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ABSTRACT The evaluation of inductive coupling between coils of wire is a classic problem of electrical
engineering. The accurate modeling of coupled coils has received renewed interest with the spread of wireless
power transfer (WPT) systems. This problem has been quite well addressed for coplanar or perfectly coaxial
coils but it is known the misalignment conditions easily lead to a sharp decrease of the efficiency. Hence,
it is crucial to take misalignment into account in order to properly design the overall WPT system. The
aim of this work is to develop an analytical procedure for the efficient calculation of the magnetic flux
linkage between parallel flat pancake coils with lateral misalignment. The procedure consists of converting
the original integral expression describing the flux into a sum of simpler finite integrals, which may be
easily expressed in explicit form. Next, the flux linkage is given as a sum of elementary functions, that
is as a combination of powers of geometrical parameters of the problem. The analytical method proves
advantageous over numerical techniques in terms of computational speed, often reducing computation time
significantly. For instance, analytical methods can achieve results in just a few milliseconds, as opposed to
several seconds required by numerical methods like finite element analysis (FEA).

INDEX TERMS Pancake coils, flux linkage, inductive coupling, wireless power transfer.

I. INTRODUCTION Traditional methods for determining mutual inductance

Mutual inductance is a critical parameter in the design and
operation of various electromagnetic systems, influencing
the performance of devices such as transformers, actuators,
inductive sensors, wireless power transfer systems, and
magnetic resonance imaging (MRI) machines [1], [2], [3],
[4], [5], [6], [7]. Pancake coils, which are flat, spiral-shaped
inductors, are particularly well-suited for these applications
due to their compact form and efficient magnetic coupling
properties [8], [9]. Despite their advantages, accurately
calculating the mutual inductance between non-coaxial
pancake coils—coils that are not aligned along the same
axis—remains a complex challenge due to the intricacies of
their spatial configurations [10], [11], [12], [13], [14].

The associate editor coordinating the review of this manuscript and

approving it for publication was Alon Kuperman

often rely on numerical simulations, which provide high
accuracy but are computationally intensive and time-
consuming [15], [16], [17]. Alternatively, empirical approx-
imations offer quicker results but tend to sacrifice precision,
particularly for non-coaxial configurations [18], [19], [20].
Analytical approaches, such as those based on series-form
expressions, provide a promising middle ground by balancing
accuracy with computational efficiency [21], [22], [23], [24].
However, many existing series-form solutions are limited by
slow convergence or restricted applicability to specific coil
geometries.

In response to these challenges, this paper presents an
improved series-form analytical expression for calculat-
ing the flux linkage between non-coaxial pancake coils.
The proposed expression leverages recent advancements
in mathematical series expansions and integral transforms,

© 2024 The Authors. This work is licensed under a Creative Commons Attribution 4.0 License.

VOLUME 12, 2024

For more information, see https://creativecommons.org/licenses/by/4.0/

143263


https://orcid.org/0000-0002-5479-7794
https://orcid.org/0000-0001-8086-6979
https://orcid.org/0000-0001-9655-3504
https://orcid.org/0000-0002-3156-1287

IEEE Access

M. Parise et al.: Efficient Analytical Evaluation of Inductive Coupling Strength in WPT Systems

addressing the limitations of previous models. By refining the
underlying mathematical framework, this method enhances
accuracy and robustness across a wider range of coil
configurations.

Derived from classical electromagnetic theory, the new
expression systematically accounts for the geometric param-
eters and spatial relationships between the coils. This careful
treatment ensures that the formula closely aligns with the
physical principles governing mutual inductance. Addi-
tionally, the method incorporates corrections that improve
convergence and computational efficiency. To verify the
accuracy and practical utility of this expression, we con-
ducted a series of theoretical analyses and numerical experi-
ments. Comparisons with established methods and empirical
data show that the new approach outperforms existing models
in both accuracy and computational efficiency, adapting well
to a variety of coil geometries and alignments.

The implications of this research are significant for the
design and optimization of systems employing non-coaxial
pancake coils. Enhanced mutual inductance calculations can
lead to better performance in wireless power transfer systems,
more precise sensor designs, and improved imaging capabil-
ities in medical devices. Furthermore, the analytical nature
of the proposed model offers a solid foundation for future
theoretical and practical advancements in electromagnetic
system design.

This paper is structured as follows: Section II reviews
the literature and existing methods for mutual inductance
calculation. Section III details the derivation of the improved
series-form expression. Sections IV and V validate the model
through theoretical analysis and numerical experiments.
Finally, Section VI discusses practical applications and
suggests potential directions for future research, emphasizing
the broader impact of these findings on electromagnetic
system design.

Il. OVERVIEW

Calculating the mutual inductance between non-coaxial
pancake coils is a complex problem that has been addressed
through various analytical and numerical methods. One of
the earliest analytical approaches was presented by Babic
and Akyel in 2006 [22]. They derived a quasi-analytical
expression for the mutual inductance between two coaxial
circular coils with rectangular cross-section. This method was
later extended in several works [25], [26], [27], [28], [29],
[30], [31] to handle the case of non-coaxial circular coils with
rectangular cross-section.

In 2012, Huang and Lu [32] proposed an analytical
method for calculating the mutual inductance between two
non-coaxial circular coils with rectangular cross-section.
Their approach involved dividing each coil into a series of
filaments and using the Neumann formula to compute the
mutual inductance between filaments. More recently, in 2023,
Parise et al. [33] presented an improved quasi-analytical
method for deriving a rigorous series-form representation
of the mutual inductance between two co-axial thin-wire
coil antennas placed above a layered ground. While not
specifically targeting pancake coils, this method can be
adapted for non-coaxial pancake coils in WPT applications.
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In addition to analytical approaches, several numerical
methods have been developed for computing the mutual
inductance of non-coaxial pancake coils. These methods typ-
ically involve discretizing the coils into smaller elements and
using numerical integration or field simulation techniques to
calculate the mutual inductance.

One such numerical method was presented by Conway
in 2007 [11]. He used the partial element equivalent circuit
(PEEC) method to compute the mutual inductance between
non-coaxial circular coils with rectangular cross-section. The
PEEC method discretizes the coils into small filaments and
uses a matrix formulation to calculate the mutual inductance.

Another numerical approach was proposed by Shi et al.
in 2019 [34]. They used a finite element method (FEM) to
compute the mutual inductance between non-coaxial pancake
coils. The FEM method involves creating a 3D mesh of the
coils and solving Maxwell’s equations numerically to deter-
mine the mutual inductance. Both analytical and numerical
methods have their advantages and limitations. Analytical
methods are generally faster and more computationally
efficient, but they may require simplifying assumptions or
series expansions that limit their accuracy.

Numerical methods, on the other hand, can handle more
complex geometries and material properties, but they are
computationally intensive and may require significant setup
and processing time. In terms of limitations, most existing
methods assume that the coils have a circular or rectangular
cross-section and that the coil windings are evenly spaced.
Real-world pancake coils may have more complex shapes
and winding patterns, which can affect the mutual inductance
calculation.

In the following paper presenting an improved analytical
method for the evaluation of mutual inductance between
pancake coils, the SAE standard [35], [36] for the evaluation
of axial and radial distance between coils is examined.
SAE (Society of Automotive Engineers) standard J2954
is the main standard for Wireless Power Transfer (WPT)
systems for electric vehicles. This standard defines the
technical specifications and requirements to ensure the
safety, efficiency and interoperability of WPT systems. Axial
and radial distances between coils are important to ensure
effective magnetic coupling and power transfer. The axial
distance, which is the vertical distance between the coils’
power transfer surfaces (or the air *““gap”), typically varies
between 100 mm and 250 mm. The standard considers
different power classes and different vehicle heights, so the
exact distance may depend on the specific application and
power class. The radial distance, which is the maximum
acceptable lateral displacement between the coils, must be
such that efficient coupling is possible even when the coils
are not perfectly aligned. Typically, the standard provides for
a lateral displacement tolerance of approximately £75 mm.
This value may vary slightly depending on the specific system
design and transfer power.

From these considerations, several simulations were car-
ried out, first analytical and then numerical using COMSOL
finite element software to compare the results, varying the
values of the axial distance from 100 mm up to 250 mm and
the radial distance from 0 to a maximum of 75 mm.
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(b)

FIGURE 1. (a) Top and 3D views of the pancake coils and (b) top view of a
pair of misaligned turns.

Ill. THEORY
The problem under consideration is as follows. Two thin-wire
parallel flat pancake coils are separated by the radial distance
p and the axial distance £, as illustrated in fig. 1a. The lower
coil, which is taken to be the emitter, is made up of N turns
with radii @¢; (i = 1,..., N), while the radii of the turns of
the upper receiving coil are b; (j =1, ..., M). The total flux
linkage between the coils per unit current in the emitter may
be written as

N M

=D D" Blai, by, p, ), (1)

i=1 j=1
where ®(a, b, p, h) is the mutual inductance of two generic
turns with radii @ and b, belonging to distinct coils. The
present work is focused on the derivation of an exact series
representation for ®(a, b, p, h), starting from its integral
expression, that is

b 27
®(a. b, p. Hy=puo / H(Ordrde, Q)
0 0

where H, is the axial magnetic field produced by the emitter
at radial distance r’ and axial distance & from its center (see
fig. 1a and fig. 1b), given by [37, 4.88]

o= & [T 2d 3
() =3 . Ji(ka) Jo(Ar)A=da, 3

where J,,,(+) is the mth-order Bessel function, and

ug = /A2 — w*poeo,

with po and €y being, respectively, the free-space magnetic
permeability and dielectric permittivity. On the other hand,

Re[up]>0, “)
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as illustrated by fig. 1(b), r and ¢ are the polar coordinates of
the field point with respect to the center of the receiver, which
are related to r’ and p by the identity

r’=\/r2 + p2 = 2prcosg. (5)

Upon combining (2) with (3), one obtains the following
expression for &

oo ,—uph
®(a, b, p, =" / G2 dx
2 0 UZN)

b 27
. / / JoArrdedr, (6)
0o Jo

which may be easily reduced to a single integral. In fact, use
of the following addition theorem [38, 11.3.4]

o0

Jo(r') = D7 Tu(rp) Jm(hr) cos m (7

m=—0Q0

makes it possible to write

2 00 2
/ JoOurydg = Z In(Ap) Jm(AF) / cosmep dg
0 0

= 2 Jo(Ap) Jo(Ar), (8)

and, after introducing the tabulated result [39, 5.52.1]

b
/ Jo()»r)rdrzéJl()»b), ©)
0 A

expression (6) assumes the form

—uph

o0
®d(a, b, p,h) = n,uoab/ J1(ha)J1(Ab) Jo(Ap) AdA.
0

uo

(10)

It is now convenient to perform the replacements p—a, r—b,
@—¢, and r'— c in the addition formula (7), so as to obtain

Jo (Ac) = z Jn(A@) Ju(Ab) cos me, a1
with
c=\/az—i—b2 — 2abcos ¢. (12)

Hence, multiplying both sides of (11) by cos ¢ and integrating
over ¢ from 0 to 7 leads to the identity

Jl()ua).ll()»b)zi/oﬂ Jo(Ac) cospde, (13)

which, used into (10) together with the ascending power
series expansion of Jo(Ac), that is [40]

Joo)=> (=1 ———— | (14)
oie Z(; G
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provides the expression

(1)
[(20)!12

®(a, b, p, hy=poab Z

—uh
/ c cos¢d¢/ ’ Jo(kp)A21+ldA,
0
(15)

where account has been taken that the inner ¢ —integral is null
for /[=0. Next, repeated application of the Bessel differential
equation [40]

) 19 9 )
AJo(Ap)= — oo p% Jo(Ap)=— V/Jo(Ap) (16)

makes it possible to write
21 2/
A= Jo(Ap)= (—Vt ) Jo(Ap) 17)

and turn the semi-infinite integral in (15) into

9] e—uoh
/ Jo(hp) 22+ an = (—vf
0 uo

where

[
) Ste.m. ()

00 efuoh e*jkoR
S(p,h)=/ JoAp)rdr = ., (19
0o uo R

with the latter equality being the well-known Sommerfeld
Identity [41], with R=+/p? + k2. It should be observed
that the right-hand side term in (19) coincides, except for
a constant factor, with the free-space 3-D scalar Green’s
function [42], which obeys the Helmholtz equation [43]

92 e JkoR
% k) —— =o. 20
( Tt 0) R 20)
Combining (20) with (18) provides the expression

0o e*”oh 1 9 e*jkoR
| it ‘“z(ahz*’%) e

which, taken in the quasi-static limit (kp— 0), becomes

[e'e) e—uoh 32[
/ Jo(rp) M2 g =
0

1
uo 3/121 ( /7102 +_h2),
where the explicit form of the (2/)th-order h—derivative is
given by

(22)

3_21( 1 )_ (— 1)) S 1y
h2! \/m (p2 + h2)l+1/2 ot

(2] + 2m — 1]!! ”o\"
120 — m)N2m)! (p2 + h2) '

(23)

On the other hand, the finite ¢—integral in (15) may
be made explicit starting from expanding the (2])th power
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of (12) as follows

A= (a2 + b? — 2ab cos ¢>)l

oy 2 2\ n
— ;O (n) (a b ) (=2abcos )", (24

which leads to the expression
™o (! 2 2\ ™"
/ c cos¢d¢:2()(a +b)
0 n
n=0

- (=2ab)" / cos"t pdg, (25)
0

where only the elementary integral of the (n+1)th power of
the cosine function is to be evaluated. This integral is null for
even values of n in virtue of [39, 2.512.3], while, according
to [39, 2.512.2], it is equal to

Tl

d n+1 _ -
/0 cos" pdep = —(n T (26)

every time that n is odd.
Thus, upon setting n=2m + 1, (25) simplifies to

/n Heospdp = —nl! (a2 + bz)l Vi),  (27)

0
with
Li—=1)/2] G2+
W (a)= , 28
@) mz_;) (= Dmmtn
where |-| denotes the integer part operator, and
_ab (29)
a4+ b2

Use of (22) and (27) in (15), in combination with (23)
and (28), finally provides the explicit expression for the flux
linkage between two arbitrary misaligned turns

Homab

Ji Z(zz —nn

q>(a7 b5 P h): -

1

2 b2
. [L] Y@X(B).  (30)

2(p% +1?)
with
1
B o 20F2m =11

Xi(B) = %(—1) Ga—mumam? @D

and
h2
B= P (32)

which may be used in conjunction with (1) to give the
mutual inductance of two parallel pancake coils with
lateral misalignment. It should be observed that the integral
representation for ®(a, b, p, h) is valid subject to the thin-
wire assumption, which implies that the wire radius r,, is
much smaller than the radii of turns. The analytical theory
described in this section has been implemented in MATLAB.
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IV. ANALYTICAL MODEL

The system formed by the two air-coupled coils is shown in
fig. 2.a, and the magnetic field generated by the transmitting
coil is shown in fig. 2.b. For the analytical calculation
of the mutual inductance, several mathematical steps were
performed, resulting in the implementation in MATLAB of
formula (28).

—Coil 1

a)

Coil 2
Non-Coaxial Circular Coil System
0.1 -
0.08 —
—~0.06 1
£
N 0.04 —
0.02 —
0
I I I I
-0.05 0 0.05 0.1 0.15
X (m)
0.2, Magnetic Field Generated by Circular Coils
b) 0.15 ——= Magnetic Field
Coil 1
0.1 — Coil 2
0.05
E 0
N
-0.05
0.1
-0.15
-02
0.2
0 T T T 1
Y (m) -0:B.2 -0.1 0 0.1 0.2

X (m)

FIGURE 2. a) Non-coaxial circular coil system; b) Magnetic field
generated by the system.

V. FINITE ELEMENT MODEL

To validate the improved series-form analytical expression
for the mutual inductance of non-coaxial pancake coils,
a comprehensive finite element model (FEM) using the
COMSOL Multiphysics software was developed (see fig.3).
This model facilitates precise numerical analysis of the
electromagnetic fields and mutual inductance between two
arbitrarily positioned pancake coils.

A. MODEL SETUP
The finite element model was constructed with the following
key components:

1) Geometry Definition: Two non-coaxial pancake coils
were defined with specified dimensions, including
inner and outer radii, number of turns, and wire cross-
sectional area. The spatial offset between the coils

VOLUME 12, 2024
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FIGURE 3. FEM simulation: a) Non-coaxial circular coil system;
b) Magnetic field generated by the system.

was parameterized to investigate various non-coaxial
configurations.

2) Material Properties: The coils were assumed to be
made of copper, with a conductivity of 5.8 - 107 S/m.
The surrounding medium was set as air, with a relative
permeability of p, = 1.

3) Meshing: The geometry was discretized using a fine
mesh to capture the detailed electromagnetic interac-
tions between the coils. Adaptive meshing techniques
were employed to ensure accuracy in regions with high
field gradients.

4) Boundary Conditions: Appropriate boundary condi-
tions were applied to the model to simulate the open-
boundary problem. This included setting the magnetic
field to zero at the outer boundaries of the computa-
tional domain to mimic an infinitely large space.

5) Excitation and Simulation: A current was passed
through the primary coil, and the resulting magnetic
field was computed. The induced voltage in the
secondary coil was then calculated to determine the
mutual inductance. Both coils were excited using
a sinusoidal current to facilitate frequency-domain
analysis.

The FEM simulations also provided a detailed visu-
alization of the magnetic field distribution between the
coils, particularly in cases of significant misalignment.
The magnetic field plots help identify regions of strong
coupling and areas where the field weakens, offering a
more comprehensive understanding of how misalignment
affects the inductive coupling strength. This field analysis is
essential for refining the design and positioning of coils in
practical applications, such as optimizing the efficiency of
WPT systems despite misalignment.
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VIi. VALIDATION AND COMPARISON

The case study taken to compare the two methods consists
of a system of air-coupled coils with a radius of 0.05 m,
number of turns equal to 10 and a circulating current
value of 1A. The proposed model was compared with
results obtained from high-fidelity numerical simulations
using COMSOL Multiphysics, a widely recognized tool for
electromagnetic analysis. The finite element method (FEM)
implemented in COMSOL allows for precise modeling of
complex coil geometries and spatial configurations, making
it an ideal benchmark for comparison. For the validation
process, multiple scenarios were simulated, varying the axial
distance from 100 mm to 250 mm and the radial distance
from O mm to 75 mm, in line with the SAE J2954 standard.
These scenarios represent common operational conditions
in wireless power transfer systems, particularly those used
in electric vehicle charging. The comparison showed that
the proposed analytical expression closely approximates
the FEM results, with discrepancies between 1% and 7%
for the various configurations. This level of accuracy is
particularly noteworthy given the significant reduction in
computation time offered by the analytical approach. While
FEM simulations may take several minutes to converge, the
analytical model provides results in a matter of milliseconds,
demonstrating a significant computational advantage. The
FEM results were obtained for multiple configurations of
the non-coaxial pancake coils, varying the axial and radial
distance (see figs. 5-4). The computed mutual inductance
values were then compared with those derived from the
improved series-form analytical expression fig.8. The finite
element analysis demonstrated excellent correlation with the
improved series-form analytical expression, validating its
accuracy for a wide range of non-coaxial configurations.
Minor discrepancies observed were attributed to the inherent
numerical approximations in FEM and the assumptions in the
analytical model. The FEM also provided detailed insights
into the magnetic field distribution and interaction between
the coils, offering a robust tool for further exploration and
optimization of coil designs. However, as described in Tab.1
the computational time of the analytical method is smaller
then the FEM simulation and this confirms the effectiveness
of this approach. The validation results highlight the practical
utility of the proposed model in designing and optimizing
wireless power transfer systems. By providing accurate
mutual inductance calculations in a fraction of the time
required by numerical methods, this model enables faster
iterative design processes and real-time adjustments in
operational systems. The reduction in computational com-
plexity also makes the model more accessible for integration
into embedded systems, where computational resources
are often limited. This can be particularly beneficial in
applications requiring dynamic adjustment of coil positions,
such as adaptive charging systems for electric vehicles.
In summary, the finite element model served as a critical
benchmark for validating the improved analytical expression,
confirming its reliability and applicability for practical
engineering applications involving non-coaxial pancake
coils.
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FIGURE 4. Mutual inductance trend: a) Analytical method (MATLAB);
b) Numerical simulation (COMSOL).

A. ERROR BETWEEN ANALYTICAL AND NUMERICAL
METHODS

The discrepancies between the analytical model and the FEM
simulations stem from several key factors related to the
differences in how both methods approach the problem.

First, the analytical model relies on a number of simplifi-
cations to make the calculations more efficient. For example,
it assumes ideal conditions like perfectly aligned coils or thin-
wire approximations, which may not account for the more
complex, real-world behaviors of wireless power transfer
systems. These kinds of assumptions are useful for speeding
up the process, but they can introduce some inaccuracies,
particularly when the system involves more complicated coil
arrangements.

Another important reason for the differences is related
to how the analytical model handles mathematical series
and integral approximations. While these are essential for
reducing computational complexity, they also lead to small
errors. Since the model truncates certain calculations to
save time, these errors can accumulate, especially when the
distances between the coils are larger or when the system
deviates more from the ideal conditions.

On the other hand, FEM simulations are known for their
high accuracy because they rely on dividing the geometry and
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TABLE 1. Comparison in terms of computational time between the
analytical method implemented in MATLAB and the numerical
method used in COMSOL.

Axial Radial Analytic
distance [mm] | distance [mm] | method [ms] FEM [s]
100 0 5 1.5
100 25 6 1.7
100 50 7 2.0
100 75 8 2.3
150 0 5 1.6
150 25 6 1.8
150 50 7 2.1
150 75 8 2.4
200 0 5 1.7
200 25 6 1.9
200 50 7 2.2
200 75 8 2.5
250 0 5 1.8
250 25 6 2.0
250 50 7 2.3
250 75 8 2.6
10! Mutual Induﬁ:tance Trend
MATLAB
COMSOL
g Z=175 mm
g X
= —————
% 10° ]
b=
0 5‘0 160 15‘0 200

Radial distance (mm)

FIGURE 5. Mutual inductance versus radial distance with the radial
distance taken as a parameter.

the electromagnetic fields into very small elements, which
are then computed in great detail. However, even FEM isn’t
entirely error-free. Its results depend on the quality of the
mesh and how well the simulation converges, but it typically
handles complex geometries, coil misalignments, and other
real-world factors much better than the analytical model.

One area where the FEM simulations stand out is in their
ability to capture the detailed geometric configurations and
boundary conditions that the analytical model simplifies.
The analytical model, while accounting for non-coaxial
configurations, doesn’t dive as deeply into the specifics of
coil misalignment or variations in material properties. FEM,
with its ability to model these details more thoroughly, tends
to produce more accurate results in scenarios where precision
is critical.
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FIGURE 6. Trend of the percentage error between analytical and
numerical methods.
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FIGURE 7. Mutual inductance versus axial distance with the axial
distance taken as a parameter.

That said, the differences between the two methods are
relatively small, especially in scenarios with smaller distances
between the coils. Figure 6 shows the trend of the percentage
error point by point for the case shown in Fig. 5. The error
obtained for this case is compatible with the permissible
error limits (between 5% and 6%) for the application under
consideration (WPT). The trend in percentage error for the
case illustrated in Fig. 7 is comparable to that observed in
Fig. 6 and has been omitted here to avoid overburdening the
text. It should be observed that the error may even be lower
than 5% or 6% and that, in particular, it can be as low as 1%.
In fact, as shown by Fig. 8, the analytical model’s results
are within 1% to 7% of the FEM simulations, depending
on the coil configurations and the distances involved. For
cases where the coils are closer together or better aligned, the
analytical model performs quite well. As the coils become
more misaligned or farther apart, the gap between the two
methods’ accuracy increases.

One of the biggest advantages of the analytical model,
however, is its speed. While FEM simulations can take several
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FIGURE 8. Trend of the percentage error between the analytical
calculation and the numerical simulations as a function of the axial and
radial distance.

minutes to run, the analytical method delivers results in
milliseconds. This makes it extremely valuable in situations
where quick calculations are needed, such as during iterative
design processes or in real-time applications. Of course, the
trade-off is that the analytical model sacrifices some precision
in these more complex scenarios, whereas FEM, though
slower, provides a more reliable outcome.

VII. CONCLUSION

In this paper, an improved series-form analytical expression
for calculating the mutual inductance of non-coaxial pancake
coils was presented. This approach significantly enhances the
precision and computational efficiency of mutual inductance
calculations, addressing the limitations inherent in traditional
methods. By leveraging advanced mathematical techniques,
including refined series expansions and integral transforms,
an expression that is both accurate and versatile was
developed, applicable to a broader range of coil geometries
and alignments. Through rigorous theoretical derivation and
comprehensive numerical validation, the robustness and
reliability of our proposed expression was demonstrated. The
comparative analysis with established methods underscores
the superior performance of the model, particularly in scenar-
ios involving complex spatial configurations of pancake coils.
This advancement is poised to facilitate more effective design
and optimization of systems that rely on precise mutual
inductance calculations, such as wireless power transfer
devices, magnetic resonance imaging systems, and various
electromagnetic applications. The improved series-form
expression not only provides a practical solution for engineers
and researchers but also contributes to the theoretical
understanding of electromagnetic interactions in non-coaxial
configurations. Its implementation can lead to enhanced
performance and efficiency in a wide array of technological
applications, offering a valuable tool for overcoming the
challenges posed by non-coaxial coil arrangements. Future
research could explore further refinements of the series-form
expression, potentially extending its applicability to other coil
geometries and configurations. Additionally, integrating this
analytical approach with advanced computational techniques,

143270

such as machine learning, may yield even more powerful
tools for the design and analysis of complex electromagnetic
systems. In conclusion, the development of this improved
series-form analytical expression marks a significant step
forward in the accurate and efficient calculation of mutual
inductance for non-coaxial pancake coils. These findings
pave the way for innovations in various fields, underscoring
the importance of continued exploration and refinement in
electromagnetic theory and its practical applications.
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