzz], to avoid trivial solutions. We do not need to know
in advance the appropriate value for ρ in any particular problem since, as shown
in Chapter 3, the solution to the optimization problem (7.4.1) can be expressed in
terms of a parameter that controls the quadratic variation of the solution and that
is related to ρ in (7.4.1).

Problem (7.4.1) resembles problem (3.3.5) for smoothing single ECG waves
in Chapter 3. However, here we use it to estimate the slow unwanted oscillations
due to baseline drift that are then removed form the measured signal. Recalling
Subsection 3.3.3, the solution to (3.3.5) is

xxx =
(
III +λDDDTDDD

)−1
z̃zz (7.4.2)

where III denotes the n× n identity matrix, and λ is a nonnegative parameter de-
termined by (3.3.9). Note that in (7.4.2) the matrix inverse exists for any λ ≥ 0,
since DDDTDDD is positive semidefinite. It is interesting that solution to (7.4.1) is a
linear operator acting on z̃zz. Moreover, the Lagrange multiplier λ plays the role of
a parameter controlling the quadratic variation of the solution xxx, i.e., the degree of
variability of the estimated baseline. Moreover, λ can be used in place of ρ since
they are in one-to-one correspondence through (3.3.9). In fact, with Proposition 2
in Subsection (3.3.3) we proved that [xxx] is a continuous and strictly decreasing
function of λ ∈ [0,+∞) regardless of z̃zz, provided that it is not a constant vector.
When z̃zz is a constant vector [xxx] = 0. Moreover,

lim
λ→+∞

[xxx] = 0

regardless of z̃zz.
This is equivalent to say that, when z̃zz is not a constant vector, a one-to-one

correspondence is established between λ ∈ [0,+∞) and ρ ∈ (0, [̃zzz]], with λ = 0
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corresponding to ρ = [̃zzz], and λ→+∞ corresponding to ρ→ 0+.
As a consequence, we do not need to know in advance the value of ρ in (7.4.1),

since baseline can be estimated according to (7.4.2) and λ can be adapted to the
particular problem or to meet some performance criteria. That is, λ is used in
place of ρ as the controlling parameter.

In particular, since baseline is characterized by low values of the quadratic
variation with respect to the measured signal, it is estimated with (7.4.2) using
large values of λ. In our simulations values of the order of 103 or even more are
quite common. Based on this fact, it is worthwhile considering the behavior of
the solution (7.4.2) in the limit for λ→+∞.

Proposition 3. The following limit holds

lim
λ→+∞

(
III +λDDDTDDD

)−1
z̃zz =

(
1
n

n

∑
k=1

z̃k

)
111 (7.4.3)

where 111 = [1 · · ·1]T ∈ Rn and z̃k is the kth component of z̃zz [10].

Proof. Matrix DDDTDDD is symmetric positive semidefinite and thus diagonalizable
[64]. Moreover, it is tridiagonal and has zero as a simple eigenvalue with corre-
sponding unit-norm eigenvector 1√

n111 [67]. Thus, the spectral decomposition of

DDDTDDD can be expressed as
DDDTDDD =UUUΓΓΓUUUT (7.4.4)

where ΓΓΓ = diag(0,γ2, . . . ,γn) is a diagonal matrix with γi>0, for i = 2, . . . ,n, and
UUU is an orthogonal matrix having 1√

n111 as its first column.
Exploiting (7.4.4) and the fact that γi 6= 0, for i = 2, . . . ,n, the limit in (7.4.3)

becomes

lim
λ→+∞

(
III +λDDDTDDD

)−1
= lim

λ→+∞

UUU (III +λΓΓΓ)−1UUUT

=UUU
[

lim
λ→+∞

diag
(

1,
1

1+λγ2
, . . . ,

1
1+λγn

)]
UUUT

=UUU diag(1,0, . . . ,0)UUUT =
1
n

111111T

which proves the proposition.
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The asymptotic solution in (7.4.3) corresponds to the mean value of z̃zz, which
is the constant vector closest in the l2 norm to the measured record. Consistently
with Proposition 2, such vector has zero quadratic variation.

As λ ranges from 0 to +∞, solution (7.4.2) captures components of the mea-
sured signal z̃zz with decreasing quadratic variation. When λ→ +∞ such com-
ponents reduce to the constant vector in (7.4.3), whereas when λ is finite more
complex trends of the measured signal are captured.

Once the baseline has been estimated, it can be removed from the measured
signal by subtraction

zzz = z̃zz−xxx =
[
III−
(
III +λDDDTDDD

)−1
]

z̃zz

=DDDT
(

1
λ

III +DDDDDDT
)−1

DDDz̃zz ,

where in the last equality the Sherman-Morrison-Woodbury formula [64] has been
applied.

Baseline wander estimation through (7.4.2) is a linear operator acting on the
signal to detrend z̃zz. As noted in Subsection (3.3.3), the matrix of the transforma-
tion, namely

(
III +λDDDTDDD

)−1, is not Toeplitz [66] and this makes the transformation
time variant [68]. As a consequence, there exists no linear time-invariant filter that
can achieve the same result as (7.4.2) [10]. However, it can be proved that, un-
der some hypotheses, smoothing through (3.3.8) is approximately equivalent to
passing the signal through a two-poles IIR filter whose transfer function is the
z-transform of an autocorrelation function. Thus its frequency response has zero
phase. In particular, it is the autocorrelation function of the impulse response of
a single-pole IIR filter. In other words, smoothing through (3.3.8) can be approx-
imately seen as zero-phase filtering, where data are passed through a single-pole
IIR filter in both the forward and reverse directions [2].

7.4.2.1 Sensitivity analysis

As noticed above, baseline wander is estimated with (7.4.2) using large values
of λ. However, no criterion is given to determine its appropriate value. This in
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general depends on the performance metrics adopted and the class of signals to
detrend. Nevertheless, it is useful to analyze how robust the proposed algorithm is
to variations of λ. A measure of robustness is the sensitivity of baseline estimate
to the variations of λ. Measuring sensitivity in terms of the derivative of [xxx] with
respect to λ, the following result holds [10].

Proposition 4. The sensitivity of [xxx] with respect to variations of λ satisfies

∂ [xxx]
∂λ

= O
(

1
λ3

)
as λ→+∞

where O(·) denotes the Landau symbol.

Proof. Let us consider the quadratic variation of the solution [xxx] as expressed by
(3.3.13). Differentiating (3.3.13) with respect to λ we get

d [xxx]
dλ

=−
n

∑
i=2

2
(
γiuuuT

i z̃zz
)2

(1+λγi)
3

from which the proof follows, considering the behavior as λ→+∞.

Proposition 4 states that for large values of λ, and this is the case of baseline
estimation, as λ increases the quadratic variation of the estimate is less and less
dependent on the value of λ. Said in different words, the choice of λ is not a
critical issue: a wide range of different values of λ produces similar estimates.
This is indeed well confirmed by the numerical results reported in Section 7.6, in
particular Subsection 7.6.1.4.

7.5 Fast Algorithm for Baseline Estimation

Baseline wander estimation using formula (7.4.2) involves matrix inversion. So,
computational aspects become important, especially when the size of the vector
to detrend is large, e.g., for typical ECG records. Indeed, in this case, the compu-
tational burden, both in terms of time and memory, and the accuracy become se-
rious issues, even for batch processing. However, estimating the baseline through
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(7.4.2) amounts to solve a linear system where the coefficient matrix, namely
(III + λDDDTDDD), is tridiagonal [64]. Tridiagonal systems can be solved efficiently
with O(n) operations [69], being n the number of unknowns. As a consequence,
baseline wander estimation using (7.4.2) can be performed with complexity O(n),
i.e., linear in the size n of the vector to detrend.

Below we report the pseudocode of an efficient implementation of (7.4.2),
which is the baseline wander estimation by quadratic variation reduction (QVR)
[12].

Algorithm 1 QVR Baseline wander estimation
1: function QVRB(λ,xxx)
2: n← length(xxx)
3: y1←−λ/(1+λ)
4: x1← x1/(1+λ)
5: for i← 2 to n−1 do
6: t← 1+λ · (2+ yi−1)
7: yi←−λ/t
8: xi← (xi +λ · xi−1)/t
9: end

10: yn← (xn +λ · xn−1)/(1+λ+λ · yn−1)
11: for i← n−1 downto 1 do
12: yi← xi− yi · yi+1
13: end
14: return yyy
15: end

The input vector xxx is the signal to detrend. The output vector yyy in line 14 is the
estimated baseline. The components of vectors are denoted by subscripts. Note
that vector xxx is internally modified in lines 4 and 8. To avoid this, such lines should
be substituted with z1 ← x1/(1+ λ) and zi ← (xi + λ · zi−1)/t, respectively, and
lines 10 and 12 with yn← (xn +λ · zn−1)/(1+λ+λ · yn−1) and yi← zi− yi · yi+1,
respectively.

Linear complexity is a very important property that makes the proposed al-
gorithm suitable for real-time applications, as well as for applications on devices
with reduced computing power, e.g., handheld devices. To give an idea of how fast
the algorithm is, a MATLAB (ver. 7.11) implementation of the algorithm above
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running over a PC equipped with 2.3GHz Core i5 processor, takes about 0.73s to
estimate the baseline from an ECG record of 107 double precision floating point
samples. Considering handheld devices, a non optimized Java program running
over an Android smartphone equipped with 1.2GHz dual-core ARM Cortex-A9
processor takes about 0.2s to estimate the baseline from an ECG record of 106

double precision floating point samples.
In the Subsection 7.6.3, we will show that, to the best of our knowledge, the

proposed algorithm is the fastest algorithm for baseline wander estimation and
removal, among those effective in removing baseline wander.

7.6 Numerical results

Performances of the proposed approach have been investigated with regard to two
different aspects: effectiveness in removing baseline wander and distortion intro-
duced in the ST segment. In either case, a comparative analysis with state-of-
the-art algorithms for baseline wander removal has been conducted. Further, an
overall analysis of performance has been carried out, taking into account jointly
effectiveness in removing baseline wander, distortion introduced in the ST seg-
ment and computational burden. To our knowledge, this kind of joint analysis has
never been conducted before. As numerical results reported hereafter will show,
quadratic variation reduction has the best performance and is the fastest algorithm
for baseline wander removal, among those effective in removing baseline drift.

This section is organized as follows. In Subsection 7.6.1 we report results
of our performance analysis with regard to effectiveness in removing baseline
wander. In particular, real and synthetic ECG signals are considered. Moreover,
an analysis of robustness of our approach with regard to the parameter λ is carried
out. Distortion introduced in the ST segment by our approach and state-of-the-
art algorithms is reported in Subsection 7.6.2. Results of the overall analysis of
performances are presented in Subsection 7.6.3.

For the sake of brevity, throughout the section the acronym QVR is used in
place of quadratic variation reduction.
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7.6.1 Effectiveness in removing baseline wander

We assess how effective our approach and state-of-the-art algorithms are in re-
moving baseline wander both on real and synthetic ECG signals for a quantitative
evaluation. Different performance metrics are considered in the two cases.

7.6.1.1 Performance metrics

For real ECG signals, the quality of baseline wander removal is evaluated by a
visual qualitative comparison of the corresponding detrended signals, since the
wandering affecting the true ECG is not known.

In the case of synthetic ECG signals, baseline wander free ECG signals are
corrupted by known baseline wanders, which can be compared with the corre-
sponding estimated baselines. The quality of baseline wander removal is evalu-
ated through the following quantity

ε(xxxi,bbbi) =
‖xxxi−bbbi‖2

‖bbbi‖2 (7.6.1)

where bbbi denotes the generic baseline wander realization and xxxi the corresponding
baseline estimate. Performance of different algorithms is measured in terms of the
empirical distribution function of the corresponding errors (7.6.1), namely

F̂(ε) =
1
N

N

∑
i=1

χ(−∞,ε] (ε(xxxi,bbbi)) (7.6.2)

where χE(·) denotes the indicator function of the set E, and N is the number
of generated baseline realizations. Note that the empirical distribution function
(7.6.2) provides a complete statistical description of the performance of each al-
gorithm, as opposed to the mean, the variance, or the median, which give only
partial information: different algorithms may exhibit errors with the same mean,
median, and variance, even though the corresponding empirical distribution func-
tions are completely different.

The use of empirical distribution function as a performance metric is motivated
by the following reasons. Firstly, the Glivenko-Cantelli Theorem [166] guaran-
tees that almost surely as N → ∞, the empirical distribution function in (7.6.2)
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converges uniformly to the true cumulative distribution function, since the maxi-
mum gap between the two of them goes to zero. Moreover, the estimation error
in approximating the true cumulative distribution function is controlled by the
Dvoretzky–Kiefer–Wolfowitz inequality [167]. Note that no similar result holds
for the histogram, which moreover suffers from some problems that make it not
the best choice for density estimation [167]. Secondly, the data under analysis,
namely the errors in (7.6.1), are not Gaussian distributed and thus they cannot
be characterized statistically by (sample) mean and variance only. Strictly speak-
ing, errors in (7.6.1) are not Gaussian distributed since they are nonnegative and
upper bounded. However, they could be approximately Gaussian distributed and
this would justify their characterization in terms of (sample) mean and variance.
To answer this question, we tested the data under analysis for normality using
Shapiro-Wilk, Shapiro-Francia, and Anderson-Darling tests [168]. These tests
are considered to be among the most powerful, if not the most powerful, tests
for detecting departure from normality [168, 169]. Moreover, in their applica-
tion we took into account that the Shapiro-Wilk test is more powerful at detecting
platykurtic2 and skewed distributions, and the Shapiro-Francia test is more pow-
erful against leptokurtic2 and symmetric distributions [170]. The results of our
analysis show that for about half of the records the hypothesis of normality can
be rejected at the 0.05 significance level (minimum p-value < 2×10−5) [12]. As
a consequence, errors in (7.6.1) cannot be fully characterized statistically using
only the first two moments, namely sample mean and variance, and the empirical
distribution function (7.6.2) is needed for a complete statistical description.

An important aspect of empirical distribution functions is that they allow us to
compare algorithms over the full range of errors taking account of error relative
frequencies. This cannot be achieved by considering sample mean and variance
only. Moreover, empirical distribution functions are useful for characterizing al-
gorithms that have uniformly better performance over the whole range of errors,
where better is meant as statistically better.

To this end, denoting by F̂A(ε) and F̂B(ε) the empirical distribution functions
of errors, relative to algorithms A and B respectively, we introduce the following

2Platykurtic distributions and leptokurtic distributions are characterized by negative and posi-
tive excess kurtosis, respectively.
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Figure 7.6.1: ECG from real data: segment of record nsrdb/16773 from PhysioNet
[19, 173].

Definition 2. Algorithm A is statistically uniformly better than algorithm B if

F̂A(ε)> F̂B(ε), ∀ε ∈ EAB (7.6.3)

with EAB =
{

ε ∈ R |0 < F̂A(ε)+ F̂B(ε)< 2
}

.

Set EAB consists of all real numbers except those for which F̂A(ε) = F̂B(ε) ∈
{0,1} that are not relevant for comparison. Note that when (7.6.3) holds true,
F̂A(ε) ≥ F̂B(ε) ∀ε ∈ R, with the inequality becoming strict for ε ∈ EAB. In other
words, algorithm A is statistically uniformly better than algorithm B when F̂B(ε)

is upper bounded by F̂A(ε) for all values of ε except those for which F̂A(ε) and
F̂B(ε) are both equal to 0 or 1 [12].

The relation of being statistically uniformly better is a strict partial order [171],
since it is irreflexive and transitive, and thus can be used to compare algorithms. In
particular, if algorithm A is statistically uniformly better than algorithm B, then it
exhibits lower errors with higher probability. As a consequence, all the moments
of error for algorithm A are lower than the corresponding moments for algorithm
B. Moreover the median error for algorithm A, which is a more robust index of
centrality [172], is also lower. Being statistically uniformly better is a strong
property.

As we will see in Subsection 7.6.1.3, baseline wander removal by QVR is
uniformly better than competing algorithms.
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Quadratic variation reduction

Figure 7.6.2: ECG of Figure 7.6.1 after baseline wander removal using different
approaches [12].
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Figure 7.6.3: ECG from real data: segment of record mitdb/203 from PhysioNet.

7.6.1.2 Performance on real ECG signals

We considered ECG traces from the MIT-BIH Normal Sinus Rhythm Database
publicly available on PhysioNet [19, 173]. This database includes 18 long-term
ECG recordings of subjects with no significant arrhythmias. Signals were ac-
quired at a sampling frequency of 128Hz with 12-bit resolution. We compared the
performance of QVR with high-pass filtering [16, 22, 99], median filtering [140],
adaptive filtering [74], and wavelet adaptive filtering [146], which are common ap-
proaches to baseline wander removal, as highlighted in Section 7.1. The high-pass
filter is a linear-phase FIR filter synthesized applying the window method [68] us-
ing a Kaiser window, with 0.1dB ripple in passband and 80dB attenuation in stop-
band, with cut-off frequency 0.67Hz compliant with AHA recommendations [99].
The window size of the median filter is chosen adapting the criterion proposed
in [140] to the sampling frequency of 128Hz. The convergence parameter of the
adaptive filter and the wavelet adaptive filter is settled to obey AHA requirements
on cut-off frequency.

We tested the performance of the aforementioned algorithms on several records
from MIT-BIH Normal Sinus Rhythm Database, without fine tuning of the param-
eter λ in the QVR. In all cases, results are very similar and are well summarized
by the example in Figure 7.6.1, where a 20s segment of the record nsrdb/16773 is
reported. This record is characterized by strong baseline wandering. Figure 7.6.2
shows the same record after baseline wander removal using the algorithms de-
scribed above. A visual qualitative comparison of the figures highlights the better
performance of QVR, which managed to remove baseline wander while preserv-
ing the shape of the ECG [12].

As a further example, we report the results of detrending by our and competing
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Figure 7.6.4: ECG of Figure 7.6.3 after baseline wander removal using different
approaches [10].
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approaches considering a different ECG record. Figure 7.6.3 shows a 30s segment
of the record mitdb/203 from the MIT- BIH Arrhythmia Database, publicly avail-
able on PhysioNet [19, 97]. The database includes ECG records acquired at a
sampling frequency of 360Hz with 11-bit resolution. In particular, the record in
Figure 7.6.3 is known to be strongly affected by baseline drift and very difficult to
analyze even for humans [174]. Figure 7.6.4 shows the same record after baseline
wander removal using (from top to bottom) high-pass filtering [16, 22, 99], me-
dian filtering [140], adaptive filtering [74], wavelet adaptive filtering [146], and
the proposed approach. Again, a visual comparison of the panels in Figure 7.6.4
highlights the better performance of QVR [12].

Note that both in Figure 7.6.2 and Figure 7.6.4 median filtering manages to re-
move baseline wander, but introduces evident distortions in the signal, especially
where baseline has rapid changes, e.g., around time 9s in Figure 7.6.2 and around
time 11s in Figure 7.6.4. Moreover, zooming the scale, distortion in the portion
following QRS complexes, namely the ST segment and the beginning of T-wave,
becomes clearly visible.

7.6.1.3 Performance on synthetic ECG signals

In order to quantify the performance of the proposed approach, we carried out
a quantitative analysis on synthetic ECG signals affected by simulated baseline
wander. Baseline wander free ECG signals were synthesized using the model
in [79] with a sampling frequency of 512Hz. To take into account different phys-
iological conditions, we generated three 40s long ECG records with heart rate
75bpm, 40bpm, and 140bpm, which model normal sinus rhythm, sinus bradycar-
dia, and sinus tachycardia, respectively. The resulting records are denoted in the
following by zzz(n)0 , zzz(b)0 , zzz(t)0 , respectively. Synthetic baseline wander was rendered
as Gaussian white noise with variance σ2 = 6.25 low-pass filtered with band-
width 0.8Hz, following similar approaches in the literature [93, 143, 153, 159].
To model measurement noise, the ECG records zzz(n)0 , zzz(b)0 , zzz(t)0 were corrupted by
additive Gaussian noise with signal-to-noise ratio (SNR) 20dB.

We generated 300 independent realizations of synthetic baseline and measure-
ment noise, denoted by bbbi and nnni, respectively, with i = 1, . . . ,300. Baseline wan-
der and noise are independent. For each pair of realizations bbbi and nnni we consid-
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Figure 7.6.5: Noisy synthetic ECG (SNR = 20dB) in normal sinus rhythm (top)
corrupted by baseline wander (bottom) [12].

ered the following ECG records

z̃zz(n)i = zzz(n)0 +nnni +bbbi

z̃zz(b)i = zzz(b)0 +nnni +bbbi (7.6.4)

z̃zz(t)i = zzz(t)0 +nnni +bbbi

corresponding to normal sinus rhythm, sinus bradycardia, and sinus tachycardia,
respectively. Note that we have deliberately used the same pair of noise and base-
line realizations for the three reference ECG records to allow a fair comparison.
As an example, in Figure 7.6.5 we report a 20s segment of noisy ECG in normal
sinus rhythm, namely zzz(n)0 +nnni, and the same record corrupted by baseline wander,

namely z̃zz(n)i .
We compared the performance of our algorithm with the following approaches

to baseline wander removal: i) high-pass filtering [16, 22, 99], ii) cubic spline
interpolation [143], iii) median filtering [140], iv) the method in [142], v) adaptive
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filtering [74], and vi) wavelet adaptive filtering [146].
High-pass, median, adaptive, and wavelet adaptive filters were implemented

as described in the previous subsection. Cubic spline interpolation [143] and the
method in [142] rely on the accurate location of R peaks. Since ECG records were
generated synthetically, the exact location of R peaks was known a priori, and
this information was fed to both the algorithms. Thus, their performance must be
considered optimistic. The parameter λ for QVR was chosen as the one that entails
the minimum of (7.6.1) for each baseline realization. This choice is motivated by
the need to determine the limit performance of the proposed algorithm. However,
it will be shown in the following subsection that the value of λ is not critical, since
a wide range of different values produces similar good estimates.

For all baseline realizations bbbi (and corresponding noise realizations nnni) we
computed the empirical distribution function of the error (7.6.1) for every algo-
rithm, for each of the three ECG records in (7.6.4).

Figure 7.6.6 reports the empirical distribution functions of errors (7.6.1) for
the baseline wander removal algorithms under analysis, under the three physio-
logical conditions of normal sinus rhythm (top), sinus bradycardia (middle), and
sinus tachycardia (bottom). As Figure 7.6.6 highlights, baseline wander removal
by QVR exhibits the best performance, as it is statistically uniformly better than
competing algorithms in all three heart rhythm conditions [12].

For the sake of correctness, it should be noted that being statistically uni-
formly better does not exclude the eventuality that for some baseline and noise
realizations another algorithm could exhibit lower errors. Nevertheless, in our
simulations baseline wander removal by QVR returned the lowest error for any
realization of baseline, in any heart rate condition. Moreover, from Figure 7.6.6
in the normal sinus rhythm (top panel), it emerges an even stronger condition:
the maximum error returned by QVR, namely 0.130, is below the minimum error
(0.145) of the second best algorithm, which is median filtering [12].

Since QVR is statistically uniformly better than competing algorithms, it ex-
hibits better performance over the full range of errors thus having the lowest mean
and median error. Moreover, it also exhibits the lowest variance of error, as fol-
lows from Table 7.1 where we report the mean µε, median ε̃ and variance σ2

ε of
error (7.6.1) for the algorithms considered. Values in Table 7.1 are computed from
the same data used to generate the empirical distribution functions of Figure 7.6.6.
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Figure 7.6.6: Empirical distribution functions of the error (7.6.1) for different
algorithms, under normal sinus rhythm, sinus bradycardia and sinus tachycardia
[12].
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Figure 7.6.7: Typical behavior of the error (7.6.1) for QVR as a function of λ.

Note that we considered the median error since it is a more robust index of cen-
trality [172], however in this case it has values comparable with the mean error
for all algorithms. The superiority of QVR over competing algorithms is evident.

Finally, it is worthwhile noting that as the heart rate changes, the second best
algorithm correspondingly changes. This implies that, without QVR, one should
choose the algorithm according to the heart rate, which is impractical. In this
regard QVR guarantees the best performance regardless of the heart rate.

7.6.1.4 Robustness to variations of λ

As highlighted in the previous subsection, baseline wander removal by QVR is
statistically uniformly better than competing algorithms. Moreover, we remarked
that in our simulations QVR always exhibited the minimum error (7.6.1) among
all the algorithms considered, for any realization of baseline. Here we analyze
how sensitive the solution given by QVR is to variations of the parameter λ. In
particular we want to ascertain how large the interval of values of λ is for which
QVR is still the best algorithm. The larger this interval is the more robust QVR is
to variations of λ. We will show shortly after that such interval is very large, and
this makes the choice of λ not a critical issue.

For a generic baseline realization, the error (7.6.1) returned by QVR as a func-
tion of the parameter λ exhibits the typical behavior depicted in Figure 7.6.7,
where ε̄ denotes the error of the second best algorithm. Thus, for each baseline
realization, indexed by i, we can compute the interval [λmin(i),λmax(i)] of values
of λ such that QVR still yields the minimum error (7.6.1) among all algorithms,
and the value λopt(i) ∈ [λmin(i),λmax(i)] for which QVR returns the minimum er-
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Method
Normal Sinus Rhythm (75 bpm)
µε ε̃ σ2

ε

High-pass filter 0.31 0.31 4.6×10−3

Cubic spline interpolation 0.45 0.44 1.1×10−2

Median filter 0.21 0.20 1.0×10−3

Method in [142] 0.39 0.38 3.8×10−3

Adaptive filter 0.40 0.39 1.3×10−3

Wavelet Adaptive Filter (WAF) 0.35 0.35 1.1×10−3

Quadratic Variation Reduction (QVR) 0.09 0.09 1.0×10−4

Method
Sinus Bradycardia (40 bpm)
µε ε̃ σ2

ε

High-pass filter 0.32 0.31 4.5×10−3

Cubic spline interpolation 1.15 1.14 3.6×10−2

Median filter 0.33 0.33 2.9×10−3

Method in [142] 0.71 0.70 6.7×10−3

Adaptive filter 0.49 0.48 5.5×10−3

Wavelet Adaptive Filter (WAF) 0.46 0.45 5.2×10−3

Quadratic Variation Reduction (QVR) 0.18 0.18 1.3×10−3

Method
Sinus Tachycardia (140 bpm)
µε ε̃ σ2

ε

High-pass filter 0.31 0.31 4.6×10−3

Cubic spline interpolation 0.03 0.03 3.2×10−5

Median filter 0.06 0.05 1.0×10−3

Method in [142] 0.14 0.14 3.0×10−3

Adaptive filter 0.32 0.32 1.1×10−3

Wavelet Adaptive Filter (WAF) 0.30 0.30 1.0×10−3

Quadratic Variation Reduction (QVR) 0.02 0.02 4.9×10−6

Table 7.1: Mean (µε), median (ε̃) and variance (σ2
ε) of error (7.6.1) for different

approaches tested in three heart rate conditions.
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λmin λopt λmax
λopt

λmin

λmax
λopt

Normal Sinus Rhythm 1572 5981 24012 3.8 4.0

Sinus Bradycardia 2506 9203 33136 3.6 3.7

Sinus Tachycardia 1105 2082 3991 1.9 1.9

Table 7.2: Average values of λmin(i), λopt(i), λmax(i) and their ratios [12].

ror (7.6.1) (see Figure 7.6.7).
Figure 7.6.8 reports in logarithmic scale the values λmin(i), λopt(i), and λmax(i)

obtained for the 300 baseline realizations and the three heart rate conditions con-
sidered in the previous subsection: λopt(i) is in solid line, whereas λmin(i) and
λmax(i) are denoted by downward-pointing and upward-pointing triangles, respec-
tively. Moreover, horizontal dashed lines are superimposed to identify the respec-
tive arithmetic means, denoted by λmin, λopt, and λmax. As Figure 7.6.8 highlights,
the interval of values of λ for which QVR returns the best performance is quite
large for any realization of baseline [10, 12]. This is particularly evident when
considering the average values λmin and λmax, which are approximately equidis-
tant (in logarithmic scale) from λopt, in the three heart rate conditions.

The values of λmin, λopt, λmax are reported in Table 7.2 together with the cor-
responding ratios λopt/λmin and λmax/λopt. Some remarks are in order. The first

remark is that the interval
[
λmin,λmax

]
is very large, regardless of the heart rate.

This confirms the sensitivity analysis of Proposition 4 in Subsection 7.4.2.1 [10].
Note that in the case of sinus tachycardia the second best algorithm taken as a ref-
erence is cubic spline interpolation. Its performance is optimistic, as remarked in
the previous subsection, so the interval

[
λmin,λmax

]
in this case is actually larger.

The second remark is that interestingly the two ratios λopt/λmin and λmax/λopt are
approximately equal3. Even though only average values are involved, this prop-
erty suggests that choosing λ = αλopt or λ = λopt/α, with α > 0 “small” in some
way, one should expect similar results. This is indeed the case, as we will show
below.

3In the case of sinus tachycardia the ratios are actually larger as explained above in the case of
λmin and λmax.
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Figure 7.6.8: λmin(i) (point-down triangle), λopt(i) (continuous line), and λmax(i)
(point-up triangle) as a function of the ith baseline realization, for normal sinus
rhythm, sinus bradycardia and sinus tachycardia [12].
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Figure 7.6.9: Mean (solid blue) and maximum (dash blue) error (7.6.1) for dif-
ferent values of λ compared to the mean error of state-of-the-art algorithms from
Table 7.1, in the case of normal sinus rhythm [10].

In Figure 7.6.9, we report the baseline estimation error (7.6.1) returned by the
proposed approach in normal sinus rhythm, as a function of λ. In particular, Fig-
ure 7.6.9 reports, in log-log scale, the mean error (7.6.1) (solid blue line), averaged
over the 300 realizations of baseline and noise, considered in the case of normal
sinus rhythm. The dash line corresponds to the maximum error (7.6.1) over all
realizations. In the same figure we report for comparison the mean error of state-
of-the-art algorithms (horizontal black lines) from Table 7.1: cubic spline interpo-
lation (CSI), adaptive filtering (AF), wavelet adaptive filtering (WAF), high-pass
filtering (HPF), median filtering (MF). Figure 7.6.9 confirms that the interval of
values of λ for which quadratic variation reduction outperforms competing algo-
rithms is quite large, namely [1.6×103,2.4×104], and exceeds one decade. It is
worthwhile noting that such interval is still quite large even in the case of maxi-
mum error [10].

In Figure 7.6.10 we report the results of a similar analysis for the variance of
error (7.6.1) of quadratic variation reduction for different values of λ (solid blue
line), compared to the variance of error of state-of-the-art approaches (horizontal
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Figure 7.6.10: Variance of error (7.6.1) for different values of λ (blue) compared
to the variance of error of state-of-the-art algorithms (black), in the case of normal
sinus rhythm [10].

black lines) from Table 7.1, considering the case of normal sinus rhythm [10].
Plots are in log-log scale. Even in this case, the interval of values of λ for which
quadratic variation reduction outperforms competing algorithms is quite large,
namely [1.6×103,3.4×104].

The results of Figure 7.6.9 and Figure 7.6.10 can be combined in order to
compare algorithms in terms of both mean and variance of error. To this end, in
Figure 7.6.11 we report the parametric plot (solid blue line) of the mean µε(λ)

and the variance σ2
ε(λ) of error (7.6.1) for the proposed approach, parametrized

by λ, compared to the corresponding values of competing algorithms (black cir-
cles) from Table 7.1, which are independent of λ. Again, values in the figure
refer to the condition of normal sinus rhythm. Arrows indicate the direction in
which λ increases. The best algorithm is the one closest to the origin of the
axes. As Figure 7.6.11 highlights, the range of values of λ for which the pro-
posed approach outperforms competing algorithms is quite large. In particular, for
λ∈ [1.6×103,2.4×104], which is more than one decade, baseline wander removal
by quadratic variation reduction has uniformly the lowest mean error and the low-
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Figure 7.6.11: Parametric plot (blue) of mean µε(λ) and variance σ2
ε(λ) of error

(7.6.1) for different values of λ, compared to competing algorithms (black circles),
in the case of normal sinus rhythm [10].

est error variance among all algorithms [10]. This confirms the robustness of the
proposed approach and corroborate the sensitivity analysis of Subsection 7.4.2.1,
thus making the choice of λ not a critical issue.

The curves corresponding to QVR in Figure 7.6.6 were computed setting λ

to the optimal value λopt(i), for any realization of baseline. Thus, it is important
to evaluate the loss in performance when non optimal values of λ are used. In
this regard, choosing the same constant value for all realizations of baseline is
an unfavorable condition, nevertheless it is a method to assess the robustness of
QVR. Following this approach, we tested QVR with different values of λ, keeping
it constant for all baseline realizations. Figure 7.6.12 reports the results of the
analysis in the case of normal sinus rhythm (top panel), sinus bradycardia (middle
panel), and sinus tachycardia (bottom panel), respectively. Let us analyze them
separately.

The top panel of Figure 7.6.12 (normal sinus) reports as reference the empir-
ical distribution functions of QVR (solid line) and median filter (solid line with
circles) from Figure 7.6.6. These are the best and the second best algorithms in
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the case of normal sinus rhythm. The remaining curves (dashed, dotted, and dash-
dotted) correspond to the empirical distribution functions of QVR computed using
λ constant for all baseline realizations. The value of λ is reported near the cor-
responding curve. There are four groups of curves that are close together. Start-
ing from the leftmost, the first group compares the reference empirical distribu-
tion function of QVR (solid line) and the corresponding function computed using
λ = λopt (dash-dotted line) for all baseline realizations. In this case λopt = 5981
from Table 7.2. The two curves are almost indistinguishable, thus proving that
even with constant λ it is possible to achieve performance nearly identical to the
limit performance. This result is important and confirms the robustness of QVR
to variations of λ [12]. The second group comprises the empirical distribution
functions of QVR computed using λ = λopt/2 (dotted line) and λ = 2λopt (dashed
line), whereas the third one depicts the same functions computed using λ = λopt/3
(dotted line) and λ = 3λopt (dashed line). Finally, the forth group consists of
the empirical distribution functions of QVR computed using λ = λopt/3.8 (dotted
line) and λ = 4λopt (dashed line), and the same function of median filter (solid line
with circles) from Figure 7.6.6. In this case, the values for λ have been computed
using the data from the last two columns of Table 7.2. It is interesting to note that
the two curves corresponding to λ = λopt/3.8 (dotted line) and λ = 4λopt (dashed
line), non only are close together, but they are close to the empirical distribution
function of the median filter, namely the second best algorithm.

The middle panel of Figure 7.6.12 (sinus bradycardia) shows as reference the
empirical distribution functions of both QVR (solid line) and high-pass filter (solid
line with triangles) from Figure 7.6.6, which are the best and the second best al-
gorithms in the case of sinus bradycardia. The remaining curves (dashed, dotted,
and dash-dotted) are as in the top panel. The leftmost group of curves compares
the reference empirical distribution function of QVR (solid line) and the corre-
sponding function computed using λ = λopt (dash-dotted line) for all baseline
realizations. In this case λopt = 9203. The second group comprises the empir-
ical distribution functions of QVR computed using λ = λopt/2 (dotted line) and
λ = 2λopt (dashed line), whereas the third one depicts the same functions com-
puted using λ = λopt/3.6 (dotted line) and λ = 3.7λopt (dashed line).

The bottom panel of Figure 7.6.12 (sinus tachycardia) reports as reference
the empirical distribution functions of QVR (solid line), cubic spline (solid line
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with filled circles) and median filter (solid line with circles) from Figure 7.6.6.
These are the best, the second and the third best algorithms in the case of sinus
tachycardia. The performance of median filter has been explicitly reported since
the performance of cubic spline should be considered optimistic for the reason
given in the previous subsection. The remaining curves (dashed, dotted, and dash-
dotted) correspond to empirical distribution functions of QVR with λ constant for
all baseline realizations, where the value of λ is reported near the corresponding
curve.

From the above analysis, two interesting properties emerge. The first is that
setting λ constant for all baseline realizations it is possible to achieve performance
nearly identical to the limit performance; the second is that choosing two values
of λ, namely λ1 and λ2, such that λopt/λ1 = λ2/λopt, QVR achieves very similar
performance. Both these properties confirm the robustness of QVR with respect
to variations of λ [12].

These results confirm that the performance of the proposed approach is re-
markable even though the parameter λ is not accurately determined. Indeed, de-
pending on heart rate, the value of λ can be decreased or increased up to about
4-fold with respect to λ̄opt, and QVR continues to be the best algorithm. This
eventually confirms that the choice of the value for the parameter λ is not a criti-
cal issue [10, 12].

7.6.2 Distortion in the ST segment

We considered ECG recordings from the European ST-T Database [175], collected
by the European Society of Cardiology and publicly available on PhysioNet [19].
The database collects 90 ambulatory ECG recordings, each two hours long. Each
record includes two signals, sampled at 250Hz with 12-bit resolution. Record-
ings are from subjects with diagnosis or suspicion of myocardial ischemia. Each
record contains at least one ST or T episode: these are intervals during which
ST segments or T waves undergo significant changes. The reader is invited to
consult [175] for details. In the following, we will consider only ST episodes,
being ST segment distortion a critical issue for baseline wander removal, as high-
lighted in Subsection 7.4.1. Two cardiologists, working independently, inspected
and annotated ST segment displacements in each signal in the database. Manual

108

Tesi di dottorato in Ingegneria Biomedica, di Valeria Villani, discussa presso l’Università Campus Bio-Medico di Roma 
in data 23/04/2013. 
La disseminazione e la riproduzione di questo documento sono consentite per scopi di didattica e ricerca, 
a condizione che ne venga citata la fonte

 



Chapter 7

0.05 0.1 0.15 0.2 0.25 0.3
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

ε

P
ro

b
a

b
ili

ty

Normal Sinus Rhythm (75 bpm)

 

 

λ̄opt

λ̄opt

2
2λ̄opt

λ̄opt

3
3λ̄opt

4λ̄opt

λ̄opt

3.8

 QVR from Fig. 4

 Median filter from Fig. 4

 QVR (λ const. as indicated)

 QVR (λ const. as indicated)

 QVR (λ const. as indicated)

0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

ε

P
ro

b
a

b
ili

ty

Sinus Bradycardia (40 bpm)

 

 

 QVR from Fig. 4

 High−pass filter from Fig. 4

 QVR (λ const. as indicated)

 QVR (λ const. as indicated)

 QVR (λ const. as indicated)

λ̄opt

2λ̄opt

λ̄opt

2

λ̄opt

3.6
3.7λ̄opt

0.02 0.03 0.04 0.05 0.06 0.07 0.08
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

ε

P
ro

b
a

b
ili

ty

Sinus Tachycardia (140 bpm)

 

 

 QVR from Fig. 4

 Cubic spline from Fig. 4

 Median filter from Fig. 4

 QVR (λ const. as indicated)

 QVR (λ const. as indicated)

 QVR (λ const. as indicated)

λ̄opt

1.9λ̄opt

λ̄opt

3 3λ̄opt

3.3λ̄opt

λ̄opt

3.3

λ̄opt

1.9

Figure 7.6.12: Empirical distribution functions of QVR for different constant val-
ues of λ, and curves from Figure 7.6.6 as reference, for normal sinus rhythm, sinus
bradycardia and sinus tachycardia [12].
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annotations consist in information about the onset, the offset and the peak, i.e.,
the greatest deviation, of each episode. Onsets and offsets are annotated in terms
of temporal lag. Regarding the peak, an annotation was placed before the beat
judged to exhibit the greatest deviation; this annotation contains a manual mea-
surement, namely δman, of the peak ST variation. Such quantity was computed
as

δ
man = δ◦−φ. (7.6.5)

where δ◦ is the difference between the ST segment level and the isoelectric level
and φ represents an offset that accounts for any fixed ST elevation or depression,
due to possible prior myocardial infarctions. Originally, it was computed on a
reference waveform, which was extracted from the first 30s of the record being
annotated. Put in other words, the ST annotations in the database mark transient
ST changes that are superimposed on any fixed elevation or depression [175,176].

To evaluate how our approach and competing algorithms affect the ST seg-
ment, it is necessary to compare ST segment deviations computed on ECGs af-
fected by baseline wander with the same deviations computed on detrended sig-
nals. This may be accomplished by comparing the peak ST deviation in detrended
signals with the corresponding manual annotation δman. To this end, the follow-
ing quantities need to be computed: location and amplitude of ST segment, and
location and amplitude of isoelectric segment. Moreover, to exploit information
about peak amplitude of ST episodes, the offset φ must be known.

To locate the temporal lag where the ST segment is measured, the location of
the J point, i.e., the offset of QRS complex, is required. To this end, we imple-
mented the procedure described in [16,177], considering as fiducial points the an-
notations of normal beats in the database. Measurements of ST segment are taken
at a distance from the J point dependent on the heart rate, according to [175]. The
ST segment amplitude is computed as means of signal segments of 20ms sur-
rounding the ST segment lag, in order to avoid jitter due to amplitude scatter of
the original signal samples [16].

According to the literature [16,177], the isoelectric level is measured at the PQ
segment. To locate the PQ segment and to estimate the isoelectric level, we con-
sidered the procedure in [16, 177], considering as fiducial points the annotations
of normal beats in the database.
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Chapter 7

As regards the offset, unfortunately, the reference waveform for each record
is no longer available [176]. The only available information is that the waveform
was taken from the first 30s of the record [176]. Thus, the quantity φ is unknown
for each record and needs to be estimated in order to use manual annotations. As
proposed in [176], we estimated it as the mean4 difference, namely φ̃, between the
amplitudes of ST segment and isoelectric PQ segment all over the first 30s of each
record. Particularly noisy beats were discarded via visual inspection. To check for
the consistency of such estimate, we estimated the difference, namely δ̃◦, between
the ST segment level and isoelectric PQ level on annotated beats of the record
under analysis. We then compared φ̃ to the quantity δ̃◦−δman. Unfortunately, the
estimates φ̃ for all records did not pass such consistency test: considerable and not
uniform discrepancies between φ̃ and δ̃◦−δman, up to the same order of magnitude
as δman, were found. Moreover, nor the use of the quantity δ̃◦−δman, averaged for
each record, proved to be a consistent estimate of the offset φ. Indeed, it is plain
that the offset must be the same for different ST episodes in the same record. In
spite of that, the quantity δ̃◦−δman exhibited consistent variations, up to the same
order of magnitude as δman, within the same record. Moreover, in some records
such quantity underwent changes in sign of the order of hundreds of microVolt.

Hence, since the offset φ in (7.6.5) cannot be determined, manual annotations
about peak amplitude of ST episodes cannot be exploited as a reference to eval-
uate distortion introduced in the ST segment by removing baseline wander. To
overcome this, we considered the overall ST segment deviation, meant as the sum
of a possible offset and the transient variation. This can be evaluated as the differ-
ence between the ST segment level and the isoelectric PQ level. Thus, distortion
introduced in the ST segment by baseline wander removal was quantified by com-
paring the difference, computed on the detrended ECG, between the ST segment
level and isoelectric PQ level with the same quantity computed on the ECG af-
fected by baseline wander. We denoted by εi such distortion introduced by any
algorithm algk in the generic ith ECG beat exhibiting ST segment deviation. The
quantity εi was defined as

εi(algk) =

∣∣∣∣∣a
(algk)
i − z(algk)

i − (a◦i − z◦i )
a◦i − z◦i

∣∣∣∣∣ (7.6.6)

4Analogous results were achieved considering the median of such difference.
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Figure 7.6.13: Empirical distribution functions of distortion (7.6.6) introduced in
the ST segment by the proposed approach and state of the art (WAF: Wavelet
Adaptive Filter) [13].

where aalgk
i and a◦i denote the ST segment level in the ECG detrended by means

of algk and in the one affected by baseline drift, respectively; zalgk
i and z◦i are the

isoelectric level in the ECG detrended by means of algk and in the one affected by
baseline drift, respectively. Moreover, since we do not make use of manual anno-
tations on peak amplitudes of ST episodes, we could consider in our analysis all
ECG beats within the beginning and the end of each annotated ST episode. How-
ever, to the purpose of our analysis, the difference a◦i − z◦i must not be affected
by baseline drift, and should account only for ST segment displacement (eleva-
tion or depression). Beats in which ST segment displacement is contributed also
by baseline wander must be discarded. Indeed, if they were considered, baseline
removal would augment numerator of (7.6.6), thus resulting in great ST distor-
tion, although the amplitude of ST segment relative to the isoelectric level is not
altered. To overcome this issue, we focused only on beats annotated as peaks of
ST episodes, since they are not affected by baseline wander varying from the PQ
to the ST segment. In total, we evaluated the distortion of the ST segment for
N = 371 beats.
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Method Mean Variance

Quadratic variation reduction 0.08 0.03

High-pass filtering 0.11 0.13

Cubic spline interpolation 0.10 0.04

Wavelet adaptive filtering 0.24 0.24

Adaptive filtering 0.63 1.70

Median filtering 0.91 1.39

Table 7.3: Mean and variance of distortion (7.6.6) introduced in the ST segment
by the proposed approach and state-of-the-art algorithms for baseline wander re-
moval [13].

We compared the performance of our algorithm with the following approaches
to baseline wander removal: i) high-pass filtering [16, 22, 99], ii) cubic spline in-
terpolation [143], iii) wavelet adaptive filtering [146], iv) adaptive filtering [74],
and v) median filtering [140]. The high-pass filter is a linear-phase FIR equiripple
filter, with 0.1dB ripple in passband, 80dB attenuation in stopband, and cut-off
frequency 0.67Hz compliant with AHA recommendations [99]. Such tight re-
quirements result in a filter with 4039 taps, and imply such an high computational
burden that in practice much looser requirements are considered. Cubic spline
interpolation [143] relies on the accurate location of isoelectric knots. Since the
procedure proposed in [143] for location of knots requires prior location of R
peaks and is time consuming, we located knots according to the procedure in [16]
for locating isoelectric PQ level. To this end, annotations of normal beats in the
database were exploited. The window size of the median filter was chosen adapt-
ing the criterion proposed in [140] to the sampling frequency of 250Hz. The
convergence parameters of the adaptive filter and the wavelet adaptive filter were
set to obey AHA requirements on cut-off frequency [99]. The parameter λ for
QVR was coarsely set to 104, without any optimization. Indeed, we have shown
in the previous subsection that that the value of λ is not a critical issue, since a
wide range of different values produces similar good estimates of baseline wan-
der [10, 12].
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Being distortion in (7.6.6) a random variable, performance of different algo-
rithms was measured in terms of the empirical distribution function of the corre-
sponding error (7.6.6), namely

F̂(algk)(ε) =
1
N

N

∑
i=1

χ(−∞,ε] [εi(algk)] (7.6.7)

where χE(·) is the indicator function of the set E, N is the number of beats with
ST segment deviation considered, and algk is one of QVR, high-pass filtering, cu-
bic spline interpolation, wavelet adaptive filtering, adaptive filtering, and median
filtering. The importance of the use of empirical distribution function has been
motivated is Subsection 7.6.1.1.

Figure 7.6.13 reports the empirical distribution functions (7.6.7) of distortions
(7.6.6) introduced in the ST segment by the algorithms for baseline wander re-
moval under analysis [13]. As Figure 7.6.13 shows, median, adaptive, and wavelet
adaptive filtering introduce noticeable distortions in the ST segment. On the con-
trary, QVR, high-pass filtering and cubic spline interpolation exhibit a high prob-
ability of introducing low distortions in the ST segment.

Table 7.3 reports mean value and variance of distortion (7.6.6) introduced in
the ST segment by our approach and the state of the art [13]. Results show that
baseline wander removal by QVR introduces on average minor distortion in the
ST segment displacement, thus outperforming competing algorithms. It should
be noted that performances of high-pass filtering and cubic spline interpolation
should be considered optimistic, since the filter synthetized here is much more
performing than filters used in practice and cubic spline interpolation has been
fed with a priori information from manual annotations. Moreover, the filter cut-
off frequency complies with AHA requirements tailored right to preserve the ST
segment. This choice may result in residual drift in the filtered signal, since base-
line wander has spectral components beyond such cut-off frequency.

For the sake of completeness, we point out that, as an alternative to the Euro-
pean ST-T Database, we could have used the long term ST database [178], also
available on PhysioNet [19]. Indeed, it contains ECG recordings with episodes
of ST segment changes too, and manual annotations in the long term ST database
contain plenty more information than the European ST-T Database. However, an-
notations in the long term ST database do not refer to original recordings, but were
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Figure 7.6.14: Overall performance of our approach and state-of-the-art algo-
rithms in terms of baseline estimation error and distortion introduced in the ST
segment. Values are referred to baseline estimation error and distortion introduced
in the ST segment by our approach [13].

measured after low-pass filtering and baseline wander removal by cubic spline in-
terpolation [178]. Thus, such annotations are unprofitable to our purpose, since
our analysis is tailored right on distortions due to the operation of baseline wander
removal.

7.6.3 Overall performance

In this subsection we present an overall analysis of performances of our approach
and state-of-the-art algorithms for baseline wander removal [13]. Algorithms are
jointly compared in terms of effectiveness in removing baseline drift, distortion
introduced in the ST segment and computational burden. It is worthwhile noting
that, to the best of our knowledge, such a joint analysis has not been conducted in
the literature before.

In Figure 7.6.14 we consider jointly effectiveness in removing baseline wander
and amount of distortion induced in the ST segment by the algorithms we consid-
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ered in the previous subsection. In particular, in abscissa of Figure 7.6.14 we
report mean distortion introduced in the ST segment from Table 7.3, considering
as a reference mean distortion introduced by our approach. The ordinates repre-
sent mean error in estimating baseline wander as from numerical results in Sub-
section 7.6.1.3 [12], considering as a reference mean reconstruction error by our
approach. As a consequence, baseline removal by QVR is located at coordinates
(1,1) and is used as a reference. The closer to the origin of axes an algorithm lies,
the more performing it is, where performance is meant as effectiveness in remov-
ing baseline combined with capability to preserve the ST segment. Figure 7.6.14
highlights that QVR has the best performance and outperforms state-of-the-art al-
gorithms: it achieves best results in baseline wander estimation, while introducing
minor distortion in the ST segment [13].

Moreover, we considered execution times required by our approach and com-
peting algorithms. In Table 7.4 we report execution times of different algorithms
averaged over 10 runs. Values are expressed relative to execution time required
by QVR, namely τe. Algorithms have been tested under MATLAB (ver. 7.11)
running over a PC equipped with 2.3GHz Core i5 processor. Table 7.4 indicates
that QVR is the fastest algorithm for baseline wander removal, among those effec-
tive in removing baseline drift [13]. Indeed, adaptive filtering, being a single pole
recursive filter, results in slower execution time than QVR. However, it is faulty ei-
ther in removing baseline wander either in distorting ST segment, as Figure 7.6.14
shows.

As regards median filter, we report, for the sake of fairness, that we did not
make use of an optimized implementation since we considered MATLAB default
function. Thus, its performance in terms of execution time in Table 7.4 must be
considered somehow pessimistic.

As a conclusion, from Figure 7.6.14 and Table 7.4 it results that QVR has the
best performance and is the fastest (among those effective in removing baseline
wander) algorithm for baseline wander removal.

7.6.4 Preliminary results on other bioelectrical signals

To conclude, we report preliminary results of the application of the proposed ap-
proach to bioelectrical signals other than ECG. In particular, in this paragraph
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Method Execution time

Quadratic variation reduction τe

High-pass filtering 77 · τe

Cubic spline interpolation 33 · τe

Wavelet adaptive filtering 5 · τe

Adaptive filtering 0.4 · τe

Median filtering 457 · τe

Table 7.4: Execution times of our approach and state-of-the-art algorithms for
baseline wander removal. Values are referred to execution time required by our
approach [13].

some examples of detrending for EMG and EEG recordings will be considered.
As regards EMG signals, in the top panel of Figure 7.6.15 we show a segment

of the nEMG record emg_healthy from PhysioNet [19]. The record was acquired
from a subject with no history of neuromuscular disease through a 25mm concen-
tric needle electrode placed in tibialis anterior muscle. The sampling frequency
is 4kHz. In the bottom panel of Figure 7.6.15 we report the same record after
detrending using the the proposed approach. The controlling parameter has been
roughly set to λ = 400, without any optimization. Nevertheless, a visual com-
parison of the figures highlights that the approach effectively removes baseline
fluctuation without introducing any visible distortion in motor unit action poten-
tials [10].

Finally, with respect to EEG signals, the top panel of Figure 7.6.16 reports
a portion of the EEG record S001R03_edfm from the EEG Motor Movement/
Imagery Dataset [179, 180], publicly available on PhysioNet [19]. The database
collects 64-channel EEG recordings from 109 volunteers performing different mo-
tor/imagery tasks. Signals were acquired at a sampling frequency of 160Hz with
13-bit resolution [179]. In particular, Figure 7.6.16 shows a recording from the
frontal electrode Fp2, which is highly susceptible to artifacts caused by eye move-
ments and blinking. In the bottom panel of Figure 7.6.16 we report the same signal
detrended using quadratic variation reduction, with λ = 100. Again, no optimiza-
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Figure 7.6.15: nEMG from real data: segment of record emg_healthy from Phys-
ioNet (top) and the same signal after detrending by the proposed approach [10].

tion in the choice of λ has been performed. Note that signals in the two figures
are plotted on different scales, and the noise level of the detrended record is not
increased. Rather, quadratic variation reduction effectively removes only slowly
varying trends without affecting rapid variations [10].

7.7 Conclusions

In this chapter we have considered the problem of baseline wander estimation
and removal for bioelectrical signals. In particular, we focused on ECG due to
the critical role of baseline wander removal for this class of signals. The in-band
nature of baseline wander makes its removal difficult without affecting the ECG,
and in particular the ST segment, thus spoiling relevant clinical information. The
ST segment is a portion of ECG signal with high clinical relevance, since it is
related to the diagnosis of acute coronary syndromes. These include some of the
most severe forms of heart disease and are the main cause of mortality in devel-
oped countries. In this chapter we have proposed to tackle the problem of baseline
wander removal from a novel perspective, considering the quadratic variation as
an alternative measure of variability not directly related to the frequency domain.
The problem of baseline wander estimation is recast as a constrained convex op-
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Figure 7.6.16: EEG from real data: segment of record S001R03_edfm from Phy-
sioNet (top) and the same signal after detrending by the proposed approach (bot-
tom) [10].

timization problem, where quadratic variation enters as a constraint. Baseline is
estimated searching for the signal closest to the observed one, but exhibiting re-
duced quadratic variation. The algorithm depends on a single parameter whose
value is not critical. Performances of the algorithm have been evaluated with re-
gard to several aspects: effectiveness in removing baseline, distortion introduced
in the ST segment, and computational burden. An extensive comparison with
state-of-the-art approaches has been carried out. Numerical results confirm the
effectiveness of the approach, which outperforms state-of-the-art algorithms and
effectively removes baseline drift, while preserving the ST segment. Moreover,
it results statistically uniformly better than competing algorithms with respect to
effectiveness in removing baseline drift. Its sensitivity to variations of the control-
ling parameter has been analyzed. The algorithm proves to be robust with respect
to variations of the controlling parameter. Indeed, a wide range of different values
produces similar good estimates of baseline wander, thus making the choice of the
parameter not a critical issue.

Furthermore, the proposed algorithm compares favorably also in terms of
computational complexity, which is linear in the size of the signal to detrend.
This makes it suitable for real-time applications as well as for applications on
devices with reduced computing power, e.g., handheld devices. From an overall
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analysis of performances, quadratic variation reduction results the most effective
and the fastest algorithm for baseline wander removal, among those effective in
removing baseline wander.

Finally, it is worthwhile remarking that the proposed algorithm is not limited
to ECG, but can be effectively applied to a broader class of bioelectrical signals.
Indeed, the formulation and the rationale behind it have general validity. In this
regard, preliminary results on EEG, EMG, and EOG signals are encouraging.
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Conclusions

Throughout this dissertation, we have proposed techniques for smoothing, rejec-
tion of power-line noise and narrowband artifacts, either for single waves (Chap-
ter 3 and 4) or entire ECGs (Chapter 5 and 6), and for baseline wander removal
(Chapter 7). They all share, although with different technicalities, a common ap-
proach, based on the notion of quadratic variation reduction. We have proved in
Chapter 3 that the quadratic variation is a consistent measure of variability. All
the proposed algorithms achieve smoothing by properly reducing the quadratic
variation. They allow us to remove several kinds of noise and artifacts that com-
monly corrupt ECG signal. The common approach and the purpose make them a
framework for ECG signal processing. Such a frameworks enjoys the following
properties:

Effectiveness. Numerical results, both on real and synthetic signals, show that
all the proposed approaches are very effective in denoising, smoothing, and in
general improving the quality of ECG. They achieve considerable SNR (or SNIR)
gain for all practical values of input SNR (or SNIR). The algorithms for denoising
single waves and entire records of ECG, presented in Chapter 3 and Chapter 5
respectively, outperform approaches currently used in the practice. Our approach
to baseline wander removal, described in Chapter 7, has been fully characterized
in terms of: i) effectiveness in removing baseline wander, and ii) distortion in-
troduced in the ST segment. An extensive comparison with state-of-the-art algo-
rithms has shown the superiority of the proposed approach, which is statistically
uniformly better than competing algorithms and introduces less distortion in the
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ST segment.

Computational efficiency. The proposed algorithms are favorably also in
terms of computational complexity. Indeed, algorithms presented in chapters 3, 5
and 7 have linear complexity, whereas the complexity of the algorithms in chap-
ters 4 and 6 is O(n logn), being n the size of the signal to process. This increase
in complexity is due to an additional step requiring the computation of the DFT
of the processed signal. In this regard, we have recently devised a novel algorithm
for narrowband artifact rejection that has linear computational complexity. Some
details are given at the end of this chapter. The computational efficiency makes
the proposed framework suitable for real time applications and for applications on
devices with reduced computing power, such as handheld devices.

Generality. The proposed approaches were devised considering the ECG as
target. However, they do not rely on the structure of the signal to process, as
the formulation and the rationale behind them have general validity. As a conse-
quence, they are not limited to ECG, and can be effectively applied to a broader
class of bioelectrical signals. In this regard, preliminary results on EEG, EMG,
and EOG signals are encouraging. It is worth noting that the smoothing algo-
rithms presented in Chapter 5 and Chapter 6 benefit the pseudoperiodical nature
of the ECG signal, which entails a reduction in the number of independent param-
eters, but do not rely on it. The approaches presented in Chapter 4 and 6 exploit
the structure of the artifacts to reject without relying on the structure of the signal
to smooth.

From a practical perspective, the availability of a such a fast framework for
processing ECG is particularly relevant when using handheld devices, especially
mobile phones, which are nowadays pervasive. This may turn important when
working in depressed areas of less-developed countries, where, due to a lack of
adequate primary care capacity, ECG is acquired under not ideal conditions, often
by untrained people, and with low-cost recorders, i.e., more sensitive to artifacts
and noise.

Future works

Finally, we have recently devised two further algorithms for ECG smoothing.
They are not presented in this dissertation, but preliminary results are encour-
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aging. The first in an algorithm for suppressing narrowband artifacts. It is based
on the notion of modulated quadratic variation, which is a measure of variability
for modulated signals. Narrowband artifacts are suppressed in a way similar to
the way we remove baseline wander, which is a narrowband artifact centered at
0Hz. The algorithm is favorable in terms of computational complexity, which is
linear in the size of the vector to process. The second is a 2D extension of the
smoothing algorithm based on quadratic variation reduction. It has been devised
to smooth images, nevertheless it is useful in smoothing ECG records exploiting
the fact that the ECG signal can be approximately considered as a cyclostationary
process [181]. In smoothing ECG we can exploit both the correlation between
adjacent samples and the correlation between samples located one beat apart. It
is possible to prove that the problem of smoothing a set of ECG beats taking into
account both the correlations is equivalent to the smoothing of an image.
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