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Abstract

The development of robotic systems for physical Human-Robot Inter-

action (pHRI) in rehabilitation and assistive applications demands ad-

vanced solutions in terms of mechanical structure, actuation system and

control strategies to face several issues such as safety, dynamical adapt-

ability and biomechanical compatibility.

To cope with the complex features of the human body and of the neural

adaptation mechanisms, one should ideally be capable of designing the

interaction, i.e. of introducing external artifacts effectively providing the

desired assistance while optimally interacting with the user. Successful

designs can be pursued if neural mechanisms underlying human motor

control are understood and if proper components are embedded in the

robotic artifacts to enhance intrinsic dynamics: on the one hand the

features of physiological motion and neuromotor strategies adopted to

perform motor tasks have not to be hindered; on the other hand, body

dynamics can be supplemented and enriched by external agents making

desired complex behaviors emerge as a form of constructive perturbation.

This thesis contributes to the improvement of pHRI in the design of

assistive and rehabilitation robots with respect to these two research

fields.

The topic of human intrinsic motor strategies and possible influence of

robots perturbations is addressed presenting a work on human wrist

movements during kinematically redundant pointing tasks in free motion
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and during interaction with a state-of-the-art robot for post-stroke neu-

rorehabilitation. Starting from the demonstration that human natural

motion is perturbed by the robot during assessment, the effects of sys-

tem mechanical impedance reduction are analyzed, using a direct force

control scheme to minimize human-robot interaction forces. The work

demonstrates the possibility of using a simple control approach to cope

with neural strategies in performing motor tasks, which are not properly

taken into account in current design of rehabilitation robots.

The topic of robots designs leveraging potentialities of intrinsic structural

properties is addressed starting from the analysis of double actuation

compliant systems used to vary impedance in different application fields.

A classification and a critical comparison of possible architectures are

carried out to provide guidelines for future designs of actuators. On this

basis, a new actuation system, Variable Impedance Differential Actuator

(VIDA), is proposed: an electromechanical model of the actuator is devel-

oped and performances are evaluated in simulations. A compact rotary

Series Elastic Actuator (SEA), suitable to be used in wearable robotics

applications, is also presented. Components are described and experi-

mental characterization of prototypes, in terms of torque-angle charac-

teristic of the elastic element and of torque/impedance control schemes,

are reported. Moreover, a purely mechanical rotary passive ViscoElastic

Joint (pVEJ) is presented. It includes two functionally distinct sub-

modules, a torsion spring and a torsion damper connected in parallel.

The modularity of the system allows to have a generic stiffness-angle

characteristics by substituting a single component. Damping coefficient

can be regulated through a valve. Characterization of the developed pro-

totype using a custom dynamometric test-bed is reported. The active and

passive joints developed and tested within this work are suitable to be in-

cluded in assistive robots to exploit properties of passive low-impedance

components.
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Chapter 1

Introduction

Traditional applications for robotics in industrial structured environment have

experienced in the last twenty years a drastic extension to human domain, demanding

safety and adaptability to many different interaction modalities rather than high

accuracy, power and repeatability.

Machines for physical assistance to humans are sought to reduce fatigue and

stress, increase human capabilities, substitute lost motor functions, supply physical

rehabilitation therapy, thus generally improving the quality of life, especially in the

contemporary context of ‘ageing societies’. Due to the need of a safe and effective

physical Human-Robot Interaction (pHRI), many design challenges arise from both

mechanical, sensors and control standpoints.

Rehabilitation robotics aims at developing devices for assisted motor therapy and

functional assessment of patients with reduced physical and/or cognitive abilities.

They are intended as therapeutic tools for temporary use and are designed to max-

imize the clinical effectiveness of the therapy, improving both patients’ functional

recovery and efficiency of the entire clinical process.

The increasingly diffusion of robotics in the area of rehabilitation medicine is due

to: i) the necessity of objective evaluation and quantitative comparative analysis of

the impact of different therapeutic approaches. In this sense robotics technology pro-

vides tools for assessing human behavior which are much more accurate, precise, and

repetitive than simple human observer’s capabilities. This is of crucial importance
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2 CHAPTER 1. INTRODUCTION

for enabling appropriate diagnoses, corrections of clinical strategies, and for identi-

fying indicators of the recovery process; ii) the need to take over some of physically

demanding tasks performed by healthcare operators, especially in the case of severely

disabled patients who need strong physical assistance even in simple exercises. The

use of robotic systems can allow physical therapists to mainly concentrate on the

quality of the delivered therapy, also possibly supervising multiple subjects, and/or

increasing the duration and the frequency of the exercise sessions; iii) the possibility

of optimizing patient’s functional recovery exploiting neural reorganization processes

(neuroplasticity) if activity-dependent rehabilitation therapy is imparted, involving

execution of goal-directed and repetitive exercises with some pre-defined constraints.

In particular, the active role of the patient permits the whole sensorimotor coordi-

nation system to be stimulated and trained, including high-level brain functionality

(i.e. imagination, planning, and anticipation of motor actions). In this perspective,

rehabilitation robots provide the patient with the minimum level of physical and/or

cognitive support needed to start, execute, and complete a prescribed task, while

complying with some imposed temporo-spatial constraints.

Assistive robotics aims at developing solutions for promoting independent living

of people suffering from developmental, cognitive and physical disabilities or sim-

ply from age-related neuromotor decay, by providing the required support for daily

task-related activities, e.g. in manipulation and/or locomotion applications. Assis-

tive robots have to be used in a lifelong perspective so they need to be minimally

obtrusive and highly acceptable in daily life scenarios. Moreover, a high level adapt-

ability to a wide range of operative conditions is needed: e.g. adaptation to different

objects, tasks, environments in robotic devices for manipulation (external arms or ac-

tive prostheses) or adaptation to several dynamical conditions during locomotion in

mobility aids (starting, stopping, velocity changing, stairs climbing, sitting, etc.). In

all these cases user’s state, activity and intention have to be detected and a flexible,

personalized assistance has to be provided, still guaranteeing the necessary power

support for tasks completion. These aspects are critical especially in the case of wear-

able robots, i.e. active orthoses, typically with anthropomorphic features, which are

worn by the user and operate alongside human limbs. In particular, gait assistance
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3

wearable robots have to cope with the highly complex dynamics of walking, and

with requirements posed by wearability (compact and lightweight design, adjustabil-

ity to different individuals) and actuation systems performances (high torque- and

power-to-mass ratio).

It is evident that the presented robots operate in continuous physical interaction

with the human body. For this reason major design challenges are posed not only by

the need for an extreme level of safety and dependability, but also by the necessity of

harmonizing robot action in constrained motion with users, adapting it in a highly

flexible fashion to human dynamically varying behavior.

Assistive and rehabilitation robots typically have to implement ‘assistance as

needed’ strategies, so to compensate for subjects motor insufficiencies only when

necessary and, in case of rehabilitation, still promoting their active role to prop-

erly stimulate the whole set of sensorimotor control functionalities. Motor training

sometimes requires to challenge the patient through haptic interaction, using timely-

and/or spatially-varying force fields for opposing or favoring motion in predefined

directions. On the other hand, robots are required to be fully transparent to the

subject motion when he is capable of executing a task or when his motion parame-

ters have to be assessed excluding as much as possible perturbations to physiological

behavior.

The complex nature of the presented pHRI aspects poses major technical chal-

lenges in the design of rehabilitation and assistive robots.

To cope with features of the human body and of the neural adaptation mecha-

nisms, high dynamical adaptability is required. The potentialities of biomechatronic

approach can be exploited to design harmonically both mechanical structures and

elaborate interaction control schemes. In a way, once fixed the user characteristics

and a predefined physiological behavior to be achieved, one should be ideally able to

design the interaction, i.e. to introduce an external artifact effectively providing the

desired assistance or therapeutic support while optimally interacting with the user:

on the one hand intrinsic features of physiological motion and neuromotor strategies

adopted by the brain during motor tasks have not to be perturbed by the machine;

on the other hand, body dynamics can be supplemented and enriched by external
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4 CHAPTER 1. INTRODUCTION

agents giving rise to desired complex behaviors.

These two aspects of robots design further enlarge the well established focuses

on biomechanical and kinematic compatibility which have been and are being widely

investigated in current research. Fig. 1.1 schematically reports the contributions

that these two particular research aspects can provide to current methodologies for

the optimization of pHRI in assistive and rehabilitation robotics.
1 

Design of robots physically interacting with humans for !
assistance and rehabilitation applications!

Analysis of human intrinsic motor 
strategies and influence of robots 

perturbations!

Design for emergence methodology 
for human-robot symbiotic 

interaction!

Robots not perturbing human 
natural movements!

Robots interacting with human body 
to achieve emerging dynamic 

behaviours!

Optimization of human-robot interaction: design of 
robots coping with human motor strategies and 
producing useful emerging dynamic behaviours!

Figure 1.1: Complementary design aspects for the optimization of pHRI in assistive
and rehabilitation robots: minimization of robots perturbation to human intrinsic
neuromotor strategies and exploitation of structural embodied intelligence to elicit
emerging dynamic behaviors.

Analysis of human intrinsic motor strategies and influence of robots per-

turbations. Recent research on human limbs movements showed that besides

‘hard’, biomechanical constraints, the design of robots physically interacting with

humans should also consider ‘soft’, neural constraints, which are adopted by the

brain to solve redundancy in motor tasks and to achieve motor efficiency [1, 2, 3].

Neural control underlying complex motor tasks is sometimes not completely under-

stood, even though it may represent a crucial parameter to be taken into account

in the design of systems that intimately interact with human agents. In this sense,
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5

the analysis of human intrinsic motor control strategies (e.g. while handling kine-

matic redundancy) and of possible robots perturbations are fundamental to define

guidelines for the design of systems minimally hindering users’ natural motion.

Design for emergence methodology for robots with embodied intelligence.

Works in the field of walking bipedal robots demonstrated the possibility of greatly

simplifying the achievement of desired gait behaviors when mechanical structure is

endowed with proper intrinsic dynamics (passive and pseudo-passive walkers) [4].

With the same approach, a novel design method for rehabilitation and assistive

machines is based on the idea of exploiting structural embodied intelligence [5], i.e. of

embedding some opportune mechanical properties so that the intrinsic human-robot

coupling can elicit a target physiological movement as an emerging dynamic behavior.

This design process is expected to lead to novel concepts of robots allowing i) high

level of adaptability to the action of different users due to the flexibility of simple

control schemes, ii) natural and smooth (even symbiotic) interaction with humans

due to the exploitation of structural embodied intelligence, iii) energetic efficiency

due to the optimal allocation of passive dynamics and possibly to human-robot

energy bouncing, and iv) improved ergonomics due to the advantages of possible

non-anthropomorphic solutions in terms of kinematic compatibility (minimization

of macro/micro misalignments between robot and human joints).

As it can be noticed, one approach proposes the minimization of interference to

human neuromotor strategies as the deepest and most effective form of adaptation,

while the other one deliberately tries to introduce a constructive perturbation to

human body dynamics with the aim of improving the properties of the compound

human-robot dynamical system. From a proper combination of these two apparently

conflicting aspects, an optimal pHRI is expected to be attained, giving rise to a new

generation of machines in the next future.

A common trait that can be found in robots coping with human motor strategies

and producing useful emerging dynamic behavior is represented by control schemes

which are not based on rigid position regulations (as for traditional high bandwidth

and high precision industrial robots), but rather on interaction force modulation.
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6 CHAPTER 1. INTRODUCTION

The most conventional approaches used to directly or indirectly achieve force con-

trol are: i) explicit (or direct) force control [6], that generates a force servo: the

controller input is directly the error between the desired force and the actual mea-

sured one and typically without any positional feedback; ii) stiffness control [7] and

damping control [7], that create a virtual spring or damper around an equilibrium

position. Both techniques measure positions and velocities in order to generate a

desired force output related to the virtual spring or damper; iii) impedance control

[8], generalizes the ideas of stiffness and damping controls. The position and veloc-

ity of the robot are commanded to follow some trajectory and the control system

modulates robot behavior as a visco-elastic or as a second-order system (if also vir-

tual inertial contribution is added). Control gains which set the virtual stiffness,

damping (and inertia) of the robot correlate directly with stability and bandwidth

limitations; iv) hybrid position/force control [9], that combines conventional position

control with force control: the environment dictates natural constraints (e.g. contact

with an obstacle) where only force control is used, while position control is employed

in non-constrained directions, where the robot can move freely. More sophisticated

control algorithms can basically be seen as an evolution of these basic schemes.

Beside active control approaches where rigid actuator are commanded to di-

rectly or indirectly regulate interaction forces, current research is moving towards

the introduction of intrinsic compliant elements in robotic systems. The presence

of elastic components allows simple adaptation to external agents and, with proper

design, energy storage and stabilization capabilities. The trend of soft robotics, i.e.

of human-friendly systems which intrinsically behaves compliantly, is undergoing a

rapid diffusion and a number of actuators and/or passive joints for different appli-

cations are being developed. These systems provide the possibility of implementing

direct/indirect force control schemes when fixed compliance is used (which lower ac-

tuator impedance and allows estimating interaction forces measuring passive deflec-

tion of soft elements), or the possibility of physically regulating the joints properties

when variable impedance actuators are employed. The use of physical springs and

dampers can be particularly useful in the design of actuators and joints of robots

with embodied intelligence, since energy bouncing between the human body, the
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1.1. OBJECTIVES AND MAIN CONTRIBUTIONS 7

robot and the external environment can be exploited.

1.1 Objectives and main contributions

The goal of this thesis is to contribute to the improvement of pHRI in the design

of assistive and rehabilitation robots, with respect to the aforementioned research

areas.

The topic of human intrinsic motor strategies and influence of robots perturba-

tions will be addressed presenting a work on human wrist movements during kine-

matically redundant pointing tasks in free motion and during interaction with a

state-of-the-art rehabilitation robot. Main contributions regarding this study are:

- Estimation of dynamical properties of the InMotion3 wrist rehabilitation robot

to compensate for friction, inertial and gravitational effects;

- Calculation of kinematic operators fro the InMotion3 system for joints space

control (Jacobian matrix, adjoint transformation, etc.);

- Implementation and validation of a direct force control scheme on the InMotion3

robot to improve transparency during assessment mode;

- Analysis of wrist kinematics and human motor strategies during pointing tasks

in three operative conditions: i) free motion, using magneto-inertial sensors; ii)

interaction with the robot controlled through its native impedance controller;

ii) interaction with force-controlled robot.

This work demonstrates the possibility of using a simple control approach to cope

with neural strategies in performing motor tasks, which are not properly taken into

account in current design of rehabilitation robots.

The topic of robots leveraging potentialities of structural embodied intelligence

will be addressed presenting the design and characterization of compliant components

(actuators and passive joints) suitable to be used in lower limbs wearable robots.

Main contributions regarding these studies are:
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8 CHAPTER 1. INTRODUCTION

- Analysis, classification and critical comparison of state-of-the-art compliant

actuator based on double actuation architectures;

- Model and control of Variable Impedance Differential Actuator (VIDA) suit-

able to independently regulate position and impedance;

- Design, control and experimental characterization of a rotary Series Elastic

Actuator (SEA);

- Design and experimental characterization of a passive ViscoElastic Joint (pVEJ).

In these works guidelines on variable impedance actuators properties are intro-

duced, based on their classification and comparative analysis, and new compact

compliant active and passive joints have been developed and tested to be used in

wearable robotics applications.

The following section is meant to be an outline of this dissertation and of the

aforementioned aspects, which will be examined in detail in the next chapters.

1.2 Thesis overview

This thesis is divided in two parts. Part I (pHRI during wrist pointing tasks:

effects on human intrinsic motor strategies), includes:

Chapter 2 – Impedance reduction of a robot for wrist rehabilitation This

chapter deals with the analysis of human wrist kinematics during pointing tasks.

Starting from the demonstration that human motor strategies are perturbed dur-

ing the interaction with a highly back-drivable state-of-the-art rehabilitation robot

in assessment mode, the effects of mechanical impedance reduction for the prona-

tion/supination joint are analyzed. To this end a basic force control scheme is de-

ployed, in order to minimize human-robot interaction force and to make the robot

transparently follow user motion. To assess the effects on human motor strategies,

pointing tasks are performed by three subjects with a lightweight handheld device,

interacting with the robot using its native controller (setting desired impedance to

zero) and with the force-controlled robot. Human motion features are quantified
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1.2. THESIS OVERVIEW 9

using two-dimensional surfaces in the three-dimensional configuration space of rota-

tions. Results reveal that the subject-specific characteristic strategies can reappear

after the reduction of robot impedance.

Part II (Compliant actuators and joints for pHRI: analysis and new designs),

includes:

Chapter 3 – Double actuation architectures This chapter analyzes differ-

ent application fields where compliant actuation is employed and it examines archi-

tectures involving two active elements and passive elastic components for separate

position and impedance regulations of one actuated degree of freedom. Based on

state-of-the-art solutions, the chapter evaluates the possible configurations of rotary

double actuation systems classifying them in three main categories. A critical and

comparative analysis of the their most relevant features is carried out, also describing

representative prototypes. Recently proposed methodologies and evaluation criteria

for design optimization are illustrated and perspectives on potential applications of

double actuation architectures are presented. On this basis a new actuation system

is proposed, Variable Impedance Differential Actuator (VIDA) which is intended for

wearable robotics applications. It separately controls output position and mechanical

impedance and includes an impedance-controlled rotary Series Elastic Actuator and

a simple brushless DC motor connected through a Harmonic Drive in a differential

configuration. An electromechanical model of the system is developed and two con-

trol schemes for separate position and impedance regulations are implemented on the

two active input shafts. Performances of the actuator are evaluated in simulations.

Chapter 4 – Design, control and characterization of a rotary Series Elastic

Actuator This chapter presents a compact rotary Series Elastic Actuator (SEA).

The system includes a flat brushless DC motor, a Harmonic Drive gear and a custom-

made compact torsion spring designed and optimized by means of an iterative FEM

simulations-based process. A velocity-sourced type torque control scheme is imple-

mented on the actuator and a cascaded impedance controller is employed on top of

that. Characterization of torque-angle characteristic of the elastic element is per-
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10 CHAPTER 1. INTRODUCTION

formed to achieve an accurate estimation of the torque delivered by the actuator and

a high fidelity torque control. Performances of the prototype in terms of the torque

control bandwidth and of impedance regulation are experimentally verified using a

custom dynamometric test-bed and system identification techniques. System per-

formance limitations can be overcome with a new design under development which

is briefly presented at the end of the chapter together with some experimental tests

on its elastic components.

Chapter 5 – Design and characterization of a passive Visco Elastic Joint

This chapter presents a purely mechanical rotary passive ViscoElastic Joint (pVEJ),

including two functionally distinct sub-modules: a torsion spring and a torsion

damper connected in parallel. The torsion stiffness module is implemented using

linear compression springs connected between the joint shaft and rollers sliding on

cam profiles. The modularity of the system allows to have constant, linear and

quadratic stiffness-angle characteristics by using different cams. The damping mod-

ule is implemented connecting the joint shaft to a roller compressing a tube filled

with a viscous fluid. The rotation of the shaft produces the motion of the fluid in the

tube. A localized pressure drop, obtained by partially closing a valve, causes viscous

forces which result in a torque proportional to the angular velocity on the joint shaft.

Characterization of the developed prototype using a custom dynamometric test-bed

is reported.
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Part I

pHRI during wrist pointing

tasks: effects on human intrinsic

motor strategies
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Chapter 2

Impedance reduction of a robot

for wrist rehabilitation

During traditional neurorehabilitation sessions the role of the patient is quite

passive and the participation of the high-level structures of his nervous system are

limited. On the other hand, robotic therapy allows subjects to perform active move-

ments, thus promoting neurogenesis and neuroplasticity, and optimizing the func-

tional recovery after neurological injuries [10, 11]. For this reason rehabilitation

robotics has become an emerging field in recent years and the potentialities of robot-

mediated motor therapy is being widely investigated [12, 13, 14, 15].

During therapy rehabilitation robots are meant to: i) provide assistance as

needed, not to perturb voluntary movements, and to help completing tasks that

patients are not able to perform autonomously; ii) apply, if required, resistive force

fields to improve the efficacy of the treatment. During assessment robots have to be

as transparent as possible in order to minimally interfere with human natural mo-

tor strategies. In this sense a high back-drivability, i.e. a low perceived mechanical

impedance during user-driven motion, is of crucial importance. Therapy and assess-

ment sessions can be interlaced, and assessment sessions may determine the amount

of future treatment to be imparted thus they may also have an indirect impact on

therapy. The technological choices regarding the design of mechanical structure and

control strategies for this kind of robots have to face several issues, such as safety,
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dynamical adaptability and biomechanical compatibility [16]. Nevertheless, besides

biomechanical constraints, also the understanding of neural strategies behind human

motor control (especially in presence of dynamic interactions) should be considered

to define some indications for robots design.

In this regard, it has been shown that rehabilitation machines have to comply

not only with ‘hard’ (biomechanical) constraints but also with ‘soft’ (neural) con-

straints [17], which are adopted by the brain to solve kinematic redundancy and to

implement strategies for motor efficiency.

Studies on human motor control have demonstrated the existence of simplifying

strategies adopted by the brain when dealing with kinematically redundant problems.

Such strategies are often referred to as Donders’ law or Listing’s law for historical

reasons, in relation to the early Donders’ and Listing’s studies on the eye movements.

In a good approximation, the eye can be considered as a center-fixed sphere rotated

by the action of 6 (i.e. 3 agonist/antagonist couples) Extra Ocular Muscles (EOMs).

EOMs provide 3 DOFs kinematics allowing full mobility in the space of rigid body

rotations with the only limitations given in terms of range of motion. When looking

at some point in space, the gaze direction is fully determined but not the amount

of ocular torsion about the line of sight. In other words, for a given line of sight,

uncountably many eye configurations (torsions) exist which correspond to the same

gaze direction.

In 1847, Donders experimentally found that for a given steady gaze direction there

is only one eye configuration (Donders’ Law) [1], i.e. physiological eye configurations

are described by a 2-dimensional surface embedded into the 3-dimensional space

of eye configurations: a solution to redundancy. Two decades later, Listing and

Helmholtz determined that such a 2-dimensional surface is actually a plane: the

eye assumes only those positions that can be reached from primary position by a

single rotation about an axis in the Listing’s plane, which lies orthogonal to the

gaze direction in primary position (Listing’s Law) [1]. Listing’s law is therefore

a particular form of a more general Donders’ law: the former prescribes a plane

whereas the latter prescribes a generic surface1.

1Hereafter the term Donders’ law will be generally used.
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It had been debated for quite some time whether Donders’ law was due to a

biomechanical or a neural mechanism. It is now known that such a law holds during

fixation, saccades, smooth pursuit, and vergence, but not during sleep and vestibulo-

ocular reflex, suggesting that it is actively implemented by a neural mechanism [18].

Moreover, in the last two decades, Donders’ law has been found to well apply to the

head as well as to limb movements [2, 19].

Recent studies demonstrated that Donders’ law applies also to wrist movements

during pointing tasks (in which the three DOFs of the wrist are redundant) [3]. This

study was conducted measuring wrist orientations during pointing movements using

a lightweight handheld device, which introduces a negligible perturbation to the phys-

iological movements. The three dimensional rotations vectors resulted well fitted by

quadratic (Donders’) surfaces, whose curvature expresses inter-subjects differences

in motor strategies, thus denoting a personal ‘style’ in solving redundancy [3].

The same analysis was conducted in [17] with subjects performing similar point-

ing tasks while interacting with the InMotion3 system (Interactive Motion Technolo-

gies Inc.), a the state-of-the-art robot for wrist neurorehabilitation. This system

is specifically designed to comply with the biomechanical constraints providing a

high level of back-drivability [20] and it is being successfully employed in post-stroke

therapy.

In this case no statistically significant difference was found between subjects,

suggesting that the robot, in assessment mode, flattens out any personal motor

strategy; in particular, it was hypothesized that the impedance of the most proximal

joint of the robot, responsible for Pronation/Supination (PS) movements, was not

low enough to comply with the neural constraints. In other terms the robot perturbs

voluntary movements of the subjects, despite its high level of transparency which

copes with humans biomechanical features.

This result is in line with studies on motor control and robot-assisted neurore-

habilitation, in which the influence of robots dynamics on human psychophysics was

experienced. This can be basically imputed to the high sensitivity of the human

motor control to external perturbations, which is due to sophisticated active and

passive learning and adaptation mechanisms [21, 22, 23]. In this sense, it is impor-
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tant to consider potential artifacts in measuring human natural motion when robotic

platforms are employed. Indeed, as stated before, one of the most important design

challenges relies in the simultaneous matching of both requirements on assistance

and assessment (high deliverable forces and low perceived impedance).

In studies with the planar shoulder/elbow MIT-Manus system (InMotion2, In-

teractive Motion Technologies Inc., [12]), for example, reliability issue is accurately

taken into account and some opportune experimental expedients are typically adopted

to avoid possible measurements artifacts due to the presence of the robotic structure.

The objective of this thesis is to analyze the effect of a reduced perceived impedance

of the InMotion3 system on human motor strategies during pointing tasks.

To this aim the handle of the robot was provided with a load cell and a basic

force control scheme (with a null reference) was implemented to minimize the inter-

action force exerted by the user. This kind of approach has also been preliminary

validated in [24] on the MIT-Manus system, in both simulation and experimental

tests. In [24] a reduction of (mean and maximum) forces exerted by a subject during

planar pointing tasks was verified in different operative conditions, demonstrating

the effectiveness of the selected force control scheme in improving the system trans-

parency.

In this thesis, friction and gravity effects have been estimated for the PS joint of

the InMotion3 system to be actively compensated for. The performance of the robot

have been analyzed with and without the force control to verify the reduction of its

mechanical impedance. Moreover, the reduction of forces/torques required to three

healthy subjects to perform two different kinds of tasks (involving respectively 1 or

3 DOFs movements) has also been measured.

The effect of the reduced impedance of the robot on human motor strategies

during 3-DOFs pointing tasks has been analyzed, by assessing wrist rotations of

three healthy subjects in three different testing conditions: movements with i) the

handheld device, ii) the robot with its standard PD control with gains set to zero and

iii) the force-controlled robot; for each experiment Donders’ surfaces were calculated

as performance index.
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2.1 InMotion3 wrist robot

The InMotion3 system [20] has three active DOFs: Pronation/Supination (PS),

Abduction/Adduction (AA) and Flexion/Extension (FE). A differential mechanism

is used to achieve AA and FE movements; PS rotations entail the sliding along a

curve guide of the housing comprising the differential gearing and the AA and FE

actuators (Fig. 2.1). In [20] a quantification of the three axis inertia, friction and

gravity terms is provided showing that PS values are one order of magnitude higher

with respect to the two other DOFs.

The robot is actuated by three DC motors which are equipped with rotary en-

coders; angle resolution measurement is 0.017 deg for the PS DOF and 0.026 deg for

FE and AA DOFs.

At the basis of the handle two passive DOFs, a linear slider and a revolute joint,

are used to comply with the anatomic characteristics of different subjects and also

for a further adaptation of the robot to the axes of rotation of the human wrist

(Fig. 2.1).

The robot is provided by the manufacturer with a PD plus gravity compensation

control scheme (which, for simplicity, will be referred as PD control) so to generate

programmable viscoelastic torque fields to deliver forces or impart movements during

therapy. In particular, it can be programmed to provide different levels of mechanical

impedance by properly setting the control stiffness and damping parameters (details

on the standard control of the InMotion3 system can be found in [20]). The minimum

impedance, with this control scheme, can be achieved when these parameters are

both set to zero; in this case the only role of the motors is to compensate the gravity

effects.

In this work we sensorized the robot handle, in order to implement a direct force

control for a further reduction of the impedance of the robot PS joint. To this aim we

decided to remove the linear slider and the passive revolute joint, whose movements

could not be measured, and to mount a load cell at the basis of the end effector (Fig.

2.2).

A 6 axes JR3 torque/force sensor (20E12A4-I25-EF 100N5, JR3 Inc. - maximum

force: 100 N; maximum torque: 5 N·m) with external electronics was used. The six
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Figure 2.1: InMotion3 wrist robot [20].

Figure 1: InMotion3 wrist robot [17].

Figure 2: Integration of the force/torque sensor in the InMotion3 system.

5

Figure 2.2: Integration of the force/torque sensor in the InMotion3 system.

analog outputs of the sensor were directly connected to an acquisition board already

present on the robot, which automatically synchronizes external signals with the

200 Hz control software. The sampled signals have been multiplied by a calibration

and decoupling matrix, provided by the manufacturer of the sensor.
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2.2. FORCE CONTROL IMPLEMENTATION 19

2.2 Force control implementation

The control algorithm used in this work is adapted from [25, 26]. It compensates

robot dynamics (gravity, inertia and friction) and minimizes the end-point interaction

force since a zero reference is imposed.

The equation of robot dynamics2 can be expressed as:

B(q)q̈ + bq̇ + g(q) = τ − JT (q)F int (2.1)

where F int represents the 6×1 vector of the generalized forces exerted by the user

(with respect to the base frame), b is a 3×3 diagonal matrix of constant friction

coefficients, B(q) is the 3×3 inertia matrix, JT (q) is the 3×6 transpose Jacobian

matrix, g(q) is the 3×1 gravity term and τ is the 3×1 vector of control torques.

Relation (2.1) is composed by three scalar equations, which refer to PS, AA and FE

joints respectively; thus the vector of joint coordinates is q = [qPS qAA qFE ]T .

The implemented control law is:

τ = b̂q̇ + ĝ(q) + JT (q)F int + B̂(q)KPJ
T (q)(F d − F int) (2.2)

where the symbol ˆ indicates an estimation of the corresponding vector or matrix,

F int indicates the 6×1 vector of generalized forces measured by the load cell and

KP is a 3×3 positive-definite diagonal gain matrix.

A block scheme of control law in (2.2) is presented in Fig. 2.3.

Force error can be indicated as ef = JT (q)(F d−F int) , where F d is the desired

interaction force. By substituting (2.2) in (2.1), and assuming that robot dynamics

are perfectly estimated, the force error dynamics becomes:

ef = K−1
P q̈ (2.3)

Considering M = K−1
P , equation (2.17) can be expressed as:

ef = Mq̈ (2.4)
2Coriolis and centrifugal effects have been neglected because of the low values of velocity involved

in the wrist pointing tasks.
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Figure 2.3: Block diagram of force control in (2.2); the ‘Robot’ block represents the
first term of equation (2.1).

If F d is set to zero, equation (2.4) indicates that the system behaves like a free

body with mass M , so that increasing proportional gain, within stability margins,

will reduce the perceived inertia.

Force control in (2.2) has been implemented only for the PS joint since the AA

and FE joints are already highly back-drivable (their mechanical impedance is one

order of magnitude smaller than the one of PS DOF [20]); therefore, the control

torques for the three DOFs can be written as follows:





τPS = τ [1 0 0]T

τAA = 0

τFE = 0

(2.5)

with

τPS = bPS q̇PS + τ gPS + [JT (q)F int + B̂(q)KPJ
T (q)(F d − F int)][1 0 0]T (2.6)

where τ gPS = gPS sin(qPS) and bPS are the gravity term and the viscous friction

coefficient of the PS DOF, respectively.

Indicating for simplicity:

τ intPS = [JT (q)F int][1 0 0]T (2.7)

and
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τ fbPS = B̂(q)KPJ
T (q)(F d − F int)][1 0 0]T (2.8)

the final control torque for the PS DOF becomes:

τPS = bPS q̇PS + τ gPS + τ intPS + τ fbPS (2.9)

The implementation of the control scheme in (2.9) required the calculation of the

robot kinematic operators and the estimation of its dynamical properties.

2.2.1 Robot kinematics

Since the robot native control is implemented only in the joint space, the cal-

culation of the Jacobian matrix J(q), and of its transpose JT (q), was necessary to

map the torques/forces measured in the operative space in the corresponding ac-

tions on the joints. A schematic representation of the robot kinematics is provided

in Fig. 2.4. In the figure and in this section a new notation is used for robot joint

angles: q = [qPS qAA qFE ]T ≡ [t1 t2 t3]T . Denavit-Hartenberg convention was used

to select the frames of reference (the parameters are reported in Table 2.1) and to

calculate the direct kinematics.

Figure 2.4: Schematic representation of the robot kinematics; frames of reference
are selected using the Denavit-Hartenberg convention. The following quantities were
measured: a = 0.062 m, b = 0.158 m, c = 0.022 m, d = 0.120 m, l = 0.100 m.
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Table 2.1: Denavit-Hartenberg parameters for the kinematics of the InMotion3 sys-
tem.

Joint ai di αi θi

1 a d −π/2 t1
2 0 0 π/2 t2
3 b c 0 t3

The adjoint transformation [27] was used to map the vector of generalized forces

from the the sensor coordinate frame (indicated with S in Fig. 2.4) to the global

reference system (indicated with O in Fig. 2.4).

Let pos be the 3×1 position vector of the origin of frame S from the origin of frame O

and Ros the 3×3 rotation matrix describing the orientation of frame S with respect

to frame O. This matrix is calculated as

Ros = Ro1(t1)R12(t2)R2s(t3) (2.10)

being the R(i−1) i(ti) matrix associated with the i-th rotation of the i-th frame with

respect to the (i − 1)-th one. Rotation matrices Ro1(t1) and R2s(t3) indicate the

orientation of frame 1 with respect to frame O and of frame S with respect to frame

2 respectively.

Details about kinematics calculations are provided in appendix A.

Indicating with gos the pair (pos,Ros) the matrix

Adgos =


 Ros pos ∧Ros

0 Ros


 (2.11)

associated with gos is the adjoint matrix; its transpose transforms force vectors from

the frame S the frame O as follows:

F int = AdTgosF
S
int (2.12)

It has been assumed that the vector without superscripts is referred to the base

frame.
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2.2.2 Robot dynamics

2.2.2.1 Gravity term estimation

To estimate the gravity term for the PS joint, a correlation between different

static configurations and the torques required to hold the robot in those positions

was performed.

It is important to note that tests were carried out with AA and FE joints locked,

being the actuators commanded to maintain their 0 reference position through high

gains PD position control (in these conditions we verified a deviation from the rest

position of FE and AA of less than of 3 deg which does not sensibly affect the

estimation). The choice of neglecting the contribution of changes in AA and FE

configurations on the PS the gravity term is also adopted in [20] since the load

produced by the handle on the PS joint is reasonably independent of the AA and

FE orientations of the robot in the range of operation.

The robot was commanded to reach 10 positions (from −0.6 rad to +0.6 rad with

respect to its rest position); PS actuator torques exerted to maintain these rotations

in static conditions were evaluated. Fig. 2.5 shows an example of the PS torque and

angle patterns during one estimation test of gravity term.
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Figure 2.5: PS torque and angle patterns during one representative test for the
gravity term estimation. Commanded angles varied from −0.6 rad to +0.6 rad with
respect to the robot rest configuration.

As in [20] the gravity term has been assumed sinusoidally varying with PS angle.

Therefore, a linear regression between PS torque and the sin of the PS rotation was
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calculated for 5 trials. In Fig. 2.6 the collected data (static PS angles and torques

for the 5 trials) are shown together with the best fitting curve.
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Figure 2.6: Linear regression between τPS and sin(qPS) static values for the estima-
tion of the PS gravity term. The fitting curve slope is mediated on 5 trials. The
resultant gravitational term is τ gPS = gPS sin(qPS) = 2.254 sin(qPS).

The slope of the linear curve in Fig. 2.6, averaged on the 5 trials, was found to

be gPS = 2.254± 0.009 N·m, with a mean R2 of 0.980.

2.2.2.2 Inertia and friction estimation

To estimate inertia and friction terms the robot was manually back-driven per-

forming few rapid oscillating movements. The PS motor compensated the gravity

effect (on the basis of the estimation reported in section 2.2.2.1) and the AA and

FE actuators were commanded to maintain their rest positions through high gains

PD position control; in these conditions a deviation of less than 3 deg for FE and

AA was found. Force/torques exerted on the handle were recorded and their effect

on the PS joint was calculated as follows:

τPSsens = [J(q)TAdTgosF
S
int][1 0 0]T (2.13)

In Fig. 2.7 velocity and acceleration profiles for one representative trial are shown.

We estimated the inertia and friction terms for the PS joint by regressing the

τPSsens reported in (2.13) with angular velocities and accelerations of the PS DOF, as

reported in the following equation:

τPSsens = τPS0 + bPS q̇PS +BPS q̈PS (2.14)
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Figure 2.7: Velocity and acceleration profiles for one representative trial of the inertia
and friction identification procedure. These values are obtained by manually back-
driving the handle of the robot while locking AA and FE DOFs and compensating
the gravity effect for the PS DOF.

The multivariable linear regression reported in (2.14) was calculated on 5 trials;

the best fitting plane is shown in Fig. 2.8. We found τPS0 = 0.219 ± 0.049 N·m,

bPS = 0.055 ± 0.005 Nm·s/rad and BPS = 0.012 ± 0.001 kg·m2 with a mean R2 of

0.942.
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Figure 2.8: Multivariable linear regression for PS inertia and friction estimation
as reported in (2.14). Considering the values averaged on 5 trials, we found τPS0 =
0.219±0.049 N·m, the viscous friction bPS = 0.055±0.005 N·m·s/rad and the inertia
BPS = 0.012± 0.001 kg·m2, with a mean R2 of 0.942.
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2.3 Effects of force control on robot transparency

In this section the effectiveness of the force control in (2.9) in improving the

transparency of the robot is tested. First, the reduction of the robot mechanical

impedance in the PS joint, due to the action of the force control has been estimated;

then the reduction of forces/torques exerted by three subjects while performing two

kinds of pointing tasks were analyzed, comparing the cases of unpowered robot, robot

with zero gains PD control , and force-controlled robot.

2.3.1 Reduction of PS joint impedance

To evaluate the perceived robot mechanical impedance with the action of the

force control, the same procedure described in section 2.2.2.2 was followed. In par-

ticular, the proportional gain of the force control was set to 250 kg−1·m−2. The

resultant perceived inertia should correspond to the inverse of this proportional gain

(as explained in section 2.2) so we expect a value of 0.004 kg·m2.

In Fig. 2.9 velocity and acceleration profiles for one representative trial are

shown.
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Figure 2.9: Velocity and acceleration profiles for one representative trial of the me-
chanical impedance evaluation test with force control active on the PS DOF. These
values are obtained by manually back-driving the handle of the robot while locking
AA and FE DOFs.

The multivariable linear regression reported in (2.14) was calculated on 5 trials;

the best fitting plane is shown in Fig. 2.10. We found τPS0 = −0.059 ± 0.043 N·m,

bPS = −0.002± 0.002 N·m·s/rad and BPS = 0.0037± 0.0001 kg·m2 with a mean R2
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of 0.980.
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Figure 2.10: Multivariable linear regression for PS joint mechanical impedance esti-
mation with force-controlled robot. Considering the values averaged on 5 trials, we
found τPS0 = −0.059±0.043 N·m, the viscous friction bPS = −0.002±0.002 N·m·s/rad
and the inertia BPS = 0.0037± 0.0001 kg·m2, with a mean R2 of 0.980. A reduction
of about 70% of perceived inertia was obtained.

The negative value of friction suggests that an overestimation of this parameter

was made. Anyway, this value can be considered negligible since it was found to be

not statistically different from 0.

Of note, the implemented force control scheme in these conditions causes a re-

duction of the inertia of about 70% with respect to the case of PD control with gains

set to zero (simple gravity compensation, as described in section 2.1). In particular,

the estimated inertia BPS = 0.0037 kg·m2 is consistent with the expected value of

0.004 kg·m2 demonstrating the effectiveness of the force control action.

2.3.2 Reduction of interaction forces/torques

In this section PS torques (τPSsens, as in (2.13)) exerted by three healthy sub-

jects (Sub1-3) to perform a 1-DOF (Pronation/Supination) task and a 3-DOFs task

are reported for three different conditions: Unpowered Robot (UR), Zero gains PD

control (ZPD) and Force-Controlled robot (FC).
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2.3.2.1 Pronation/Supination (PS) task

During this 1-DOF task, three healthy subjects were asked to alternately reach

two points displayed on a monitor on the left and right sides of a starting central

point, only using the PS DOF (AA and FE DOFs were constrained in their rest

positions through PD position control).

Fig. 2.11 shows the PS torque (2.13) exerted by one representative subject in the

different testing conditions. The only gravity compensation (PD control with gains

set to zero, ZPD) reduces the torques required to perform the task with respect to

the case motors are turned off; a further decrease of the torque in the case of the

force-controlled robot can be noticed. Fig. 2.12 reports the peak and mean values

of the PS torque for the 1-DOF trials on the three subjects.

It can be seen that these values slightly decrease increasing the gain KP although

no major changes occur. In case of KP = 300 kg−1·m−2 the peak torque decreases

of the 90% while the mean torque of the 81% with respect to the unpowered robot

case. PD control only causes a reduction of the 54% and 46% of the peak and mean

torques respectively. Of note, the force control (KP = 300 kg−1·m−2) reduces the

peak and mean torques of 77% and 65% respectively, with respect to the PD control

condition.

2.3.2.2 3-DOFs task

During this 3-DOFs task, three healthy subjects were asked to perform pointing

movements with the wrist from the center of the workspace to eight peripheral points

arranged in a circle displayed on the monitor; this is also a typical ‘video game’

rehabilitation exercise (often referred as clock game), which has been used in [17, 3]

to test the effect of the robot on human motor strategies.

Fig. 2.13 shows the PS torque (2.13) exerted by one representative subject in

the different testing conditions. Also in this case gravity compensation PD control

with gains set to zero lowers the PS torques with respect to the case of unpowered

robot and force control improves this effect.

Fig. 2.14 reports the peak and mean values of the PS torque for the trials on

the three subjects. No major changes occur with the gain increasing. In case of
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Figure 2.11: τPSsens pattern for 1-DOF PS tasks, performed by one representative
subject, in five different conditions: Unpowered Robot (UR); Zero gains PD control
(ZPD); Force-Controlled robot KP = 150 kg−1·m−2 (FC1); Force Control KP =
200 kg−1·m−2 (FC2); Force Control KP = 250 kg−1·m−2 (FC3); Force Control
KP = 300 kg−1·m−2 (FC4).
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Figure 2.12: τPSsens mean (colored) and peak (blank) values for 1-DOF PS tasks on
three subjects; error bars represent the standard deviation. Five conditions are
reported: Unpowered Robot (UR); Zero gains PD control (ZPD); Force-Controlled
robot KP = 150 kg−1·m−2 (FC1); Force Control KP = 200 kg−1·m−2 (FC2); Force
Control KP = 250 kg−1·m−2 (FC3); Force Control KP = 300 kg−1·m−2 (FC4).
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KP = 300 kg−1·m−2 the peak torque decreases of the 80% and the mean torque

decreases of the 78% with respect to the unpowered robot case. PD control only

decreases of the 5.6% and 5.4% the peak and mean torques respectively; thus the

force control (KP = 300 kg−1·m−2) reduces the peak and mean torques of 79% and

77% respectively, with respect to the PD control condition.
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Figure 2.13: τPSsens pattern for 3-DOFs tasks, performed by one representative sub-
ject, in five different conditions: Unpowered Robot (UR); Zero gains PD con-
trol (ZPD); Force-Controlled robot KP = 150 kg−1·m−2 (FC1); Force Control
KP = 200 kg−1·m−2 (FC2); Force Control KP = 250 kg−1·m−2 (FC3); Force Control
KP = 300 kg−1·m−2 (FC4).

An overall view of the results obtained on three subjects is presented in Table 2.2.

Table 2.2: τPSsens peak and mean values for PS and 3-DOFs tasks.

Peak torque [N·m] Mean torque [N·m]
PS 3-DOFs PS 3-DOFs

UR 1.306± 0.055 0.553± 0.441 0.427± 0.071 0.167± 0.131
ZPD 0.598± 0.099 0.522± 0.198 0.230± 0.038 0.158± 0.062
FC1 0.206± 0.059 0.155± 0.009 0.072± 0.012 0.056± 0.004
FC2 0.181± 0.048 0.151± 0.185 0.061± 0.017 0.049± 0.004
FC3 0.162± 0.028 0.139± 0.021 0.057± 0.007 0.043± 0.004
FC4 0.135± 0.024 0.108± 0.014 0.081± 0.066 0.037± 0.002

To verify that the decreasing of the interaction torques was really due to a re-
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Figure 2.14: τPSsens mean (colored) and peak (blank) values for 3-DOFs PS tasks
on three subjects; error bars represent the standard deviation. Five conditions are
reported: Unpowered Robot (UR); Zero gains PD control (ZPD); Force-Controlled
robot KP = 150 kg−1·m−2 (FC1); Force Control KP = 200· kg−1m−2 (FC2); Force
Control KP = 250 kg−1·m−2 (FC3); Force Control KP = 300 kg−1·m−2 (FC4).

duction of the robot impedance and not to possible differences in the execution of

the tasks during the five testing conditions, the RMS values of the velocity for the

three subjects were analyzed. Results reported in Tables 2.3–2.5 show that the tasks

executed by each subjects in different conditions are comparable and that the ones

executed with lower velocities are actually those where the robot is in UR or ZPD

conditions. These observations confirm that the reduction of the interaction torques

in FC condition were due to a real reduction of robot impedance.

Table 2.3: RMS values of the velocity patterns during PS and 3-DOFs tasks [rad/s]
for subject 1.

PS 3-DOFs
q̇PS,rms q̇FE,rms q̇AA,rms q̇PS,rms

UR 0.7062 0.3731 0.2052 0.3879
ZPD 0.8031 0.3573 0.2014 0.4664
FC1 0.7946 0.4255 0.2063 0.3356
FC2 0.7987 0.4181 0.2064 0.3085
FC3 0.8235 0.4243 0.2155 0.3761
FC4 0.8645 0.4002 0.2100 0.3455

Tesi di dottorato in Ingegneria Biomedica, di Nevio Luigi Tagliamonte, 
discussa presso l’Università Campus Bio-Medico di Roma in data 20/03/2012. 
La disseminazione e la riproduzione di questo documento sono consentite per scopi di didattica e ricerca, 
a condizione che ne venga citata la fonte



32
CHAPTER 2. IMPEDANCE REDUCTION OF A ROBOT FOR WRIST

REHABILITATION

Table 2.4: RMS values of the velocity patterns during PS and 3-DOFs tasks [rad/s]
for subject 2.

PS 3-DOFs
q̇PS,rms q̇FE,rms q̇AA,rms q̇PS,rms

UR 0.7497 0.3677 0.2225 0.0431
ZPD 0.8212 0.4370 0.2545 0.0613
FC1 1.0125 0.5225 0.2790 0.1673
FC2 0.9155 0.5912 0.2870 0.3176
FC3 0.8797 0.5830 0.2938 0.2281
FC4 0.8587 0.5701 0.3055 0.3008

Table 2.5: RMS values of the velocity patterns during PS and 3-DOFs tasks [rad/s]
for subject 3.

PS 3-DOFs task
q̇PS,rms q̇FE,rms q̇AA,rms q̇PS,rms

UR 0.9616 0.5360 0.3263 0.0287
ZPD 0.9485 0.1258 0.0572 0.8529
FC1 1.0902 0.5225 0.2790 0.1673
FC2 0.9389 0.5912 0.2870 0.3176
FC3 0.9429 0.5830 0.2938 0.2281
FC4 1.0217 0.5701 0.3055 0.3008

2.3.3 Considerations on force control performances

The performance of the adopted force control scheme in general depends on the

dynamic characteristics of the robot and of the interacting system and some unstable

behaviors may occur when control gains are high. This is particularly true in the

case of industrial robots, where the intrinsic mechanical impedance is extremely

high. Well known studies on direct force control of manipulators explored sources

and solutions to instability caused by interactions with the environment (coupled

instability) associated with force feedback [28, 29, 30]. In [29] it was demonstrated

that the major source of instability is the non-colocation of sensors and actuators.

In [28] it was shown that a robot which is stable when no interaction occurs (isolated
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stability) can exhibit unstable behaviors when external forces from the environment

are applied. Necessary and sufficient conditions for coupled stability were derived,

showing limitations of direct proportional force control. In particular, a simplified

analysis on linear, time-invariant systems showed that a feedback controlled plant is

stable during interaction if it has the interaction port behavior of a passive system:

the transfer function of the system impedance at the interaction port, defined as

the ratio between output force and input velocity, must be a positive real function.

This mathematical condition basically quantifies the notion that the system can not,

for any time period, deliver more energy at its interaction port than has in total

been introduced into the same port. This condition is valid for interactions with

arbitrary stable, passive environments (linear or not). A corollary of this criterion is

that coupled stability is guaranteed if stability is demonstrated for interactions with

all linear masses and all linear springs (pure springs and pure masses are commonly

termed worst environments).

Here we briefly summarize some results reported in [28] underlying theoretical

limitations of the adopted force control and showing that practical implementation

and specific interaction conditions can exhibit different behaviors, as already shown

in [29]. To this aim a basic 1-DOF translational version of the control law (2.2)

will be reported considering, for simplicity sake, a perfect compensation of viscous

friction and of gravitational effects. In Fig. 2.15 a simple robot model with a single

structural resonant mode is presented which captures the essential features of robot

dynamics with non-colocated actuation and sensing elements.

k and c generally represent structural dynamics or other effects such as actuator

or transmission dynamics. The overall mass of the system B is distributed in two

equal halves, one is driven by the actuator force F and the other one is subject to

the interaction force with the environment Fint. Adapting equation (2.2) to this case

and considering a desired interaction force Fd = 0 leads to a command force

F = Fint − B̂KpFint (2.15)

where B̂ is the estimated mass and KP is the control gain. Assuming the constant

quantity (B̂Kp − 1) = Kf , equation (2.16) can be rewritten as:
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Figure 2.15: 1-DOF robot model with non-colocated actuation and sensing, adapted
from [28]. k and c generally represent single-resonance robot dynamics. The overall
mass of the system B is distributed in two equal halves, one driven by the actu-
ator force F and the other one subject to the interaction force Fint. Friction and
gravitational effects are considered to be perfectly compensated.
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Figure 2.16: Passive physical equivalent representation of the single-resonance robot
of Fig. 2.15 under proportional force feedback control with gain Kf , adapted
from [28].

F = −KfFint (2.16)

Given this feedback term, a passive physical equivalent representation for the

system of Fig. 2.15 can be derived according to [28] as reported in Fig. 2.16.

The force feedback gain Kf is restricted to be between -1 and 1 for this to be

a passive realization. For Kf > 1 spring, mass and damper would assume negative

values and the system would become non-passive, thus violating coupled stability

criterion. It is worth noticing that these negative values do not affect isolated stabil-

ity: force feedback is not a state feedback, hence the poles of the closed loop system

are equal to the ones of the open loop system which is intrinsically stable. From

(2.16) it can be seen that actuator force is null if no interaction force is measured.

Moreover, since Kf limit is independent of the values of the structural stiffness and

damping, any system under proportional force feedback becomes non-passive for a
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gain greater than unity and it is vulnerable to coupled instability.

If Kf = 1 robot internal dynamics are masked and the minimum impedance

is achieved. Anyhow, an amount of inertia equal to B/2 cannot be compensated

thus demonstrating that the this simple controller is not able to reduce the apparent

inertia to less than 50% of its physical value if passivity has to be guaranteed.

Anyhow, in our case no critical stability problems occurred when force control

was implemented and tested on the InMotion3 system, even though we used a gain

KP = 300 kg−1·m−2, corresponding to a 70% reduction of the perceived inertia

(about 0.003 kg·m2) and to Kf = 2.6 which should theoretically give rise to coupled

instability.

The explanation of this apparent discrepancy with theoretical prediction has to

be found in the fact that the traditionally used passivity criterion ensures stability

only with passive environments, and provide no information if the interacting system

is non-passive. Remarkably, even though the human neuro-motor system employes

sensory feedback loops including time delays, which make it basically non-passive,

the successful interaction with passive robots is due to limited energy production

and frequency range of active human motion [31].

Passive environments and, in particular, the worst environments presented above

(e.g. high pure stiffness), include systems with dynamics that can be very different

from human limbs, which have finite mass and limited stiffness. Hence, since the

magnitude of human limbs impedance is bounded significantly, the use of passivity

as stability measure may be exceedingly conservative for human-interactive robots,

and performance may be uselessly sacrificed in achieving this objective.

In summary, destabilizing systems for a particular robot and controller can be

limited to dynamics far apart from robot practical interaction conditions, and even

though the controller makes the robot non-passive, coupled stability is still possible.

Passive control independence from the environment is a great advantage but also a

limitation: this approach can be insufficiently conservative if the interacting system

is non-passive, or excessively conservative if it has limited dynamical properties [32].

An alternative analysis of coupled stability can consider interaction only with par-

ticular systems, i.e. the machines are said to be complementary to the specific sets
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of systems with which they are designed to interact3 [32]. This choice consider even

limited knowledge of the environment to design controllers thus taking advantage of

the properties of both interacting systems, rather than just one.

Nevertheless, force feedback is used in many robots in real applications, where

passivity is seldom achieved: control gains are sometimes tuned manually to an ap-

propriate stability margin, based on testing and the result is not necessarily passive.

Empirical demonstration that relaxing passivity can allow improved performance still

in stable conditions can be found, for example, in [32]. In this work, whose results are

in line with achievements of this thesis, force feedback controller was implemented on

a screw-driven vertical robot module to reduce its perceived impedance. Extensive

testing with human arms, and also clinical trials [33], revealed the coupled system

to be stable, even for gain Kf = 5. The controller successfully reduced apparent

Coulomb friction and inertia by a factor of six even though the closed loop plant

was non-passive. This system exploits a characteristic of the environment (in this

case, its limited stiffness) to expand the space of stable interaction controllers. As

in many literature example, the most problematic environments are simply avoided,

and coupled stability is determined empirically allowing a more ‘aggressive’ force

feedback.

During the tests with the InMotion3 we did not experienced any unstable behav-

iors, not even when the handle was manually excited to oscillate with a peak velocity

of the order of 10 rad/s and a peak acceleration of the order of 150 rad/s2, values

which are grater than the ones normally measured during pointing tasks. Nonethe-

less, trials for the evaluation of human motor strategies (which will be described in

the next section) were performed using a gain value lower than the maximum tested

one. In both 1-DOF and 3-DOFs tasks, we found a net decrease of torques exerted

by the subjects in case of force-controlled robot with respect to the PD control con-

dition while no significant differences occurred when different gain values were used

for force control. Since improving the gain values, with a fixed friction compensation,

corresponds to reduce only the perceived inertia (0.007 kg·m2 and 0.003 kg·m2 for

KP = 150 kg−1·m−2 and KP = 300 kg−1·m−2 respectively) it could be concluded

3A passive robot is complementary to the set of passive environments.
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that the major contribution in the achievement of robot transparency is given by

the friction reduction, which is of course due to the direct friction compensation but

also to the force feedback.

Moreover, considering a perfect estimation of gravity and friction terms, from

(2.1) and (2.2) it can be seen that the force error dynamics becomes:

ef =
B

B̂KP

q̈ (2.17)

Equation (2.17) shows that an error in the inertia estimation is compensated by

the KP gain. If inertia is overestimated the force control gain has to be reduced of

the same amount to preserve the stability margin, while if inertia is underestimated

the gain can be incremented. From a different perspective we can say that the

responsible of the stability is the product B̂KP (see also equation (2.16)) so that a

variation of the gain make the control law basically insensible to inertia estimation.

2.4 Human motor strategies during pointing tasks

In this section we analyze pointing tasks of three subjects in three different

operative conditions. Firstly wrist rotations were recorded using a handheld device

that introduced a negligible loading effect (in this condition subjects movements

were basically free); these results were compared with the ones obtained during

the interaction with the robot when the gains of its standard PD control scheme

were set to zero and when the proposed force control was active. Since the zero

gains PD control actually corresponds to only gravity compensation, the comparison

with the force-controlled robot allows to evaluate the effect of inertia and friction

compensation and of force feedback.

For each condition the experimental protocol included five learning trials, that

were used to make the subjects acquainted with the experimental setup, and five

trials to be used for data analysis.
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Figure 2.17: Typical ‘video game’ used to guide subject to perform pointing tasks
and representation of the three wrist DOFs with the reference frames.

2.4.1 Analysis of wrist movements during pointing tasks

2.4.1.1 Handheld device

To assess natural motor strategies during pointing task with the wrist, we used a

‘video game’ showing to subjects some visual targets to be reached (from/to a central

target to/from peripheral ones) (Fig. 2.17); this protocol has been already used in

the 3-DOFs experiments presented in the previous sections and in [3] to assess the

existence of Donders’ law for the wrist during pointing tasks.

The subject under test was seated on a chair and rested his arm on a support

purposively created to bind arm and forearm (Fig. 2.18). In this way she/he could

execute pointing tasks moving only the wrist.

Each trial started after defining a primary position (see [3] for details); the

subject was then instructed to move the round cursor on the screen towards the pe-

ripheral positions randomly chosen by the software among 1, 2, . . . , 8 (Fig. 2.17) and

then back to the central position. To register the wrist movements we instrumented

an hollow cylindrical handle (height: 150 mm; outer diameter: 50 mm; inner diam-

eter: 35 mm; mass: 120 g) with an inertial magnetic unit (IMU, MTx-28A53G25

device from XSens Inc. - angular resolution: 0.05 deg; static orientation accuracy:

< 1 deg; dynamic accuracy: 2 deg RMS; bandwidth: 40 Hz); this setup is indicated
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Figure 2.18: Experimental apparatus for trials with handheld device.

as handheld device (Fig. 2.18).

With the wrist in its primary position, a fixed reference frame {x0, y0, z0} was

defined (see Fig. 2.18): z0-axis is along the vertical direction (upwards), x0-axis

is horizontal and aligned with the forearm (forward) and y0-axis is horizontal and

perpendicular to the forearm (leftward). A second (moving) reference frame {x, y, z}
attached to the wrist (see also Fig. 2.17) was defined to coincide with the fixed

reference frame when the wrist is in the primary position.

The IMU, connected to a PC, was configured to continuously acquire a rotation

matrix R (at a rate of 100 samples/s) which expresses the orientation of the wrist

moving frame with respect to the fixed frame.

We calculated the rotation vector as:

r =
θ

2 sin(θ)




R3,2 −R2,3

R1,3 −R3,1

R2,1 −R1,2


 (2.18)

where Rj,k indicates the (j, k) element of the matrix R and θ = arccos[(trace(R)−
1)/2], being trace(R) = R1,1 +R2,2 +R3,3 and |θ| < π. The vector r defines the axis

(parallel to r itself) and the amount of rotation (‖r‖ = θ).

Since the primary position was selected as the ‘home’ position for the IMU the

coordinates of the x, y, and z axes with respect to the fixed frame could be deter-
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mined, respectively, as the first, the second, and the third columns of the matrix R.

For this reason the pointing vector n (which represents the pointing direction during

the tasks) was always parallel to the moving x-axis after the reset procedure and it

could be determined as follows:

n = R [1 0 0]T (2.19)

Considering the subscript i to represent the i-th acquisition sample, the temporal

sequence of acquired rotation matrices and of the derived rotation and pointing

vectors can be indicated as Ri, ri and ni respectively.

Numerically, the sequence ri = [rxi ryi rzi]T was fitted to r∗i = [r∗xi ryi rzi]
T

where r∗xi is defined by a generic quadratic surface:

r∗xi = C1 + C2ryi + C3rzi + C4r
2
yi + 2C5ryirzi + C6r

2
zi (2.20)

where the coefficients C1, . . . , C6 were determined via least-squares fitting methods.

The first three coefficients (C1, C2 and C3) define a plane, while the last three

coefficients (C4, C5 and C6) are related to the curvature of the fitted surface. In

particular, the coefficient C5 denotes the amount of twisting of a quadratic surface.

Fig. 2.19 reports an example for the graphical representation of the temporal

sequences of rotation and pointing vectors (ri and ni). While the wrist pointing

directions necessarily lie in a 2-dimensional space, the three components rxi, ryi and

rzi of a rotation vector ri, in general, define points of a 3-dimensional space. Re-

markably, it can be observed that the rotation vectors tend to lie on a 2-dimensional

(Donders’) surface, represented by equation (2.20), which can also be well approxi-

mated by a plane near the primary position.

As in previous studies [17, 3], the thickness of a Donders’ surface is defined as the

standard deviation of the fitting error between the sequence ri and the best fitting

surface. For a given set of fitting coefficients (C1, . . . , C6), the fitting error is defined

as rxi − r∗xi.
Obviously, thickness values quantify the goodness of fitting and indicate how

much the rotation vectors tend to lie on the best fitting surface (Donders’ surface);
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Figure 2.19: Rotation vectors (crosses) represented in the 3-dimensional space of the
motor task together with the pointing vectors (circles). A 2-dimensional quadratic
surface fits the rotation vectors. The green straight line represents the pointing
direction when the wrist is in the primary position.

low values of thickness indicate that a soft constraint (such as Donders’ law) apply

to wrist kinematics during pointing tasks.

2.4.2 Wrist robot

Subjects were strapped to a chair with their right arm fasten to the InMotion3

arm-support by appropriate belts to minimize torso, shoulder and elbow movements;

in this configuration only wrist rotations were left unconstrained while the subject

grasps the handle of the robot (Fig. 2.20). The more distal strap only constraints

the flexion of the elbow while allowing a free pronation/supination movement. In

this way the PS joint is moved by the user only exerting forces on the handle and

not via the strap.

For the experiments described in this section, two different conditions were tested:

in the first one, the motors of the robot were commanded so that they only com-

pensate gravity, with the stiffness and damping parameters of the native impedance

controller set to zero; in the second one, subjects performed the same task with the

robot controlled using the force control law in (2.2). In what follows we refer to

these two operative conditions as zero gains PD control and force-controlled robot
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Figure 2.20: Experimental setup for trials with InMotion3 system.

respectively.

The starting position for the wrist was set as to coincide with the mechanical

zero position of the robot, defined in [20]. Knowledge of the sequence, from proximal

to distal, of the mechanical joints allows to determine the wrist orientation Rw from

the angles as sensed by the encoders of the system:

Rw = Rx (θPS)Ry (θAA)Rz (θFE) (2.21)

where x, y and z coincide with the axes of the fixed reference frame. i.e. the primary

or ‘zero’ position for the wrist. For a given wrist orientation Rw, the wrist pointing

direction ni is given as in (2.19). During the execution of each task, data were

acquired at a rate of 200 Samples/sec, in particular the three sequences of sampled

angles, and (where i refers to i-th sample at time ti). Using equation (2.21), the

sequence of wrist orientation Rwi at time ti was derived. The sequence of wrist

pointing directions ni was evaluated via (2.19) and finally the sequence of rotation

vectors ri was obtained via (2.18). The sequence ri = [rxi ryi rzi]T was numerically

fitted to a generic quadratic surface with coefficients C1, . . . , C6 as in (2.20).
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2.4.3 Free movements and human-robot interaction: a comparison

Donders’ surfaces are typically subject-dependent and reveal personal motor

strategies, as demonstrated in previous studies [3]. The effect of a purely mechanical

(holonomic) constraint on a 3-DOFs wrist mechanism, e.g. a locked joint, is to con-

strain the system configuration exactly to a 2-dimensional surface. Noisy measure-

ments and mechanism non-idealities (e.g. backlash) would reveal such a surface with

a certain resolution, for the robotic systems under consideration this is (often much)

less than 0.1 deg. Observing a mechanically unconstrained 3-DOFs system evolving

on a subspace (2-dimensional surface) of its configuration space (3-dimensional) is

indicative of active control. This has been attributed to a form of neural control

in studies relative to the oculomotor system [1] and to the upper limbs [2, 19, 3].

Unlike physical constraints, neural control is characterized by much larger variability

(or biological noise [1]) leading to thicknesses in the order of 1–3 deg [1, 2].

In this section we reported the results obtained in the three different experimental

conditions, namely experiments with the handheld device, with the robot in zero

gains PD control mode and with the force-controlled robot. In Figures 2.21–2.22 the

Donders’ surfaces and the histograms of the mean values of C1, . . . , C6 coefficients

are reported.

In the experiments when the handheld device was used, neural kinematic con-

straints arose as 2-dimensional surfaces embedded in the 3-dimensional space of wrist

configurations. The lightness of the handheld device allows the subjects’ own motor

style to emerge: different trials show similar curvature for the same subject, while

they differ among subjects, as already proved in [17, 3]. During the interaction of

subjects with the robot in zero gains PD control mode the high goodness-of-fit in

terms of thickness (1-2 order of magnitude smaller than in the experiments with the

handheld device) revealed the strong influence of robot in masking the human motor

strategies. In this case 2-dimensional surfaces are similar for all subjects highlighting

the absence of any biological noise (Fig. 2.21). It has to be noticed that, since the

robot constraining behavior has also been verified in [17] (where experiments were

conducted without any modification to the mechanical structure of the system), the

perturbation to the human natural motor strategies cannot be due to the removal
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Figure 16: Donders’ surfaces fitting the rotation vectors (in radians) relative to three different subjects

who perform the same pointing task, each one composed of 5 trials, in three different operative way:

with handheld device (top), with robot in zero gains PD control mode (middle), with force-controlled

robot (bottom).

22

Figure 2.21: Donders’ surfaces fitting the rotation vectors (in radians) relative to
three different subjects who perform the same pointing task, each one composed of
5 trials, in three different operative way: with handheld device (top), with robot in
zero gains PD control mode (middle), with force-controlled robot (bottom).
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of the passive revolute joint and of the linear slider.

In the case of force-controlled robot, 2-dimensional surfaces were different among

tested subjects; moreover, each subject’ surfaces were similar to those coming from

the experiment with the handheld device, with thickness values got back into the

physiological range (1–3 deg). From the analysis of the coefficients C4, C5 and C6,

which are related to Donders’ surfaces curvature, no discrepancy between the values

measured with the handheld device and with the force controlled robot emerges.

This confirms the analogies between the two performances.

The constraining action of the robot, when controlled through the PD control

(with gains set to zero) is particularly evident in the Helmholtz-like behavior of the

surfaces: the sign of the C5 coefficient is inter-subjectively invariant and positive. It

is worth recalling that the Helmholtz gimbal is a 2-dimensional mechanism and its

rotation vectors necessarily lie on a 2-dimensional surface; in the case the surface

is expressed through the (2.20) this implies C5 =1/2 and all the other coefficients

to be zero. The explanation to this result is that subjects natural movements are

affected by an excessive mechanical impedance on the PS joint of the robot; this is

confirmed by the restoration of a natural behavior during the execution of the tasks

with a more transparent robot (from Table 2.6 it can be seen that thickness values

became physiological) and by an evident activation of PS DOF.

It is worth highlighting that, due to stability limitations presented above, we

could easily achieve an acceptable transparent behavior to make re-emerge human

natural motor features because the InMotion3 system already presented a good level

of back-drivability. Hence, the same approach would not have given successful results

if the mechanical properties of the robot had been far apart from the desired one.

2.5 Conclusions

The presented work addresses not only the traditional issues of pHRI in terms of

safety and biomechanical compatibility but also the problem of coping with human

motor strategies and neural mechanisms adopted to solve redundancy during motor

tasks which are not appropriately considered in the design of current robotic systems.

The analysis of neural constraints for the human wrist during kinematically re-

Tesi di dottorato in Ingegneria Biomedica, di Nevio Luigi Tagliamonte, 
discussa presso l’Università Campus Bio-Medico di Roma in data 20/03/2012. 
La disseminazione e la riproduzione di questo documento sono consentite per scopi di didattica e ricerca, 
a condizione che ne venga citata la fonte



46
CHAPTER 2. IMPEDANCE REDUCTION OF A ROBOT FOR WRIST

REHABILITATION

C1 C2 C3 C4 C5 C61

0.5

0

0.5

1

 

 

HH
ZPD
FC

(a)

C1 C2 C3 C4 C5 C60.6

0.4

0.2

0

0.2

0.4

 

 

HH
ZPD
FC

(b)

C1 C2 C3 C4 C5 C60.3

0.2

0.1

0

0.1

0.2

0.3

0.4

 

 

HH
ZPD
FC

(c)

Figure 17: Fig. 9. Histograms of the C1, . . . , C6 coefficients (averaged on 5 trials, the vertical bars

represent the 95% confidence interval) each of one relative to a single subject in 3 different operative

conditions; (a) Subject 1, (b) Subject 2, (c) Subject 3. (HH: HandHeld device; ZPD: robot in Zero gains

PD control mode; FC: Force-Controlled robot).
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Figure 2.22: Histograms of the C1, . . . , C6 coefficients (averaged on 5 trials, the
vertical bars represent the 95% confidence interval) each of one relative to a single
subject in 3 different operative conditions; (a) Subject 1, (b) Subject 2, (c) Subject
3. (HH: HandHeld device; ZPD: robot in Zero gains PD control mode; FC: Force-
Controlled robot). C1 is in rad, C2–C3 are dimensionless, C4–C6 are in rad−1.
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Table 2.6: Thickness values for Donders’ surfaces [rad]. ZPD: robot in Zero gains
PD control mode; FC: Force-Controlled robot).

Subject HH ZPD FC

1 0.031 ± 0.006 0.016 ± 0.007 0.024 ± 0.002
2 0.046 ± 0.016 0.002 ± 0.004 0.027 ± 0.006
3 0.024 ± 0.002 0.009 ± 0.013 0.018 ± 0.002

overall 0.034 ± 0.008 0.009 ± 0.008 0.023 ± 0.003

dundant tasks showed that motor strategies can be perturbed when subjects interact

with a state-of-the-art wrist robot, despite its high level of back-drivability [17, 3].

This is due to excessive mechanical impedance associated with the PS joint.

This confirms results found in studies on human motor control and robot-aided

neurorehabilitation which assessed the influence of robot dynamics on subjects psy-

chophysic performances.

In this work a basic control scheme, specifically for the PS axis, was implemented

to reduce human-robot interaction forces and to study the effects of a lower perceived

impedance on such neural constraints. From the analysis of Donders’ surfaces asso-

ciated to the execution of pointing tasks it was found that, when interacting with

the force-controlled robot, subjects regained natural motor behaviors as during free

motion (measured with a lightweight handheld device).

The work emphasizes the possibility of minimizing the perturbation to human

natural motion even through simple solutions like a well known direct force control

approach. Nevertheless, it was possible to successfully exploit this solution since

intrinsic mechanical properties of the robot were already close to the acceptable ones.

Conversely, the employed direct force control scheme would have been capable of

reducing impedance only to a certain extent, with performances bounded by coupled

stability requirements.

Since transparency can be primarily guaranteed only by the hardware design more

than by the control design (as also suggested in pioneer studies on force control, [28]),

it is crucial to examine the effects of different levels of back-drivability on human

natural movements and to point out which is the range of impedance values that can
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avoid the occurrence of constraining behaviors thus providing guidelines for future

designs. For this reason, this work is the starting point for analyses able to suggest

new approaches in the design of rehabilitation robots which, at the state of art, do

not consider neural constraints but only biomechanical ones.
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Part II

Compliant actuators and joints

for pHRI: analysis and new

designs
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Chapter 3

Double actuation architectures

As pointed out in chapter 1, in recent years robotic systems have been more

and more conceived for a number of applications where a high level of adaptability

is required, in order to interact with the environment and to stably comply with

actions exerted by external agents. New design paradigms and actuation solutions

have grown, so to opportunely fulfill the requirements of these scenarios [34] and

traditional stiff robots [35], with rigid, high-precision behavior, have given way to

soft robots [36, 37] which operate compliantly.

In rehabilitation and assistive robotics, the pHRI is a normal operative condition

since users are continuously connected to a machine which guides or assists their

movements. In this case a high level of biomechanical compatibility and dynamical

adaptability is desirable. These machines have to be as transparent as possible to the

active motion of the users and to provide assistance as needed in conditions where

they are not able to complete a prescribed motor task [38].

Robotic prostheses are required to restore human functionalities lost due to am-

putation in a large variety of dynamical conditions. In the case of human locomotion,

for example, collision with terrain is managed cyclically and exploited to store energy

in elastic tissues, which can be released to reduce the active work produced by the

muscles [39]. For this reason, in active prostheses, the necessity of having mechanical

properties dynamically varying as a function of gait phase or speed and adapting to

terrain shape is crucial to mimic the humans’ physiological features [40].
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Reproducing passive elastic properties of human and animal joints can also enor-

mously improve the energetic efficiency of legged robots, especially in the case of

running and hopping machines, as demonstrated in pioneer works in the early 1980s

both in simulation and in prototypal implementations [41]. The on-line modifica-

tion of dynamical properties is also pivotal in bipedal robots using the principles of

pseudo-passive locomotion [4] in which a stable limit cycle of the system has to be

achieved and possibly modified.

In neuroscience, the theories on human sensory-motor control and on learn-

ing strategies can be experimentally validated through dedicated robotic platforms

[42, 43]. These systems have to reproduce the kinematic, dynamic and functional

features of human limbs also with an high level of flexibility to test different kind of

control schemes. One of the main attributes to be replicated is the muscular agonis-

tic/antagonistic actuation arrangement to have the capability of separately regulate

joints position and stiffness. In this way it is possible, for example, to investigate

the debated Equilibrium Point (EP) control hypothesis [44].

In industrial robotics it is crucial to limit the energy exchange with external

agents during unwanted collisions and to modulate the level of intervention during

human-robot cooperative tasks [34, 45, 46]. Using compliant transmissions as a

countermeasure can be inefficient in transferring actuators power to the links for fast

motion in free space, unless joints stiffness is made variable during the execution of

the task [36, 45]. In this regards, the Safe Brachistochrone problem aims at finding

the minimum time required to move between two fixed configurations such that

an unexpected impact would guarantee a defined safety level at any instant. The

solution to this optimal control problem suggests the need of low stiffness-high speed

and high stiffness-low speed movements [34, 45].

For a rotational mechanical system the output mechanical impedance can be

defined as the torque τ produced in response to an imposed motion θ. In the Laplace

domain the mechanical impedance can be written as the transfer function

Z(s) =
T(s)
Θ(s)

(3.1)

in which T (s) and Θ(s) are the Laplace transforms of τ and θ, respectively.
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The simplest solution to reduce mechanical impedance with respect to traditional

stiff robots consists in adopting control schemes to render desired dynamical prop-

erties in the interaction with the environment, e.g. mimicking desired visco-elastic

characteristics and possibly using force feedback.

This active control approach provides a limited level of safety due to possible

sensors failure, to bandwidth limitations or to stability issues. On the other hand,

the introduction of passive mechanical components gives the great advantage of re-

ducing the impedance of robotic systems intrinsically, i.e. across the whole frequency

spectrum. In chapter 2 an example of force control limitation was presented based

on [28] showing stability issues in coupling robots and interacting systems1. Using

a similar method, in [32, 47] it was demonstrated that adding series dynamics can

improve interaction both by altering the actuator structure to make it more closely

resemble a target system, and by allowing more ‘aggressive’ force feedback.

The interposition of a compliant element between an actuator and its load was

originally presented in [48, 49] in studies on legged locomotion. The proposed proto-

type, indicated as Series Elastic Actuator (SEA), was a linear actuator but a number

of rotary systems have been developed in recent years [50, 51, 52, 53, 54, 55, 56, 57,

58, 59] (more details will be provided in chapter 4).

This approach provides several advantages:

- intrinsic compliance allows shock tolerance and safety during impacts;

- simple and high fidelity force control can be implemented using as feedback

signal the measurement of the elastic element deflection;

- the effects of stiction, friction, backlash and other nonlinearities are reduced;

- work and power output of the actuator can be increased if an appropriate series

elasticity is selected according to a specific task;

- in cyclical and/or explosive tasks efficient energy storage/release can be achieved.

In Fig. 3.1 a schematic representation of a general SEA torque control approach

is reported.
1Stability problems typically arise when a robot contact stiff environments [28].
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application, can lead to an energetic optimization of the sys-
tem, allowing the transfer of peak power values greater than
the power limit of the source motor. The major drawback
introduced by the series elastic element is the reduction of
the actuator bandwidth [6]. Improving the compliance of the
actuator reduces the saturation frequency for a given torque,
thus decreasing the overall performances of the system. A
direct drawback of this behavior is that, given some target
torque control specifications, a SEA can require extra power
requirements with respect to a traditional stiff motor. More-
over, when the system is stiffness-controlled, i.e. it mimics
an elastic behavior, the maximum stiffness which can be vir-
tually rendered is limited by the elastic element, if conserva-
tive demands for stability are to be met [7].

SEAs were originally employed in bipedal walking and
running robots [8] where unavoidable high frequency dis-
turbances due to impacts with the ground must be rejected.
SEAs are now widely adopted also in wearable robotics for
gait assistance [9, 10]. In this application, where a typical
actuation cycle consists of a sequence of concentric (positive
power transfer from the actuator to the load) and eccentric
(negative power transfer) phases, the property of compliant
elements to serve as energy buffers can be exploited to reduce
actuator power demands. The system proposed in [3, 4] is a
linear actuator but a number of rotary prototypes have been
recently developed for different applications [9–16]. SEAs
are typically torque-controlled, using the control scheme de-
picted in Fig. 1.

In this general scheme, the measurement of spring de-
flection ∆θ provides an estimate of the torque exerted by
the actuator θl ; this measure is used as feedback signal for
torque control thus converting the torque control problem in
a simpler position control one. The equilibrium position of
the spring is thus continuously varied for torque regulation.
The stiffness of the series elastic element must be carefully
selected in order to trade-off between performances, adapt-
ability and safety, as it will be presented in the next sec-
tions. Moreover, dimensions and weight must be reduced as
much as possible, especially for wearable robotics applica-
tions. In order to be included in such torque control scheme,
a compliant element for a SEA is then required to be verified
against the maximum output torque supplied by the actuator
and to provide a linear torque vs. rotation relationship both
in static and dynamic conditions. However, the elastic ele-
ment should be directly connected to the load, so to avoid

Fig. 1. Torque control scheme for a rotary SEA. τd represents the
desired torque, ks the spring stiffness, ∆θ the spring deflection, τl
the output torque and θl the output angle.

the effect of force-fidelity reduction caused by transmission
non-linearities. Moreover, typical applications in assistive
robotics impose torque requirements in the order of 10-50
N·m. Unfortunately, no commercially available, sufficiently
compact rotary component is able to fulfill all of the above-
mentioned requirements.

1.1 State of the Art of SEA Torsional Springs
A fair amount of research in SEA design has gone in the

direction of designing custom components or systems, suit-
able to match the specific requirements of a given applica-
tion. It can be useful to group the compliant components of
SEAs in two different classes depending on the kind of solu-
tions adopted to implement the desired output torsional stiff-
ness. The first class comprises compliant elements adopting
linear compression springs arranged so to produce a torsional
stiffness [9, 11–13]. The springs arrangement generates a
centering elastic torque M(θ) against an external rotation of
the joint shaft. The second class includes compliant elements
implementing torsional springs embedded in the transmis-
sion train or custom torsional springs directly connected to
the load [10, 14–16].

Considering the first class of SEAs compliant elements,
a system with a three spoke output component, a circular
input pulley and six linear springs, which allows to mini-
mize dimensions while achieving high rotary stiffness, was
presented in [11] (see Fig. 2-A). The springs are made of
2.2 mm C85 Carbon Steel wire with stiffness of 62 N/mm,
a free length of 18 mm and a maximum allowable deflec-
tion of 6 mm. A similar approach using six linear springs
to achieve a torsional stiffness is pursued in [12] (Fig. 2-B).
In [13] four springs have been used so to develop a velocity
sourced SEA intended for use in human-robot interaction ap-
plications (Fig. 2-C). The series elastic element is 120 mm in
diameter and 98.5 mm in length. Off-the shelf valve springs
are implemented, with a natural length of 35 mm and an outer
diameter of 25 mm, comprising 6 turns of 2.8 mm steel wire.
Each spring stiffness is 19 N/mm while the four springs ar-
ranged in the module provide a rotational spring constant of
138 N·m/rad. In the SEA developed in [9], the torsional elas-
tic behavior is due to the agonistic-antagonistic configuration
of two linear compression springs connected to the actuator
disk with a cable so that a torsional spring is created (Fig. 2-
D); the two compression springs are pre-tensioned with the
maximally desired force, so that the connecting cable will
always be under tension during operation. The actuator has
an approximate peak torque output of 30 N·m. Three differ-
ent sets of springs were used as series elastic element so to
achieve three different resultant stiffness values.

Compliant elements belonging to the second class can
be either commercial or custom. In the first case the spring
can be positioned in the power transmission stage so to sat-
isfy the demanding peak torque requirements of pHRI appli-
cations, as in [10] (Fig. 2-E), where the spring is installed
between the worm gear and output gears. In this configura-
tion, the presence of a spring in the transmission stage allows
achieving a good fidelity in transferring motion between the

Figure 3.1: General torque control approach for rotary SEAs, adapted from [47]. τd is
the desired torque, τl is the actual torque, θl is the output rotation, ks is the spring
stiffness and ∆θ represents its deflection. The controller acts on the torque error
considering as feedback signal the delivered torque estimated from the measurement
of the spring deflection.

Nevertheless, series elasticity causes a degradation of performances in terms of

control bandwidth with respect to traditional rigid actuation systems [47]. This lim-

itation can be overcome using elastic elements whose properties can be varied during

operation. The aim of independently regulating motion and impedance field to im-

prove performances as well as to stably controlling robots interaction forces with

external agents paved the way to the development of Variable Stiffness/Impedance

Actuators (VSA/VIA), which are achieved by means of redundant actuation solu-

tions, i.e. including a number of active elements higher than the number of actively

controlled DOF.

The aforementioned application fields can benefit from a simultaneous and decou-

pled control of both motion and impedance of robotics joints, thus possibly requiring

redundant actuation solutions.

In this chapter a classification and a comparison of rotary double actuation units

is presented, analyzing pros and cons of different architectures and describing some

representative state-of-the-art prototypes. This kind of analysis can serve as a refer-

ence criterion for new designs of actuators according to the requirements of different

application fields.

It is worth noticing that the presented analysis will involve also several prelimi-

nary works presented in recent international conferences. This choice is motivated by

the necessity of reporting also about latest activities in the rapidly growing research
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3.1. CLASSIFICATION OF DOUBLE ACTUATION UNITS 55

field of variable impedance actuation.

3.1 Classification of double actuation units

Reducing the problem to its lowest terms, there are two ways to connect two

actuators to a load: in serial or in parallel configurations (Fig. 3.2). According to

the most commonly accepted definition of series and parallel in mechanical systems

[60], a configuration is of serial type if the generalized displacement of the output link

is obtainable by algebraic sum of the generalized displacements of the two actuators.

On the contrary, a configuration is parallel if the torque applied to the output link is

obtainable by algebraic sum of the torques applied by the two actuators. These basic

possibilities can be varied to achieve a number of profoundly different configurations,

by employing different kind of transmissions or introducing compliant elements.

Despite the incredibly high number of configurations that can be theoretically

devised by arranging two motors and some elastic components [61], the focus of this

work will be only on state-of-the-art systems, which have been proved to be effective

and relevant.

(a) (b)

Figure 3.2: Serial (a) and parallel (b) arrangements of two actuators.

Two types of serial connections can be achieved: purely serial (Fig. 3.3a-d) and

quasi antagonistic [36] (Fig. 3.3e-f). In the first case the output of one motor is

the input for the other one, whose output is connected to the load. Both of them

can be ordinary (Fig. 3.3a, c, e), for a direct connection, and differential (Fig.

3.3b, d, f), if the same connectivity between the elements is achieved through a

differential transmission. Parallel connections can be classified in: purely parallel
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56 CHAPTER 3. DOUBLE ACTUATION ARCHITECTURES

(Fig. 3.4a-d) and agonistic/antagonistic (Fig. 3.4e-g). In the first case an colocated

configuration implies a direct connection of both motors to the load (Fig. 3.4a, c),

while in a distributed one the outputs of the motors are coupled and only one of them

is directly connected to the load (3.4b, d). Agonistic/antagonistic architectures can

be further distinguished in simple, cross coupled and bidirectional [37] (Fig. 3.4e, f,

g respectively).

Therefore, purely serial and purely parallel solutions can be elastic or rigid if

respectively they use or not compliant components.

While in agonistic/antagonistic architectures the two motors (and their series

elasticity) are antagonistically coupled, in quasi-antagonistic configuration only the

springs are antagonist while the motors are serially coupled. In particular, the simple

agonistic/antagonistic arrangement (Fig. 3.4e) represent the parallel connection of

two SEAs.

This classification is schematically resumed in Fig. 3.5.
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SERIAL ARCHITECTURES
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Figure 3.3: Serial architectures. In the differential transmission symbol the smallest
circle is the output while the outer circles are the two inputs. The represented springs
are in general nonlinear.
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PARALLEL ARCHITECTURES
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Figure 3.4: Parallel architectures. The represented springs are in general nonlinear.
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The following sections will be focused on analyzing the different arrangements

cited above, and on describing representative prototypes implementing the presented

architectures.

Moreover, a third category can be identified, which cannot be properly classi-

fied as serial or parallel configurations: Physically controllable impedance actuators

consists of all systems in which one of the two motors is employed to modify the

mechanical properties of a passive elastic element. Possible solutions are exhaus-

tively classified and described in [62] (where a further distinction is made between

structure controlled and mechanically controlled impedance) but some examples will

be also reported here. Also variable damping actuators will be touched on.

Double actuation architectures!

Serial! Parallel!

Differential!

Quasi antagonistic!
(elastic/rigid)!

!

Agonistic/Antagonistic!Purely serial!
(elastic/rigid)!

Purely parallel!
(elastic/rigid)!

!

Simple! Cross coupled! Bidirectional!Ordinary! Differential!Ordinary! Distributed!Colocated!

Physically controllable 
impedance!

Figure 3.5: Classification of double actuation architectures.

3.1.1 Serial configuration

In the serial configuration two motors can be used to control the position and

the impedance simultaneously and independently [63]. The drawback of this config-

uration is that the maximum torque is limited by the smallest motor. As previously

remarked, a particular implementation of the serial configuration consists in using a

differential mechanism. This principle is also reported in [64] where a rotary SEA is

implemented through a Harmonic Drive gear in differential mode (Differential Elastic

Actuator, DEA).

In the serial connection of two motors, one can be used to provide a variable series

elasticity. This can be regarded as a direct extension of the SEA concept, which

allows to overcome some of the limitations due to a fixed compliance. However, if no

physical compliant elements are introduced in the actuation system, most of SEAs

advantages cannot be exploited (see section 3). In the following sections purely serial
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60 CHAPTER 3. DOUBLE ACTUATION ARCHITECTURES

and quasi antagonistic configurations (both of them in an ordinary and differential

implementation) will be described through some examples.

3.1.1.1 Purely serial - ordinary

The Double Actuator Joint (DAJ, [43]) consists of two motors connected in series:

one of them commands the equilibrium point of the joint which is connected to

(positioning motor) and the other one modulates the joint stiffness (stiffness control

motor). The DAJ represents a rigid implementation of the ordinary purely serial

configuration.

With this system an EP control scheme is implemented to obtain a human arm-

like behavior. Therefore, the contact force with an external object can be controlled

either by regulating the distance between the equilibrium point and the contacting

surface or by modulating the compliance through the stiffness control motor.

In Fig. 3.6b it is reported a 2-DOFs master-slave manipulator with the DAJ

mechanism [43]. The DAJ mechanism is implemented on the slave arm, while single

actuators are placed on each joint of the master arm.

At each joint axis, there is a stack of three layers (base, positioning, and compliant

layers); positioning motor connects base and positioning layers while stiffness control

motor connects positioning and compliant layers. If the second and third layers are

locked the robot arm works in a conventional position control mode.
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all the calculations to figure out all muscle activities 
(Pennisi (1996), Gomi and Kawato (1996))[20][15].  
Indeed, there is considerable evidence that the motor 
control system takes into account the dynamic 
properties of the limb as can be seen in 
preprogrammed or anticipatory reactions (Shadmehr 
and Mussa-Ivaldi)[22].  Other studies have attempted 
to eliminate the contrast between equilibrium 
hypothesis and inverse dynamics by suggesting the 
existence of motor primitives that generate force fields 
acting upon the limbs.  

The 1 D.O.F. EP model in Fig. 1 can be extended to 
multi-D.O.F. limb models. As an example, a simple 2 
D.O.F. upper limb model is introduced. The two-link 
planar model of the arm is constrained to move in the 
transverse plane, and has two degrees of freedom 
corresponding to the shoulder and elbow joints.  For 
simplicity, each segment is modeled as a rigid body 
and connected to each other by frictionless pin joints.  
The forearm and upper arm segments have masses of 
m1 and m2, respectively.  Likewise, the respective 
centroid moments of inertia are I1 and I2.  While 
muscle force is a complicated function with many 
variables, the mechanical property of a muscle may be 
simplified to be a function of muscle length and its rate 
of change.  Hence, arm muscle groups may be modeled 
as a combination of linear torsional springs and 
dampers as postulated in the arm models by Hogan 
(1984)[25] and Flash (1987)[11].  In the framework of 
EP control, the resultant joint torques are assumed to 
be dependent only on deviation of the actual trajectory 
from the equilibrium point trajectory and on joint 
velocity.  The following equation gives the joint 
control torques as a function of the instantaneous 
difference of actual and equilibrium point trajectories 
and joint velocity: 
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are vector of joint angles and rates, O  is the 

vector of equilibrium point joint angles KJ and BJ are 
joint stiffness matrix and joint damping matrix 
respectively. Additional assumption for the EP model 
in arm movement is so- called Minimum-Jerk 
equilibrium point trajectory [26]. The driving input to 
the EP model has a minimum-jerk velocity profile 
taking the equilibrium point from the start to the finish: 
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Figure 3.6: Serial connection of the positioning motor and stiffness control motor for
the DAJ (a) and components of the two-linked robot arm with the DAJ (b) [43].
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The Floating Spring Joint (FSJ, [65]) is an elastic version of the ordinary purely

serial architecture. In Fig. 3.7a a conceptual diagram is reported.

The Joint Motor (for position regulation) uses a Harmonic Drive (HD) as reduc-

tion gear; its output is serially connected to a Variable Stiffness Mechanism (VSM),

which is composed by two cam disks separated by cam rollers and connected by

a pre-compressed linear spring. The relative rotation of these two disks causes an

elastic torque when the joint is passively deflected; the stiffness preset is regulated

by a Stiffness Motor by modifying the initial relative rotation of the disks.

to be about 60 Nm [10], [11]. Maximum human arm
stiffness on joint level is still under investigation and a
topic controversially discussed. Some indications lead to
a value of about 350 Nm/rad on joint level in the elbow
[12].

• In order to achieve accurate positioning as well as robust
and predictable dynamics the robot arm should have a
stiff structure and high resolution position sensors.

• An important goal during the design process was to keep
friction as low as possible.

• Application of absolute position sensors, in order to
measure the complete joint state.

III. ENERGY BASED DESIGN

The layout of the DLR FSJ is derived from the energy
point of view. In elastic joints the kinetic energy is stored
in the connected links and the joint motor. Potential energy is
stored in the elastic element and in the links due to gravitation.
Energy is transformed between kinetic and potential energy
repeatedly during arm movement. Therefore it is essential
that the energy can be transformed efficiently. It is important
that the amount of potential energy is well balanced with the
intended tasks and the resulting dynamics.

That implies at first that we keep the friction in general as
low as possible so that we do not loose the energy unintention-
ally during operation. So we have to avoid friction bearings,
and reduce the overall number of bearings. Secondly we
require highly efficient motors and gears that also feature high
peak energy throughput. Therefore we use Robodrive motors
and Harmonic Drive gears. Finally the VSJ performance is
mostly determined by the design of the spring mechanism.
The proposed mechanism is designed to use the spring energy
of a single mechanical spring efficiently to to generate the
desired torque and to reduce losses due to pretension in order
to alter the joint stiffness.

A. Joint Mechanics

The DLR FSJ (see Fig. 2 and 3) is designed as a variable
stiffness joint device with two electromechanical actuators of
significantly different size. The big Robodrive ILM 50x14 SP
motor is dedicated to move the joint by setting the equilibrium
point of the joint. The purpose of the smaller Robodrive
ILM 25x8 SP motor (equipped with a nadj = 1000 : 1 gear
box) is to change the stiffness preset of the joint. However
there is some coupling in between them (see section III-C) -
not only with external load applied like other VSJ but also
at zero external load. The variable stiffness mechanism is
attached to the Harmonic Drive gear CSD-25 (ratio nmain =
80 : 1) of the main motor in a series setup at its output
shaft (see Fig. 4). The serial setup was chosen, because the
presented joint mechanism could be kept more compact in
that way. The serial setup is less advantageous compared to
the differential setup of previous joint prototypes the VS-Joint
and the QA-Joint regarding the link side inertia. So the full
joint mechanism has to be accelerated by the main motor.
Nevertheless the highly integrated design results in a link

side inertia (see Table I) which is still an order of magnitude
smaller than the whole connected individual links of the arm.

Fig. 2. The DLR Floating Spring Joint (FSJ).
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Fig. 3. Cross section of the FSJ.
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Fig. 4. The spring mechanism of the FSJ is located in series between the
harmonic drive gear box of the main actuator and the link.

The core of the joint is the spring together with its sur-
rounding nonlinear and adjustable transmission mechanics as
depicted in Fig. 5. The spring pulls the two cam disks together
with respect to each other. The spring is not attached to any
part of the housing. In between the cam disks rotate the cam
rollers, which are mounted to the roller base and with it to
the gear output of the harmonic drive gear. The cam disks are
guided by linear bearings in the axial direction. One cam disk
is rotationally supported by the link output, the other by the
stiffness adjusting motor. The stiffness adjusting motor rotates
the cam disks with respect to each other to gain a stiffer joint
setup. A passive joint deflection as well as an increase of the
stiffness setup is pushing the cam disks apart.

The joint is equipped with 5 position sensors, of which 2
pairs are redundant. The following positions are measured in

!"#$
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stiffness on joint level is still under investigation and a
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point of the joint. The purpose of the smaller Robodrive
ILM 25x8 SP motor (equipped with a nadj = 1000 : 1 gear
box) is to change the stiffness preset of the joint. However
there is some coupling in between them (see section III-C) -
not only with external load applied like other VSJ but also
at zero external load. The variable stiffness mechanism is
attached to the Harmonic Drive gear CSD-25 (ratio nmain =
80 : 1) of the main motor in a series setup at its output
shaft (see Fig. 4). The serial setup was chosen, because the
presented joint mechanism could be kept more compact in
that way. The serial setup is less advantageous compared to
the differential setup of previous joint prototypes the VS-Joint
and the QA-Joint regarding the link side inertia. So the full
joint mechanism has to be accelerated by the main motor.
Nevertheless the highly integrated design results in a link

side inertia (see Table I) which is still an order of magnitude
smaller than the whole connected individual links of the arm.

Fig. 2. The DLR Floating Spring Joint (FSJ).
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Fig. 3. Cross section of the FSJ.
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Fig. 4. The spring mechanism of the FSJ is located in series between the
harmonic drive gear box of the main actuator and the link.

The core of the joint is the spring together with its sur-
rounding nonlinear and adjustable transmission mechanics as
depicted in Fig. 5. The spring pulls the two cam disks together
with respect to each other. The spring is not attached to any
part of the housing. In between the cam disks rotate the cam
rollers, which are mounted to the roller base and with it to
the gear output of the harmonic drive gear. The cam disks are
guided by linear bearings in the axial direction. One cam disk
is rotationally supported by the link output, the other by the
stiffness adjusting motor. The stiffness adjusting motor rotates
the cam disks with respect to each other to gain a stiffer joint
setup. A passive joint deflection as well as an increase of the
stiffness setup is pushing the cam disks apart.

The joint is equipped with 5 position sensors, of which 2
pairs are redundant. The following positions are measured in

!"#$

(a) (b)

Figure 3.7: Conceptual diagram (a) and prototype (b) of the FSJ [65].

3.1.1.2 Purely serial - differential

The SDAU (Serial-type Dual Actuator Unit, [63]) is a rigid implementation of the

purely serial differential configuration, where two motors are connected in series via

a four-stage planetary gear train. One high-torque low-speed motor (Position Actu-

ator, PA) controls the position and the other low-torque high-speed motor (Stiffness

Modulator, SM) regulates the stiffness.

Because of the serial connection, the angular displacement of the SDAU, θDAU ,

can be expressed as θDAU = θPA + θSM , being θPA and θSM the rotations of the PA

and of the SM respectively. The joint stiffness, kDAU , is:

kDAU =
(1/rPA)2(1/rSM )2k′PAk

′
SM

(1/rPA)2k′PA + (1/rSM )2k′SM
≈
(

1
rSM

)2

k′SM (3.2)

being r the reduction ratio of the considered gearmotor and k′ its stiffness before

reduction. The approximation in (3.2) is due to the condition that rPA � rSM .
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This implies that the output stiffness can be modulated by varying only the

stiffness of the SM, and does not depend on the stiffness of the PA, thus decoupling

the control problem.

In Fig. 3.8 the prototype of SDAU is shown.110 IEEE/ASME TRANSACTIONS ON MECHATRONICS, VOL. 15, NO. 1, FEBRUARY 2010

Fig. 3. Equivalent model of DAU.

can be given by

rSM =
!O

!!
SM

= r!SM
NRO

NSMG

!
1" 1

rPA

"
(3)

where !!
SM is the angular velocity of the SM at the actuator

stage, !O is the angular velocity of the output shaft, r!SM is
the gear ratio of the gear reducer installed at SM, and NSMG
and NRO are the number of teeth of the spur gear (attached
to the shaft of the SM gear reducer) and the outer ring gear,
respectively.

Now, the total DAU system can be replaced by the equivalent
model composed of the actuators and equivalent gear reducers,
as shown in Fig. 3. The variables kPA , "PA , and #PA denote
the joint stiffness, joint angle, and joint torque of the position
control part at the output of the gear reducer, whereas kSM , "SM ,
and #SM are those of the stiffness modulation part, respectively.
On the other hand, k!PA , "!PA , and # !PA are the stiffness, angular
displacement, and output torque of PA, and k!SM , "!SM , and # !SM
are those of SM.

By applying the principle of superposition, the angular
displacement of the DAU, "DAU , can be expressed by

"DAU = "PA + "SM = rPA"!PA + rSM"!SM (4)

where "!PA is the control variable used to achieve position control
and "!SM is the measured parameter, i.e., the position of DAU
is determined only by the position of PA. The torques of the
PA, SM, and DAU are identical since PA and SM are connected
in series. Therefore, the joint stiffness of DAU, kDAU , can be
obtained by

kDAU =
(1/rPA)2(1/rSM)2k!PAk!SM

(1/rPA)2k!PA + (1/rSM)2k!SM
. (5)

Since (1/rSM ) is much smaller than (1/rPA ), kDAU is
approximated as

kDAU #
!

1
rSM

"2

k!SM . (6)

As expressed in (6), the joint stiffness can be considered as
a function of only k!SM , which means that the joint stiffness of
the DAU is determined only by the stiffness of SM.

C. Design Guideline of DAU

To design a DAU, the required specifications of the DAU
such as power, velocity, torque, position response time, stiffness

Fig. 4. Prototype of DAU. (a) DAU. (b) Internal view of DAU with planetary
gear train.

response time, etc., should be determined first. The PA and
SM are selected from the properties related to position control
and stiffness modulation, respectively. Then, each gear ratio
associated with position control and stiffness modulation can be
chosen. To minimize the interaction between the PA and the SM,
it is recommended that the gear ratio associated with position
control is ten times higher than that associated with stiffness
modulation.

Next, the appropriate gear reducer is selected to connect the
PA and SM in series using a planetary gear train or a harmonic
drive. Any type of speed reducer can be adopted, but the internal
elements must be uniformly distributed and the input shaft must
be aligned with the output shaft; otherwise, the eccentricity tends
to generate the vibration that causes the torque ripple problem.
A planetary gear train is used for the low-cost, low-sensitivity
model and a harmonic drive for the high-cost, high-precision
model.

D. Prototype of DAU

The prototype of the DAU based on a planetary gear train,
as shown in Fig. 4, was constructed for various experiments
related to the performance of the DAU. The DAU uses two
20-W brushless dc motors. PA has four-stage planetary gear
trains, and the gear ratio of each stage is approximately 5:1. SM
has its own gear reducer, and the output shaft is connected to the
spur gear that has the same number of teeth as the outer gear.
Therefore, the gear ratio of the position control part of the DAU
is 690:1, while that of the stiffness modulate part is 84:1.

The total size including the motors is 29$ 53$ 115 mm, and
the weight of the unit is about 500 g. The maximum continuous
torque is 1.2 N·m, the maximum velocity is 90%/s, the rated
power is 40 W, and the maximum backlash is 3.6%. The encoder
resolution with the gear reducer is 2.14 $ 10"3% per pulse for
the SM part, which is small enough for force estimation. The
force estimation range varies from 0.1 to 1.2 N·m.

As shown in Fig. 5, two controllers based on the DSP
(TMS320F2812) were used to independently control the po-
sition and stiffness of the manipulator. Two motion controllers
are connected by the control area network (CAN) communi-
cation. The position information of PA is transmitted from
the position controller to the stiffness controller, and both
actuators are controlled at a sampling rate of 1 kHz. To
verify the performance of force estimation, the force sensor

Authorized licensed use limited to: Korea University. Downloaded on February 5, 2010 at 05:46 from IEEE Xplore.  Restrictions apply. 

Figure 3.8: Prototype of the SDAU (a) and internal view of the planetary gear train
(b) [63].

An external force exerted on the link attached to the SDAU shaft causes the SM

to rotate. The joint torque can be estimated as τDAU = τSM = kSMθSM since the

joint stiffness kSM is set by the user and the angular displacement can be measured

using an encoder.

Moreover, the SDAU architecture allows to switch among three operation modes

[63]: dual actuation (PS controls the position and SM adjusts the stiffness), high

torque (a clutch mechanism locks SM and only PA is activated) and high velocity

(both motors play the role of position controller and their velocity can be summed

if a small external load is applied).

The features of a differential Harmonic Drive (HD)2 are exploited in the VS-Joint

(Variable Stiffness Joint) presented in [66] to regulate position and physical stiffness

preset separately. In Fig. 3.9 a conceptual diagram and a picture of the prototype

are reported. In the VS-Joint a high power Joint Motor is connected to the WG for

position regulation, a VSM is connected to the CS and the output link is connected

to the FS. The VSM is composed of four compression springs whose linear deflection

is transformed by a cam-based system in a centering torque against the compliant

joint deflection. A small Stiffness Motor regulates the springs preload to change the

2More details on the use of Harmonic Drive in Differential mode will be provided in the sections
3.4.2.1 and 3.4.3.1.
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resultant joint stiffness.

of the skills of a joint [3]. Similar to a human, who can
change the stiffness of his joints by straining the agonist
and the antagonist, the stiffness can be changed according to
the performed task. One approach for a variable stiffness is
an antagonistic system like in the natural archetype, which
is successfully implemented in [4], [5], [6]. Two opposing
actuators of similar size and series elastic elements drive one
link by moving in the same direction and change the joint
stiffness by moving in the opposite direction. In every case
the friction of both motors and maybe the spring mechanisms
determine an energy loss. Furthermore, unless less efficient
non-backdrivable gears are used, a high stiffness setting
demands a constant torque of both actuators in opposing
directions. This has also some drawbacks in the energy con-
sumption. The approach in [7] aims at a reduction of these
effects by motor cross-coupling. However, an antagonistic
system is capable to distribute the power of both motors
completely to the change of stiffness. Using a setup in which
the motors are not opposed in the antagonistical way promise
to have less energy consumption, a smaller volume and lower
mass [8], [9], [10]. This of course depends on the design
and the desired task. When the mechanical behavior of the
system can be adjusted close to the desired overall system
behavior, it is possible to reduce the control effort with
preexisting knowledge of the desired application (impedance
matching). Especially for cyclic motions and trajectories,
in which the link has to be stopped and accelerated in
the opposite direction like walking, running, or throwing,
a preset can be given to the system according to the applied
load and speed [12], [13], [14]. In some cases one stiffness
preset is enough for the whole performed application, but
in a real environment the robot has to adapt its stiffness to
changing objects and desired tasks. In this case a continuous
and fast change of the stiffness setup is needed. Compared to
a conventional robot like the DLR Justin [15], the stiffness of
a variable stiffness joint is still orders of magnitude less. In an
unknown environment with the possibility of sudden impacts,
the joint will be set to a stiff setup to prevent the joint from
overload and running into the hardware limits. High stiffness
will provide better results in a precise positioning task. In
contrary a soft preset will be the best choice for a gentle
manipulation in a sensitive environment.

The previous considerations are leading to the develop-
ment of the variable stiffness joint (VS-Joint) presented in
the following sections. Compared to state-of-the-art systems
the new development addresses particularly the performance,
compactness, and friction of the system.

II. VS-JOINT MECHANICS

A. Requirements

The aim of the development of the new VS-Joint (patent
pending) is to introduce a mechanical passive compliance
into a robot joint. It should be possible to change the stiffness
of the joint continuously and with the maximum load applied.
The maximum output torque should be at least 120 Nm.
Other design goals are low weight, and a compact and robust
mechanics, which allows the assembly in a robot arm system

Harmonic Drive Gear

Circular Spline

Flex Spline

Wave Generator

Variable Stiffness
Mechanism

Fig. 2. Principle of variable stiffness joint mechanics. The circular spline
of the harmonic drive gear is supported by the new mechanism.

of the size of a human arm. Low friction and inertia at the
link side are required for a high bandwidth of the spring
mechanism and a low energy loss in operation.

B. Design

The concept of the VS-Joint is based on two motors of
different size to change the link position and the stiffness
preset separately, see Fig. 2. The high power motor changes
the link position and is connected to the link via a harmonic
drive gear. Mechanical compliance is introduced by the VS-
Joint mechanism, which forms a flexible rotational support
between the harmonic drive gear and the joint base. The
joint stiffness is changed by a much smaller and lighter
motor, which changes the characteristic of the supporting
mechanism.

The harmonic drive gear consists of three main parts. In a
standard setup the wave generator (WG) is connected to the
motor axle, the flex spline (FS) is attached to the link and the
circular spline (CS) is fixed to the base of the joint. In the
VS-Joint the circular spline is pivoted. The mechanism of the
VS-Joint acts as a spring like support between the circular
spline and the joint base. In case of a passive compliant
deflection ! of the joint, the CS and the FS rotate relative
to the base. The formula for the gear motion with a nominal
transmission ratio of 100/1 is given in (1), where the angle
indices are the corresponding gear part names.

"CS =
100
101

"FS +
1

101
"WG (1)

The VS-Joint mechanism provides a centering torque #
against the compliant joint deflection. The extent of the
torque can be influenced by the stiffness actuator. The
mechanism transforms the rotation of the CS into a linear
motion of a slider, see Fig. 3. This is done by 4 cam rollers
running on a rotationally symmetric cam disk, which is
connected to the CS. The cam rollers are connected to the
slider, which is guided by linear bearings in axial direction.
A motion of the slider compresses 4 spiral springs, which
results in a force on the cam rollers, see Fig. 4. The force is
transmitted by the cam rollers to the cam disk and results in
a centering torque. The force of the springs can be increased
by moving the spring base towards the cam disk. The spring
base is realized in the form of a second slider. Preload
is created by moving the spring base slider via a spindle

!"#$

Authorized licensed use limited to: IEEE Society Presidents and Executive Directors. Downloaded on October 23, 2008 at 19:36 from IEEE Xplore.  Restrictions apply.

Cam Disk
(Fixed to

Circular Spline)

Cam Rollers
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Roller Slider

Spring Base Slider
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Axis of Rotation
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Translational
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Joint
Deflection

Fig. 3. VS-Joint mechanism. The joint axis is in the vertical direction.
The cam disk rotates on a compliant joint deflection according to (1) which
results in a vertical displacement of the roller slider. A stiffer joint preset
is achieved by moving the spring base downward.

(a)

Cam Disk

Linear Bearing

Roller

(b)

Roller Position
of Undeflected Joint

!

Deflection

F
"

Fig. 4. Unwinded schematic of the VS-Joint principle in centered (a)
and deflected (b) position. A deflection of the joint results in a horizontal
movement of the cam disk and a vertical displacement of the roller. The
spring force generates a centering torque on the cam disk

attached to the stiffness adjusting motor (Maxxon EC22 with
an intermediary planetary gear).

Concerning passive spring deflection and active joint
movement, the location of the VS-Mechanism has signifi-
cant benefits regarding the system inertia and the resulting
bandwidth. The main parts of the mechanism are rotationally
fixed to the joint base. A passive deflection rotates only the
CS, the cam disk, and its bearing together with the link.
The added inertia of these three parts is kept very low (see
Table I) and the joint motor with the WG are not moved. The
torque of an active joint movement is transferred directly via
the gear from the joint motor to the link without additional
friction and inertia of the VS-Mechanics.

The cam disk can have different kind of shapes. A concave
shape results in a progressive, a convex in a degressive, and a
linear in a linear system behavior. By shaping the cam disk
in a concave way with a radius lower or the same as the

TABLE I

VS-JOINT PROPERTIES

Max. Torque 160 Nm

Max. Deflection ± 14 !

Diameter 97 mm

Length 106 mm

Weight (incl. stiffness adjuster) 1.4 kg

Link Side Inertia 2.34! 10"4 kg m2

cam rollers, the system torque behavior at this point will be
a jump or a resting point respectively. It can be overcome
by a torque rising above a certain threshold. The shape of
the cam disk can also be designed to have a different system
behavior depending on the deflection direction.

C. Layout

Several cam disks have been built, however, in the fol-
lowing only one cam disk with a symmetric concave shape
of a constant radius R = 19 mm will be discussed. The
cam rollers have a radius r = 8 mm and roll on a radius
c = 33 mm relative to the joint axis. The springs have a
overall spring constant of k = 908 N/mm. The stiffness
adjusting motor position ! is limited to !max = 630 !, which
will be considered as 100% in the following.

In the unwinded model of the system the joint deflection
is c" and the angle # is:

# = sin"1

!
c"

R! r

"
(2)

The displacement of the cam rollers y in the direction of the
joint axis

y = (R! r) (1! cos #) (3)

and the displacement of the stiffness adjusting slider result
in the compression of the springs. By multiplying this
displacement with the spring constant the spring force results

F = k
#
(R! r) (1! cos #) +

!

$

$
. (4)

It generates the centering torque

% = Fc tan # = kc tan #
#
(R! r) (1! cos #) +

!

$

$
(5)

of the system. The stiffness is

S =
d%

d"
= kc2

%
! 1 +

R! r + !
"

(R! r) cos #
+

+

&
R! r + !

"

'
c2"2

((R! r) cos #)3

(
(6)

and the potential energy stored in the system is

E =
) #

0

%d" = !k

*
1
2

c2"2 +

+ (R! r)
##

1 +
!

$

$
cos # +

!

$
!R + r

$+
. (7)

The progressive shape of the cam disk forms an intrinsic
protection of the system, which prevents the joint from
running into the hardware limits. When they are reached, the
spring mechanism is bypassed with a mechanical blocking.
In this case the gear is the direct connection between the link
and the motor inertia. A speed difference of motor and link
then results in a torque peak, whose magnitude is depending
on the gear flexibility. This torque peak of the inner system
impact may cause serious damage to the system.

The system behavior with a deflection in positive direction
is presented in Fig. 5. The system is built symmetrically

!"#$
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(a) (b)

Figure 3.9: Conceptual diagram (a) and prototype (b) of the VS-Joint [66].

In case of a passive deflection of the joint the positioning motor does not move

and the output impedance is only determined by the VSM. On the other hand,

the torque of an active joint movement is transferred to the link directly from the

positioning motor to the output without additional friction and inertia of the VSM.

Different shapes of the the cam disk profile can be used to provide different stiffness

characteristics of the VSM.

3.1.1.3 Quasi antagonistic - ordinary

The AMASC (Actuator with Mechanically Adjustable Series Compliance) is pre-

sented in [67]. A prototype is depicted in Fig. 3.10(a). In this actuator two motors

are coupled in a quasi-antagonistic configuration, using pulleys and cables. The

AMASC system has been specifically designed to adjust the dynamical properties of

legged robots. In Fig. 3.10(b) a schematic overview of the AMASC is given. The

springs FY are linked to floating pulleys to create a nonlinear spring function (G(z)

is the pulley transmission function between the extension of the cable z and the

spring deformation y). The link to be actuated (leg) is placed on pulley J2. One

motor controls the rotation θ1 of pulley J1 (which corresponds to set the equilibrium

position of the system with a costant stiffness) and a second motor controls the dis-

placement x3 resulting in a deformation of the springs and in the regulation of the

output stiffness.
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Abstract—Running is a complex dynamical task which places
strict design requirements on both the physical components and
software control systems of a robot. This paper explores some of
those requirements and illustrates how a variable compliance
actuation system can satisfy them. We present the design,
analysis, simulation, and benchtop experimental validation of
such an actuator system. We demonstrate, through simulation,
the application of our prototype actuator to the problem of biped
running.

I. INTRODUCTION
A robot designed specifically for autonomous legged loco-

motion should be capable of highly dynamic running, jumping,
and stumble recovery, and should achieve these capabilities
while being energetically efficient. In order to accomplish
these goals, we believe a leg spring of sufficient capacity to
store the energy of a running gait is a necessity. Furthermore,
we believe variable leg spring stiffness provides an important
means for effective gait control.
One could concieve of two extremes of actuator design that

would create these desirable properties: high-bandwidth actu-
ators with all dynamics described by software control policies,
or carefully designed mechanical systems with tuned natural
dynamics that require no software control. The first method is
flexible, although actuators with sufficiently high bandwidth
and power capacity may not exist for the locomotion task.
The second approach is quite inflexible, and requires extensive
knowledge of the desired behavior before construction, but
there is no bandwidth limit preventing the mechanism from
behaving as intended at high frequencies. This method is task-
specific, and the resulting designs are unlikely to be able to
perform the breadth of tasks required for running.
Our actuator design, shown in Figures 1 and 4, represents

a carefully chosen balance between the two design extremes.
The natural dynamics of the system are carefully designed and
are utilized where possible, while the software controller adds
energy that is lost in the mechanism, and creates behaviors
that are not inherent in the natural dynamics. The actuator
exhibits natural dynamics that are similar to those of animals,
and is based on a previously developed mathematical model
of running, shown in Figure 2, the spring loaded inverted
pendulum (SLIP) [1], [2], [3].

II. BACKGROUND
Most research papers that analyse the mechanics of running

base this analysis on some form of the SLIP model. This model
describes the motion of the center of mass of a running animal
[4], [5] or a running robot. The basic definition of running [6]

Fig. 1. The actuator prototype, mounted rigidly at the hip to an optical table

M

X

K

!

Fig. 2. The Spring Loaded Inverted Pendulum model of legged locomotion

is linked to the SLIP idea – energy is transferred from kinetic
energy in the flight phase to spring energy in the stance phase,
and vice versa. The natural physical instantiation of the SLIP
model utilizes passive leg springs for this energy storage.

A. Compliance and Running
Physical series compliance is virtually necessary to achieve

a successful running gait. Simulating compliance using a rigid
actuator such as an electric gearmotor is not feasible for three
reasons: bandwidth limitations, power output limitations, and
energetic efficiency. The bandwidth limitation of an electric
motor is due, in large part, to the high reflected inertia linked
rigidly to the robot leg, making a correct dynamic response
to impacts impossible. The power density of a physical
spring is arbitrarily high, depending on its stiffness, making a
compelling argument for combining the relatively high work
capacity of a motor and power source with the high power
density of a physical spring. Springs are particularly useful in
rhythmic systems, because energy can be stored and released

a general spring force function Fy(y) and a general pulley
transmission function y = G(z), where z is the extension of
the cable out of the pulley, the force as a function of z is

Fz(z) = Fy (G(z))
∂G

∂z
(z),

allowing for suitable shaping of the overall effective spring
function through choice of the pulley transmission function
G(z).
After creating a nonlinear spring function (for example,

Fz = Kz2), placing two such spring/pulley systems in direct
opposition results in a single effective torsional spring whose
stiffness is determined by the pretension on each individual
nonlinear spring. For the example quadratic spring, the result-
ing effective spring force is

Feff = 4Kx3∆x,

where x3 represents the pretension on the two nonlinear
springs and ∆x represents the deflection from their rest
position. In this manner, the stiffness of the resulting system
can be changed by adjusting the pretension. In practice, the
rate at which this parameter can be varied depends on the
actuator and transmission used. Our prototype is intended for
relatively slow changes at low force, such as during the flight
phase of a running gait.
Many of the mechanism design challenges are common

ones; for example, minimizing friction, backlash, and inertia.
In order to create a low-friction, zero-backlash system, our
actuator utilizes a high-speed cable drive [21]. Any stretch
in the cable effectively adds series compliance to the system,
and is easily incorporated in the model. The cables may easily
be routed around joints and may flex in two planes, allowing
the motors to be located remotely. They are not constrained
to a single degree of freedom, like standard belts or gears.
Figure 4 shows the cable routing, illustrating the role of each
motor in the tension of the two springs. Also shown is the
fact that a displacement of the leg (θ2 or x2) results in either
displacement of the motor (θ1 or x1) or displacement of the
springs. There is a speed reduction between θ1 and θ2, not
shown on the diagram; it is implemented using a combination
of a block-and-tackle pulley mechanism and a difference
in diameters between θ1 and θ2. The speed reduction is
physically located near the knee joint, but diagrammatically
located near the motor, θ1. All friction related to the speed
reduction is applied to θ1 and corresponds to B1, while the
inertia corresponds to J1. A speed reducer also amplifies
the motor inertia by the square of the speed reduction; this
amplification appears in the relatively large values of M1. The
transmission between θ2 and the springs has very low friction,
and no speed reduction. Because the high-frequency behavior
of the system is generally handled by the springs, low friction
and inertia are most important in this part of the actuator.
The low-frequency behaviors of the system are handled by
the motor, and thus friction and inertia can be overcome by
relatively low-bandwidth software compensation.

B. Control System Design
The control system is designed for the mechanical model

shown in figure 3, and is intended to accomplish two basic
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J1 r1

!
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Fig. 4. Cable routing diagram of the actuator. J1 and J2 are pinned in place
but can rotate freely; the spiral pulleys are also pinned in place but free to
rotate. The remaining four pulleys are floating, and can move sideways as
well as rotate. Refer to Table 1 for notation descriptions.
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Fig. 5. The ideal case of our actuator, with three parameters: spring rest
length, x∗2 , spring stiffness, K∗, and knee joint damping, B∗.

tasks. The first is to adjust the mechanism configuration so
its physical properties match the commanded spring stiffness
and rest length. The second is to actively control the motor
(x1) to simulate the proper settings, when the mechanism is
either out of adjustment range or in transition to the correct
configuration. In the ideal setting, the motor will have to do
very little work, and will allow the mechanical springs to store
and release most of the energy in a running gait.
Adjusting the spring stiffness is accomplished with a simple

PID position controller on the pretension motor, x3. We ignore
load forces and use a much larger motor than necessary for the
current prototype. Because the specific position of this motor
corresponds to a specific effective stiffness Keff , no further
control is currently required.
Adjusting spring rest length is accomplished using a simple

PD controller on the position of x1, with some added com-
plexity when the pretension x3 is not properly adjusted. In
the ideal case, shown in Fig. 5, x1 is fixed at the desired set
point x∗2, and the spring physically matches the desired spring
stiffness K∗. There is some damping in the real system, and
it is possible that some damping will be desired in the ideal
system, so it has been added to the model, though it can easily
be set to zero. To simulate this system, we must control x1 so
that it will simulate the desired spring stiffness if the physical
system does not match our desired system. The torque on the
leg applied by the physical system should match the torque
on the leg applied by the desired system,

Keff (∆x, x3)r2 +
B2

r2
ẋ2 = (x2 − x∗2)K

∗r2 +
B∗

2

r2
ẋ2.

Assuming the dependence of Keff on ∆x is linear (recall
that ∆x = x2 − x1), we can solve this equation for x1 to
calculate the desired position, x∗1,

(a) (b)

Figure 3.10: Prototype (a) and schematic diagram (b) of the AMASC [67].

3.1.1.4 Quasi-antagonistic - differential

The Quasi Antagonistic Joint (QA-Joint, [68]) is similar to the VS-Joint since

it employs a HD in differential mode with a VSM connected to the CS. From a

comparison between Fig. 3.11a and Fig. 3.9a it can be noticed that the VSM of the

QA-Joint is composed of two antagonistic nonlinear spring elements, while the one

of the VS-Joint has not this antagonistic arrangement.

The compliant system consists of two progressive elastic elements opposing each

other with a variable offset. A cam bar is connected to the CS of the HD; two pairs of

rocker arms with cam rollers, each pair linked by a linear spring, act on different faces

of this cam bar. A pair of rocker arms is fixed to the housing while the other pair is

connected to a stiffness motor, which can modify springs pretension. A scheme of the

elastic mechanism is reported in Fig. 3.11b. The use of the cam-roller mechanism

allows to achieve different torque/displacement characteristics modifying the shape

of the cam profile.

Due to the above-mentioned characteristics of the HD gear, output link position

can be changed without implying any motion of the elastic mechanism, thus reducing

the moving parts of the joint. It is noticeable that this advantage, already seen for

the VS-Joint, is not present in the FSJ where the HD is not used in differential

configuration.
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DLR QuasiDLR Quasi--Antagonistic JointAntagonistic Joint

Shape of cam bar Shape of cam bar pp
adaptable adaptable 
to desired progressive to desired progressive p gp g
characteristicscharacteristics

Characteristics 1
! e! !2

Constant stiffness ! + + +

Minimum stiffness ! ! ! +

Maximum stiffness + + + ! !
Spring Energy ! + + +

Joint protection ± + !

TABLE II

COMPARISON OF TORQUE CHARACTERISTICS

To be able to utilize most of the joint maximum torque
(e.g. 1!c = 95 %), maximum stiffness has to be limited
to ! "

"!!res

K(!, ")d" " c#J,max. (9)

These conditions determine the relationship between
applicable load with safe speed and stiffness.

• Energy storage. The potential joint elasticity can be
used for absorbing kinetic energy of an impact or during
catching heavy objects. It can also be used for additional
acceleration of the link [13], [15] by appropriate motion.
However, one has to be aware that the stored energy may
also cause unwanted acceleration. This is e.g. the case
when losing contact to an object or due to malfunction.
Thus, the energy level should be kept moderate and the
reaction of the active parts has to be fast enough to
prevent severe damage in case of faults.

The properties described above influence the choice of
the torque displacement characteristics significantly. Unfor-
tunately, they cannot be maximized at the same time. In
Table II we qualify the influence of selected torque/deflection
characteristics, comparing rational, low progressive exponen-
tial, and quadratic torque displacement curves.

IV. JOINT DESIGN AND MODEL

For the technical realization of the joint it is important to
achieve a compact design and light-weight structure for low
inertia and thus high bandwidth of the robot. Furthermore,
it is crucial for most control features developed at DLR
to provide high quality torque feedback, which implies low
friction and low hysteresis in the compliant mechanism.

A. Joint design

(a)
Motor 2

Motor 1

(b)

Motor 1

Motor 2

Fig. 4. Variable Stiffness Actuator with nonlinear progressive springs in
antagonistic (a) and quasi antagonistic (b) realization. Principle of the elastic
mechanism (right).

Overall, the superposition of agonist and antagonist action
with different offsets results in the desired variable stiffness.
The QA-Joint consists of a link positioning drive with
HarmonicDrive gears and the elastic mechanism with the

Cam Bar

Rocker Arm

Spring

Stiffness Actuator

Connection to
Circular Spline

Fig. 5. Cross section of the Quasi Antagonistic Joint design.

Property Value

Torque capacity !J,max = 40 Nm

Maximum positioning drive speed "̇max = 3.8 rad/s

Maximum elastic deflection #max = 3 . . . 15 o

Maximum spring energy Emax
! = 2 x 2.7 J

Stiffness range (!J = 0) 20 . . . 750 Nm/rad

Maximum stiffness adjustment time 0.12 s

Mass 1.2 kg

TABLE III

TESTBED PROPERTIES

stiffness actuation drive. The main difference to a classical
antagonistic joint is that the two motors are not used in
a symmetric configuration as agonist and antagonist, c.f.
Fig. 4 a. Instead, one motor (the link drive) adjusts the
link side position, while the second motor (the stiffness
drive) operates stiffness adjustment, c.f. Fig. 4 b. With this
arrangement the adjustment of position and stiffness are
already decoupled to a high extend in hardware design. This
special form of antagonistic actuation is very advantageous
for configurations with pronounced agonist actuation.

The compliance consists of two progressive elastic ele-
ments opposing each other with a variable offset that supports
the link with variable range of elastic motion, c.f. Fig. 5. The
ordinary fixed Circular Spline of the Harmonic Drive gear
for link positioning is held in a bearing and has a cam bar
attached to it. Two pairs of rocker arms with cam rollers,
each pair linked by a linear spring, act on different faces of
this cam bar. External loads result in rotational displacement
of the entire gear and force the rocker arms of the supporting
direction to spread against the linear spring. This causes a
progressive centering torque. The agonist rocker arms are
fixed w.r.t. the housing. The opposing antagonist part is po-
sitioned with at a rotational offset w.r.t. the stiffness actuator.
This makes it possible to change stiffness independently from
link speed in # 120 ms for full stiffness range. In the QA-
Joint the link position can be changed without moving the
elasticity mechanism. This significantly reduces the inertia
of the moving part of the joint.

The use of a cam-roller mechanism offers another advan-
tage: The shape of the cam faces can be adapted to provide
any desired torque characteristic that fits the maximum
potential energy storable in the linear spring. Thus, the design
is well suited to realize different torque/displacement charac-
teristics with little overhead. In Table III the characteristics
of the realized prototype are listed.

!"#$

(a) (b)

Figure 3.11: Conceptual diagram of the QA-Joint (a) and working principle of its
Variable Stiffness Mechanism (b) [68].

3.1.2 Parallel configuration

Two motors connected in parallel imply that the output torque equals to the

algebraic sum of the torque applied by each of the two motors. This can be achieved

through two main configurations. The purely parallel one is basically used to meet

safety and performance demands (as described in the following section) while the

agonistic/antagonistic one allows a simultaneous regulation of position and stiffness

taking inspiration from the working principle of the musculoskeletal system in ver-

tebrates.

Dynamic control of joints stiffness is crucial for animals to produce a wide range

of stable movements in accordance to tasks they have to perform, especially in envi-

ronments where external disturbances are present. Independent stiffness and posi-

tion regulation are enabled by the antagonistic arrangement of the musculoskeletal

system: agonist and antagonist muscles drive one articulation and common-mode

actuation, i.e. the co-contraction of both muscles, increases joint stiffness while

differential-mode actuation allows position control.

Many robotic actuation solutions have been inspired by biological agonistic/

antagonistic setup. This actuation architecture implies two significant drawbacks:

the necessity of using complex control algorithms to achieve the desired behaviors and

a reduced energetic efficiency. Different configurations have been proposed: simple,

cross coupled and bidirectional. Some examples are presented in the following section;

more details, also regarding energetic considerations, can be found in [37], where this
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66 CHAPTER 3. DOUBLE ACTUATION ARCHITECTURES

classification was introduced.

3.1.2.1 Purely parallel - colocated and distributed

In the purely parallel colocated configuration two motors are directly connected

to the load. The colocated architecture (see Fig. 3.4a) does not offer advantages if

transmissions are rigid since the same effect can be achieved through a single motor

with a double torque, which would result in a more compact and lightweight design

solution.

In [69] a distributed approach (see Fig. 3.4b) was proposed to assure desired

interaction forces during constrained motion in robotic manipulators. In particular,

a rigid macro/micro manipulation system was developed to verify the possibility of

reducing impedance and of providing inherently stable behaviors in high bandwidth

force control.

The Distributed Elastically Coupled Macro-Mini Parallel Actuator (DECMMA

[70], previously called Distributed Macro-Mini, DM2, architecture) adds series elas-

ticity to the one presented in [69] (see Fig. 3.4d). This architecture (Fig. 3.12) was

designed to overcome both the safety limitations of torque control [71] and the perfor-

mance limitations of SEAs [48]. The implementation of joint torque control provides

near-zero impedance only within the control bandwidth, thus high-frequency impacts

cannot be attenuated. The SEA provides low output impedance across the whole fre-

quency spectrum but with bandwidth limitations that strongly reduce performances

with respect to traditional stiff actuators. The DECMMA approach overcomes these

limitations using a high torque-low frequency SEA and a low torque-high frequency

motor connected in parallel. In this way the torque generation is partitioned into low-

and high- frequency contributions with low impedance at all frequencies. The two

motors are located in different districts where they are most effective (distributed ar-

chitecture): the heavy and high torque SEA (the major source of actuation effort) is

placed remotely from the manipulator joint so to reduce its reflected weight and iner-

tia while the small low torque motor can be directly connected to the joint through a

stiff, low friction transmission to locally improve performance with a reduced amount

of additional weight.
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Figure 3: Distributed Elastically Coupled Macro Mini Actuation (DECMMA)

5

Figure 3.12: Representation of the DECMMA approach [70].

The PaCMMA (Parallel-Coupled Micro-Macro Actuator, [72]) is a compact im-

plementation of the DECMMA approach (see Fig. 3.13).

Figure 3.13: Prototype of the PaCMMA [72].

3.1.2.2 Agonistic/antagonistic - simple

The simple agonistic/antagonistic arrangement actually consists of two SEAs

connected in parallel to an output shaft (see Fig. 3.4e). It has to be noticed that, in

order to have adaptable stiffness, the two series elastic elements have to be nonlinear
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68 CHAPTER 3. DOUBLE ACTUATION ARCHITECTURES

[62, 73]. Quadratic springs in an antagonistic configuration, for example, provide a

linear relationship between actuator co-contraction and joint stiffness [74]. Due to

this nonlinearity a joint displacement under the equilibrium state of low stretching

requires small torques while the equilibrium state under high stretching requires

large torques to provide the same angular displacement.

If the torques generated by the two motors have different signs and the same

magnitude they compensate for each other and no net output torque is generated;

however, these opposing torques allow controlling the stiffness of the joint (preten-

sioning of the joint [75]). Therefore, if torques of different magnitude are applied,

their difference generates a torque on the load.

Several prototypes have been designed which implement the simple agonistic/

antagonistic architecture. Four representative examples are reported in Fig. 3.14

[76, 77, 78, 79, 80]. These prototypes constitute the elementary implementation of the

simple agonistic/antagonistic arrangement; a more complex solution is represented

by the Variable Stiffness Joint (VSJ) proposed in [81].

In this system two actuators are connected in parallel and a compliant linkage

provides the possibility to vary the output stiffness. The linkage consists of four leaf

springs connected to a central axis and four pivots that slide along each spring thanks

to rolling elements (Fig. 3.15). Four 4-bar linkage systems transmit the rotation of

two motors to the pivots (Fig. 3.15); they rotate together with the motors when

they move in the same direction and with the same speed. In this case the distance

to the axis from the pivots does not change and the stiffness is kept constant. The

effective length of the springs changes when the motors rotate in opposite directions,

thus varying the joint torsional stiffness.

This symmetric architecture allows to share between both motors the power to

move the load or to change the stiffness. Even though the working principle is

based on the physical modification of elastic components, the system is classified

as agonistic/antagonistic since the net action on the output axis results from the

differential contribution of the two parallel motors.
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Fig. 4. The antagonistically actuated single DOF robotic joint with
quadratic series-elastic actuation.

digital I/O bits, and 0.5MB of ZBT-SSRAM. The FPGA
was programmed using the System Generator toolbox for
MATLAB (The Mathworks, Inc., Natick, MA).

The role of the controller can be reduced to receiving
the three input signals (!eq, S, and Tload), performing the
algebraic calculations in (7), and producing pulse-width
modulated output signals specifying " and #. Because the
development kit only has two ADCs, Tload was specified
as a constant parameter for each experiment, while !eq and
S were specified as analog input signals. To simplify the
calculations required of the FPGA, (7) was rearranged and
constant parameters were grouped to create three constants,
$1, $2, and $3:

",# = ±

!1! "# $%
RJ

RS

& %
!eq +

Tload

S

&
+

%
1

4aRSR2
J

&

# $! "
!2

S !
%

b

2aRS

&

# $! "
!3

. (16)

D. Testing Setup

To perform automated testing on the completed system,
we used a dSpace controller board (dSpace, Inc., Novi,
MI) to provide trajectories for !eq and S while recording
the actual joint angle in real time. A wiring schematic of
the system, including the dSpace controller board and a
passive interface circuit board, is shown in Fig. 5.

In the next section, we use the following testing variables
extensively:

• !c represents the commanded (desired) value of !eq

• !m represents the measured value of !eq

• Sc represents the commanded (desired) joint stiffness

dSpace
Computer 
Interface 

Board

Interface
Circuit

FPGA

Agonist
Servo

Antagonist
Servo

Joint Angle
Encoder

!

"m

!, #"  , S
#

"m

C

Fig. 5. The electrical connectivity used for testing the robotic joint,
including the FPGA and the dSpace automated testing board.
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Fig. 6. The accuracy with which the joint was actuated over a range
of stiffness values. As stiffness increased, the variability of the actuation
decreased substantially.

• Sm represents the measured joint stiffness

IV. SYSTEM ANALYSIS

A. Accuracy of Joint Actuation

The accuracy of joint actuation was analyzed by setting
!c = 0o and recording !m when Sc was set to a series of
values between 0.010 mNm/deg and 0.700 mNm/deg. Ten
trials were performed for each stiffness value and the joint
was randomly perturbed between each trial to allow it to
naturally settle on its final value. The results of this exper-
iment are shown in Fig. 6. The standard deviation of !m

was 2.37o for low stiffness values (Sc < 0.176 mNm/deg)
and was reduced to 1.20o for higher values.

When stiffness is low, the variability occurs because the
antagonistic forces used to drive the joint to !c are low
enough that frictional forces and bumps on the springs’
contours (created during machining) can significantly hin-
der the joint from reaching !c. When stiffness increases, the
driving forces are able to overcome frictional forces, which
reduces trial-to-trial variability. The joint can, however, still
consistently miss !c by a few degrees because the contour
bumps create local energy minima that consistently attract
the rollers to certain positions. A more refined manufac-
turing process should significantly reduce the presence and
effect of these bumps.

B. Independence of Joint Angle and Stiffness

To verify that joint angle could be actuated indepen-
dent of stiffness, !m was recorded for several values of

4511
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(a)

B. Stiffness regulation ofjoint controlled by two ANLESes
Non-linear elastic characteristics of an ANLES should be

designed such that a rotary joint have stiffness that is able to be
regulated by the torsion angles of two ANLESes as linearly as
possible. The design of the radius function r(x) of the guide-
shaft depends on the configuration of the joint. Here it shows
one result of the design of the ANLES that is constructed as
actuators for driving the joint as shown in Fig.6. Detail of
designing the guide shaft of the ANLES is described in
Ref.[17]. This joint is a shoulder part of the anthropomorphic
robot that has 7 DOF arm, each joint of which will be
controlled by two ANLESes.
The torque of the joint exerted by two ANLESes is denoted by

T. = k1Tg1(^ 0(0f)) - k2Tg2( 0(69)) (7)
where, T71 and T72 are torques generated by individual

ANLESes, which are the function of the torsion angles. k1 and

k2 are the coefficients of transmitting torques to the joint. In
the case of the joint shown in Fig.6, they are equal and
constants. q is the torsion angle of ANLESes that are initially
twisted, that may be called initial torsion angle. qf(O) denotes
the torsion angle of ANLES, which is caused by the rotation of
the joint (joint angle is denoted by 0). The stiffness of the joint
is then calculated by the following equation,

aT.(8
s(i) J (8)

As found in the definition of the stiffness in Eq.(8), it is
determined by the initial torsion angle of ANLESes.
Theoretical relationship between torsion angle of the ANLES
and torque (Eq.6) is shown in Fig.7 (a). The non-linear
characteristics shown in Fig.7(a) is designed such that the
stiffness of the joint shown in Fig.6 is regulated by the initial
torsion angle of two ANLESes as linearly as possible as shown
in Fig.7 (b).

C. Elastic characteristics ofthe assembledANLES
The relationship between torsion angle and torque of the
assembled ANLES shown in Fig.4 is measured. The result is
shown in Fig.8 accompanied by the theoretical curve that is
identical to Fig.7(a). In Fig.8 the error bar shows the range of
five data in each loaded torque. As shown the distribution of
data is fairly small and the experimental results sufficiently
correspond to the theoretical one. For further details of the
experiment, please address the paper[17].

D. Experiment for stiffness regulation of the joint
controlled by two ANLESes
As shown in Fig.6, the rotary joint controlled by two ANLESes
is constructed. Torques generated by two ANLESes is
transmitted to the joint via the bevel gears and the spur gears. In
order to prevent plastic deformation of torsion springs against
of accidentally loading some torque by motors in the direction
of spring being expanded, one-way clutches are equipped
between bevel gears and their axes. The motor rotary angle and
the joint angle are measured by optical rotary encoders. The
motors (36W with 14:1 reduction gear) are controlled by PWM
power driver with PID software servo. Fig.9 demonstrates the
experiment of stiffness change.

Fig.6 Assembled joint controlled by two ANLES
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Fig.7 Designed non-linear characteristics of ANLES and
stiffness of joint controlled by two ANLESes

10

9
8

7 ~ TE 'fflnftl i 1 _lt

00 100 200 300 400 500 600
torsion angle [deg]

Fig.8 Experimental results of elastic characteristics of ANLES

After the torsion springs of both ANLESes are twisted about
the same angle, the arm is rotated by pushing the edge via
sponge.

(b)
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loop has broken, but the intention of trying to move
(voluntary motor control) is not inhibited. So, it has been
suggested that cerebellums participate in the motion
skill. If the theory of cerebellar perceptron is true, the
motion should be converted to any patterns as the input
or the output to the central nervous system. The proposed
joint mechanism is able to control the position and the
compliance of the joint by changing the motor output
(this equals the tension of a muscle) . So, controlling the

joint position, it is able to control the joint directions.
Therefore, the joint mechanism is possible to control the
motion by the static inputs and not the dynamic inputs.
This means that the position, the compliance, the
direction and the outputs of the joint are regarded as the
static patterns. We suggest that the mechanism changing
the movement elements to the static patterns such as the
proposed mechanism by us is able to connect the biogenic
motion control to neural system models.
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(a) The input (cam) angle èo (b) The joint angle èo

Fig. 8. Gear ratio of designed cam (the case of cam ).1

Fig. 9. Cam curves of theoretical and actual value. Fig. 10. Antagonized wire-driven mechanism using KTM
(1 DOF).

(a) The joint angles èo

(b) The currents of the motors
of the joint (M and M are the
motors of left and right side)

1 2

Fig. 11. Experimental results of angle and stiffness control of the joint (The cases of low and high stiffness).

(c)

observe the effects of the interaction of these fields
by carefully observing the torque output of a mo-
tor under load. Even with constant input current
(meaning constant torque) a “torque ripple” that
results from these “virtual teeth” approaching and
separating from each other.

In almost all circumstances motors are chosen
to have excess torque capabilities so that this slip-
ping does not occur. In this case the dominant
features of the motor dynamicss result from losses
and inductance in the windings (typically a high fre-
quency effect) and from the inertia of the rotating
elements. However, in cases like prosthesis design
where weight is a significant issue motors are of-
ten pushed to their limits and torques in excess of
the maximum torque that can be sustained by the
windings are encountered. The resulting “slipping”
commonly results in a load squealing sound.

Using Feedback to Modify the Dynamics -
Limitations and Energetic Cost When it is
necessary to modify the mechanical characteristics
of a robot to improve its ability to interact with
challenging environments the standard approach is
to use position and/or force sensors to drive a feed-
back loop. In this way, a strong motor may appear
to behave like a soft spring by, for example, mea-
suring the position of the limb and responding with
a force that is proportional to the deflection of the
limb from a desired equilibrium position (a classical
proportional controller). This approach is of course
limited by the performance limitations of the motor
but within these limitations the system character-
istics can be altered without changing the physical
design by modifying the controller constants. It is
also achieved at the cost of increased complexity as
sensors and control electronics must now be added
to the device.

Another result of using feedback to modify the
dynamic characteristics of a device is that there
may be substantial energetic costs. For example, a
real physical spring stores energy when is deflected,
maintains a force on the disturbing agent without
energetic cost and returns the original energy when
the deflection is reduced. However, a robot that is
controlled to appear to the environment as a spring
requires energy to respond appropriately when it
is deflected, requires a constant flow of energy to
maintain a deflection, and requires further addi-
tional energy in order to return to its equilibrium
position. These are real reasons to investigate what

may be achieved by the use of physical springs to
generate stiffness.

Gear Train Mechanics In order to gain this en-
ergy benefit using the physical springs shown in Fig-
ure 2 the motors must be able to lock their position
to avoid expending the constant flow of energy re-
quired to maintain the desired force on the motor
end of the spring. This may be achieved by the
use of a clutch but in this case we have investigated
the use of locking or nonbackdrivable gear sets to
achieve this function. The classic nonbackdrivable
gear set is the worm gear – worm wheel combina-
tion. However, no matter how this nonbackdrivable
characteristic is achieved it is a result of the geom-
etry of gear tooth contact and the level of friction.
Therefore, in order to achieve the benefit of a steady
state stiffness with zero energy cost the mechanism
will have increased friction when it is in motion. A
figure of merit has been developed that represents
the ratio of time spent in static support of a load
with low stiffness (with the transmission locked and
the actuators turned off) to the time spent in mo-
tion [3]. The results show that if the time spent with
the transmission locked is 1.93 times the time that
the arm spends moving then there is an energetic
benefit to this approach. Anecdotal evidence sug-
gests that amputees spend a considerable amount
of time using their prosthetic limbs as a station-
ary support and therefor this application may meet
this criteria. However, as prosthetic limbs advance
in dexterity this may change.

Motor 1

Motor 2

Non-backdrivable
Transmissions

Nonlinear Springs

Figure 2: Basic Design Layout. A single motor
with a feedback loop is replaced by two motors each
placed in series with a stiffness element (spring).
In some applications, a further advantage may be
gained by using nonbackdrivable gear reductions on
the motors so that power to the motors can be el-
liminated when the springs are all that is required
to satisfy the performance requirements of the joint.
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Fig. 1. Left: Geometry, dynamics and hardware implementation of the 1-link variable stiffness actuators used in the numerical simulations and experiments.
Right: Equilibrium position and stiffness as a function of commands u (evaluated at q = 0, q̇ = 0).

convenience, we can write the stiffness in vector form as
k(x,u) = vec(K(x,u)) ! Rn2

.
Note that in general (5) and (6) are non-linear functions

of the state and commands. Note also that, depending on
the system, the dimensionality of k(x,u) may vary. For
example, the stiffness of each joint may be coupled so that
K is symmetric, or, alternatively, the stiffness of individual
joints may be independent (e.g., as would be the case in a
chain of MACCEPA actuators). In the latter case, K reduces
to a diagonal matrix and we can omit the off-diagonal
elements, resulting in k ! Rn.

B. Resolved Equilibrium and Stiffness Tracking Control

Having derived (5) and (6) for estimating the equilibrium
position and stiffness, we are now in a position to design
constraint-based controllers. We note that, in general, for
VSAs with an actuation relationship of the form (2), we
cannot find a linear, orthogonal decomposition in the direct
control space since the multiplication of stiffness with equi-
librium position introduces a quadratic dependence on u. For
this reason, we must instead move to the command velocity
space for control.

In particular, we can take the time derivative of (5) and
(6) to find the linearised forward impedance dynamics

q̇0 = Jq0(x,u)u̇ + Pq0(x,u)ẋ, (7)

k̇ = Jk (x,u)u̇ + Pk (x,u)ẋ, (8)

where q̇0, k̇ are the change in equilibrium position and
stiffness with respect to time, u̇ ! Rn is the rate of change
of motor commands, Jq0 ! Rn!m and Jk ! Rn2!m are
the Jacobian of the equilibrium position and the stiffness

with respect to motor commands, while Pq0 ! Rn!p and

Pk ! Rn2!p are the corresponding Jacobians with respect
to the state.

To simultaneously control equilibrium position and stiff-
ness, we can invert this relationship to yield1

u̇ = J†ṙ + (I" J†J)u0 (9)

where ṙ = ((q̇0 " Pq0 ẋ)T , (k̇ " Pkẋ)T )T ! Rn+n2
,

J = (Jq0 ,Jk)T is the combined Jacobian, I is the identity
matrix, J† denotes the Moore-Penrose pseudoinverse of J
and u0 is an arbitrary vector. The latter can be used to resolve
any further redundancy in the actuation (such as additional
actuators used for varying damping [8]).

Application of (9) requires state derivatives, provided by
feedback, or calculated from the analytical model of the
system dynamics. To avoid the requirement on analytical
modelling, and also to circumvent the noise and phase-
lag issues related with the feedback on ẋ, we use on-line
feedback from the current stiffness and equilibrium state,
i.e., we choose ṙ according to the difference in the desired
and actual equilibrium and stiffness values ṙ = ((q̇"0 "
q̇0)T , (k̇" " k̇)T )T . This solution is similar to Closed-Loop
Inverse Kinematic (CLIK) control [3], and also mitigates
instabilities due to constraint drift [2]. For this, since we
cannot directly measure the stiffness and equilibrium position
on-line, we use (5) and (6) to estimate the current values
based on the current estimate of the state.

1We omit the dependence on x and u for readability.

!!!"

(e)

Figure 3.14: Representative examples of simple agonistic/antagonistic actuation.
Prototype of Migliore et al. [76] (a); prototype of the ANLES (Actuator with Non-
Linear Elastic System) [77] (b); drawing of the system using KTM (Kinematic Trans-
mission Mechanism) presented in [78] (c); schematic drawing of the system proposed
in [79] (d); prototype describe in [80] (e).

the pivots, and 2 identical actuators attached to the four-
bar linkage systems. As the pivots slide along the spring,
the effective length of the springs changed, which cause the
stiffness by the springs varied. When the two actuators rotate
at the same speed, the four-bar linkage systems rotate around
the axis with the pivots. Since the axis is connected to the
pivots via the leaf spring, rotation of the pivots cause the
axis to rotate. When the actuators rotate at the same speed
in the opposite direction, the distance to the pivots from the
axis changed without rotation of the pivots. Then, since the
effective length of the springs changed, the stiffness of the
VSJ varies. In Section III, the result of the experiment is
presented. To show the effect of the variable stiffness of the
VSJ, an experiment of hitting balls are presented. When the
stiffness is maximum, balls that hit by the link of the VSJ
fly farther than minimum stiffness. The experiment shows
that the acceleration of the balls after collision with the link
is smaller when the stiffness is small, which implies the
collision is safer. The conclusion is made in Section IV.

II. DESIGN OF THE VARIABLE STIFFNESS JOINT

The design of the variable stiffness joint(VSJ) is presented
in this section. The main concept of the VSJ is to use
parallel actuation for more efficient usage of the actuators
and introduce passive compliance which is variable for safer
manipulation with minimum performance degradation. The
stiffness is generated by leaf springs. Changing the effective
length of the springs results in stiffness change. In order to
move the pivots along the spring, four-bar linkage system
is used, see Fig. 1. Note that the VSJ has a symmetric

Linkage a

Pivot Linkage b

Axis

Spring

Fig. 1. Design of the VSJ. The linkage a is attached to the actuators and
rotates about the axis. The pivot is connected to the linkage b, whose the
other end is connected with linkage a. The springs are attached to the axis
so that the axis rotates when the pivots rotate.

structure and both actuators are used to control the position
and stiffness. Due to the symmetric structure, the power
to move payload or change stiffness is shared between
both actuators, which implies more efficient usage of the
actuators. Furthermore, since it is not necessary to use an

additional mechanism to change stiffness (i.e. lead screw),
faster response to a stiffness command is possible.

A. Generating stiffness with leaf spring

Stiffness of the VSJ is generated by 4 identical leaf
springs, which are attached to the axis. The springs are
separated by 90 degrees. One end of each spring is attached
to the axis and the other end remain free so that the spring
bends with an external force applied to the spring. Two
rollers, which are contained in a frame called “pivot”, roll
on the spring. Due to the rollers, the pivot slides along
the spring, see Fig. 2. However, the position of the pivots
are controlled by the actuators via four-bar linkage systems,
which will be explained later sections. Since the pivots are

Roller

Pivot

Axis

Spring

Fig. 2. 4 identical springs are attached to the axis. The pivots move along
with the springs with the rollers inside of the pivots.

constrained in the axial direction, the leaf springs bend when
an external torque ! is applied at the axis. Fig. 3 shows the
assembled VSJ. Due to the applied torque at the axis, the
pivot is under the torque which makes the pivot to rotate
without the guide. Since the leaf springs are identical, the
stiffness is calculated using one spring, see Fig. 4. Let D be
the diameter of the axis and let l be the distance to the pivot
from the axis. Since there are 4 identical leaf springs, the
force at each pivot due to the external torque d! is calculated
as follows.

dF =
d!

4(l + D/2).
(1)

The applied force makes each spring bend. The displacement
of each spring due to the force depends on the dimension as
well as the material of the spring. Let L0 be the length of
the spring. Let w be the width of the spring and let t denote
the thickness of the spring. Then, following the development
in [13], the displacement of the pivot is given as follows.

" =
4l3dF

Ewt3
, (2)

where E is the Young’s modulus. The angular displacement
of the axis is calculated as

d# =
"

(l + D/2)
. (3)

!"#!

the pivots, and 2 identical actuators attached to the four-
bar linkage systems. As the pivots slide along the spring,
the effective length of the springs changed, which cause the
stiffness by the springs varied. When the two actuators rotate
at the same speed, the four-bar linkage systems rotate around
the axis with the pivots. Since the axis is connected to the
pivots via the leaf spring, rotation of the pivots cause the
axis to rotate. When the actuators rotate at the same speed
in the opposite direction, the distance to the pivots from the
axis changed without rotation of the pivots. Then, since the
effective length of the springs changed, the stiffness of the
VSJ varies. In Section III, the result of the experiment is
presented. To show the effect of the variable stiffness of the
VSJ, an experiment of hitting balls are presented. When the
stiffness is maximum, balls that hit by the link of the VSJ
fly farther than minimum stiffness. The experiment shows
that the acceleration of the balls after collision with the link
is smaller when the stiffness is small, which implies the
collision is safer. The conclusion is made in Section IV.

II. DESIGN OF THE VARIABLE STIFFNESS JOINT

The design of the variable stiffness joint(VSJ) is presented
in this section. The main concept of the VSJ is to use
parallel actuation for more efficient usage of the actuators
and introduce passive compliance which is variable for safer
manipulation with minimum performance degradation. The
stiffness is generated by leaf springs. Changing the effective
length of the springs results in stiffness change. In order to
move the pivots along the spring, four-bar linkage system
is used, see Fig. 1. Note that the VSJ has a symmetric

Linkage a

Pivot Linkage b

Axis

Spring

Fig. 1. Design of the VSJ. The linkage a is attached to the actuators and
rotates about the axis. The pivot is connected to the linkage b, whose the
other end is connected with linkage a. The springs are attached to the axis
so that the axis rotates when the pivots rotate.

structure and both actuators are used to control the position
and stiffness. Due to the symmetric structure, the power
to move payload or change stiffness is shared between
both actuators, which implies more efficient usage of the
actuators. Furthermore, since it is not necessary to use an

additional mechanism to change stiffness (i.e. lead screw),
faster response to a stiffness command is possible.

A. Generating stiffness with leaf spring

Stiffness of the VSJ is generated by 4 identical leaf
springs, which are attached to the axis. The springs are
separated by 90 degrees. One end of each spring is attached
to the axis and the other end remain free so that the spring
bends with an external force applied to the spring. Two
rollers, which are contained in a frame called “pivot”, roll
on the spring. Due to the rollers, the pivot slides along
the spring, see Fig. 2. However, the position of the pivots
are controlled by the actuators via four-bar linkage systems,
which will be explained later sections. Since the pivots are

Roller

Pivot

Axis

Spring

Fig. 2. 4 identical springs are attached to the axis. The pivots move along
with the springs with the rollers inside of the pivots.

constrained in the axial direction, the leaf springs bend when
an external torque ! is applied at the axis. Fig. 3 shows the
assembled VSJ. Due to the applied torque at the axis, the
pivot is under the torque which makes the pivot to rotate
without the guide. Since the leaf springs are identical, the
stiffness is calculated using one spring, see Fig. 4. Let D be
the diameter of the axis and let l be the distance to the pivot
from the axis. Since there are 4 identical leaf springs, the
force at each pivot due to the external torque d! is calculated
as follows.

dF =
d!

4(l + D/2).
(1)

The applied force makes each spring bend. The displacement
of each spring due to the force depends on the dimension as
well as the material of the spring. Let L0 be the length of
the spring. Let w be the width of the spring and let t denote
the thickness of the spring. Then, following the development
in [13], the displacement of the pivot is given as follows.

" =
4l3dF

Ewt3
, (2)

where E is the Young’s modulus. The angular displacement
of the axis is calculated as

d# =
"

(l + D/2)
. (3)

!"#!

Figure 3.15: VSJ compliant mechanism [81]. Four leaf springs are attached to a
central axis; four pivots sliding along the springs cause a change in stiffness. Four
4-bar linkage systems transmit the motors rotation to the pivots.
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3.1.2.3 Agonistic/antagonistic - cross coupled

Simple agonistic/antagonistic configuration emulates muscles architecture (see

Fig. 3.4e). Since only pull modality is allowed, the maximum output torque cannot

be higher than that of one motor; moreover, no net output torque is available if the

maximum stiffness is set ([37, 75]). The elastic couplings existing between different

human joints suggest a solution to this limitation: the introduction of a third elastic

element (see Fig. 3.4f) to cross couple the two motors enables setting preload forces

and using a fraction of each motor torque in both directions [82].

The VSA (Variable Stiffness Actuator) presented in [83] is an example of the cross

coupled agonistic/antagonistic configuration. In Fig. 3.16a a schematic view of the

system is reported. The pulleys 2, 3, and 4 are connected by the belt 1. Pulleys 2 and

3 are controlled by two motors, while pulley 4 is connected to the joint shaft. The

belt is tensioned by the elastic mechanisms 5, 6, and 7. The linear elastic elements

5 and 6 have a resultant nonlinear characteristic because of the geometric properties

of the transmission mechanism. The system 6 keeps the belt in contact with the

other two pulleys. When the two motors rotate in opposite directions the stiffness

is varied. Starting from the red configuration in Fig. 3.16b, a clockwise rotation of

pulley 3 and a counterclockwise rotation of pulley 2 cause the compression of spring

6 and the elongation of springs 5 and 7, resulting in a more compliant configuration

(green in Fig. 3.16b). When the two motors rotate in the same direction the length

of the springs does not change so that only the equilibrium position is varied.

Km = 4 N/m, and connects nonlinearly the main shaft qm

to the antagonistic pair of actuators pulleys q1, q2 rigidly
connected to position-controlled backdrivable DC motors.
Concordant angular variations !q1 = !q2 generate only
displacements !qm at the main shaft, while the opposite
!q1 = !!q2 generate stiffness variations !". Springs
of elastic constant Km on idle pulleys guarantee correct
tensioning of the belt. The primary difference between

Fig. 1. Perspective view of the Variable Stiffness Actuator. The
transmission belt 1 connects the DC Motors pulleys 2-3 to the joint shaft
4, and it is tensioned by passive elastic elements 5-6-7.

Fig. 2. Appearance of the prototype of Variable Stiffness Actuator.

the proposed transmission system, and other devices with
variable mechanical stiffness (see e.g. [12], [13], [7]), is
that this is amenable to more compact implementation, and
stiffness can be varied very rapidly and continuously during
task executions.

To calculate the mechanical stiffness " of the VSA,
we compute the mechanical torque # generated by the
springs of elastic constant K to the joint shaft, and its
derivative " = ! !"

!qm
with respect to a joint shaft angular

displacement qm. For simplicity, we focus our attention on
one of the three sides of the torque transmission system (see
fig. 3), calculating the overall torque acting to the joint shaft
as the sum of two (i.e. left/right) components. After some
calculations, the torque acting on the joint qb generated by

Fig. 3. Particular of the proposed nonlinear torque transmission system.
In this case, stiffness !b,a of the belt that connects the two pulleys b, a
varies during motions with the active length hb,a of the spring Ks. in
such way high/low compressions of the spring generate high/low stiffness.

the spring Ks results

$b,a = Fb,a cos%R = 2KsR
h̄b,a ! hb,a

hb,a
Lb,a,

where Lb,a = L̂b,a + R(qb ! qa) is the length of the belt
between the two pulleys (L̂b,a " D is the length of the belt

at the equilibrium), hb,a =
!

L2
b,a
!D2

2 is the active length
of the spring (h̄b,a " hb,a represents the spring’s length
at rest). For simplicity, in these calculations we assumed
it holds r # 0 for the radius of the idle pulley, and that
hb,a # ls, with ls is the total length of the spring.

The torque # acting on the joint shaft of the VSA can
be easily computed as

# = $m,1 ! $2,m =
2KR

"
h̄m,1!hm,1

hm,1
Lm,1 ! h̄2,m!h2,m

h2,m
L2,m

#
,

(1)

and the related joint shaft stiffness is

" = 2KR
"

h̄m,1!hm,1
hm,1

+ h̄2,m!h2,m

h2,m

#
!

2KR
"

h̄m,1Lm,1

4h3
m,1

+ h̄2,mL2,m

4h3
2,m

#
.

(2)

In fig. 4 are reported values for the VSA’s joint stiffness
obtained by simulations of (2). As it is highlighted, " is a
monotonically increasing function of the relative displace-
ment qd = q1!q2

2 , and it can be shown that angular values
q1 = !q2 = #

2 imply for this model " = +$.
As we will argument in detail in the following, its

capability to independently vary its main shaft positions
and stiffness highlights the VSA can be usefully adopted
to actuate mechanisms for which the characteristic to guar-
antee safety is of paramount importance during motions
[5].

III. DYNAMICS AND CONTROL OF VSA SYSTEMS

In this section we discuss the dynamics and control
of a 1-DOF experimental setup constituted by a planar
link actuated by the VSA. The proposed control allows
to independently vary the position and the stiffness of the
joint shaft in a manner that comply to what reported in [1].
Stiffness references will be generated adopting an on–line
sub–optimal control algorithm discussed in section III-B.
Experimental results are reported in section IV highlighting
the effectiveness of the proposed control approach.
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Fig. 4. Values for stiffness ! at the joint shaft of VSA in a steady–state
configuration with angular positions qm = 0, and with increasing values
for displacements qd = q1!q2

2
.

A. Dynamics of the VSA

The appearance of an experimental setup, constituted by
a rigid link actuated by the VSA, is reported in fig. 5.

Fig. 5. Appearance of the planar 1-DOF experimental setup realized in
our lab.

The dynamics of the system result
!
"
#

IRq̈1 + !q̇1 = "1,2 ! "m,1 + #1

IRq̈2 + !q̇2 = "2,m ! "1,2 + #2

ILq̈m + !q̇m + mgL sin qm = "m,1 ! "2,m ! #m

(3)

where IR and IL are, respectively, the DC motors and link
rotary inertias, ! is the (small) axial friction coefficient, m
and L are the mass and the length of the link, q1, q2, qm

are the rotors and link angular positions, "1,2, "2,m, "m,1

are the torques generated on the pulleys by the three springs
(see section II), #m collects external disturbances acting on
the link, and #1,2 are the control torques acting on the two
motors.

The pursued control task is to control the transmission
stiffness $ and the joint shaft position qm by controlling
independently the displacements qs = q1+q2

2 and qd =
q1!q2

2 . This is suggested by the fact that, in a steady-state
configuration, and in presence of negligible gravitational
loads (e.g. in case of planar, or lightweight robots, such
as those proposed in [3], [14]), for the link angular dis-
placement and transmission stiffness it holds qm = qs, and

$ = $(qd) (see also fig. 6, where transmission stiffness
increases from green to red).

Fig. 6. How stiffness ! varies in practice. Differential displacements
qd = q1!q2

2
do not affect the position qm of the joint shaft, but only

the stiffness characteristic of the transmission.

State variables (qs, qd, q̇s, q̇d) appear on (3) by simply
adding and subtracting its first and second equations

!
"
#

IRq̈s + !q̇s = !s + #s

IRq̈d + !q̇d = !d + #d

ILq̈m + !q̇m + mgL sin qm = # ! #m

(4)

where, in particular, !s = !2,m!!m,1
2 , !d = ("1,2 !

!2,m+!m,1
2 ), #s = "1+"2

2 , and #d = "1!"2
2 are the respective

control torques. Note that torques !s, !d, and # = "m,1!
"2,m in (1) are now dependent on variables qm, qs, qd.

An extension of this model to a more general n-DOF
structure can be found by supposing the overall system
“decoupled” [15], i.e. with Lagrangian function

L =
1
2
q̇T Bo(qm)q̇ ! Ug(qm)! UK(qs, qd, qm),

where q̇ = (q̇m, q̇1, q̇2)T , Bo(qm) = diag[B(qm), IR, IR]
is a block–diagonal inertia matrix which collects the inertia
matrix B(qm) of the rigid n-DOF structure, and the DC
motors rotary inertias IR of the VSA, U(qm) is the
potential energy of the rigid structure (we supposed to
adopt lightweight VSAs, i.e. with negligible gravitational
loads), and

UK(qs, qd, qm) = 1
2Km(h̄1,2 ! h1,2)2

+ 1
2K

$
(h̄m,1 ! hm,1)2 + (h̄2,m ! h2,m)2

%
,

is the potential energy stored on the elastic elements of
the transmission. Adopting the Lagrange equation, it holds
after some calculations!

"
#

IRq̈s + !q̇s = !s + #s

IRq̈d + !q̇d = !d + #d

B(qm)q̈m + h(qm, q̇m) = # ! JT (qm)#m

(5)

where, in particular, h(qm, q̇m) collects Coriolis and grav-
itational torques acting on the rigid structure, J(qm) is the
Jacobian of the structure, and functions !s, !d, # , and #m
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Figure 3.16: Drawing of the VSA (a) (the motors are connected to pulleys 2 and 3)
and detail of the transmission belt and pulleys (b) [83].
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3.1.2.4 Agonistic/antagonistic - bidirectional

Another solution to overcome the energetic limitations of simple agonistic/ antag-

onistic architecture consists in using the push-pull configuration, i.e. a bidirectional

connection of the motors to the joint [82] (see Fig. 3.4g). It has to be noticed that,

in order to guarantee that motor continuously apply bidirectional torques to the

output joint, the springs have to be constantly pretensioned.

This arrangement, besides allowing the simple antagonism operating mode (as

previously described and also indicated as normal mode), also enables the motors to

support each other increasing torque capability of the system (helping mode) [75].

The normal mode assures a broad stiffness adjustment range for low external

torques; the helping mode allows the generation of an output torque up to twice

the maximum torque of a single motor (in case no pretensioning internal torque

is generated), still maintaining stiffness variation capability. Anyhow, the helping

mode does not activate if no external torque is applied.

An external load can be shared by the two motors in different ways: output

stiffness can be varied by regulating the ratio of the torques applied by the two

motors. Therefore, the limitations to the range of allowable stiffness are provided

by the following situations: i) maximum stiffness is achieved when only one motor

completely compensates for the external load, generating its highest allowable torque;

ii) minimum stiffness is achieved when the load is equally shared between the motors.

The properties of the bidirectional agonistic/antagonistic, with particular regard

to the helping mode, are analyzed in detail in [75], where also a method to synthe-

size stiffness curve to ensure stiffness variation capability in bidirectional mode is

presented. The proposed approach is also evaluated on a bidirectional antagonistic

testbed, which is reported in Fig. 3.17.

The second version of the Variable Stiffness Actuator (VSA-II, [82]) is an example

of bidirectional antagonistic arrangement. A picture of the prototype is reported

in Fig. 3.18a. The system is made of two equal halves, each containing a pair

of 4-bar elastic mechanisms (each pair is actuated by one motor). The schematic

representation of a 4-bar mechanism is depicted in Fig. 3.18b; the motor is connected

in O and its rotation is indicated with θ. A linear torsion spring k is connected in C
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•Every motor used in bidirectional mode

•4 progressive elastic elements per joint

•direct drive to prevent gear side-effects

• tendon-driven

•motor unit
miniaturisable
to Ø 28mm

•at least 30N 
at fingertip

Antagonistic test joint setup

Figure 3.17: Bidirectional antagonistc joint testbed presented in [75].

and β is the transmission angle in A. Because of the nonlinear kinematic constraint

between angles θ and β the torsion stiffness opposed to the rotation of axis O is also

nonlinear.
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Fig. 6. VSA-I stiffness for joint shaft position ql = 0 varying qS and qD

in the admissible range. qS and qD have similar definitions.

while in VSA-I, increasing external torque will induce higher
maximum stiffness, in VSA-II any increment in !load makes
the maximum stiffness decrease. In case of impact, the
transmission is desired to be as compliant as possible to be
safe. While the reaction torque on the link can increase the
maximum stiffness of VSA-I, in contrary it always decreases
the maximum stiffness of VSA-II. In VSA-II the maximum
stiffness is limited by motor’s stall torque while in VSA-I it
depends also on the applied load.
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Fig. 7. Stiffness - torque relationship for VSA-I (top) and VSA-II (bottom).
The plots show the stiffness seen from the link as a function of the differ-
ential torque !D , for increasing values of external disturbance torque on the
link !load. Curves are obtained with limited torque !MAX = 4.356 for the
motors, and external load torque !D = {0, 0.66, 1.33, 2, 2.66, 3.33, 4}.

Important parameters to appraise performances of VSA
actuators are the midpoint of the stiffness range "m and
the relative amplitude !! = ("MAX ! "MIN )/2"m. Fig.
8 shows that !! has larger values on the VSA-II giving rise
to better performance as explained in [7].
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Fig. 8. Trends of "m and !! , for VSA-I and II obtained from data in
Fig.7.

V. EXPERIMENTS

A. Setup

Experimental results on VSA-II prototype are reported
here. The prototype is designed and developed based on the
principles delineated in the previous sections. The prototype
has two elastic elements for each side consisting of four 4-bar
mechanisms. This leads to symmetric loading on bearings,
structure and springs. The two sides of the device are rotated
of 90 deg to achieve a more compact design.
The overall length and radius of the prototype are 85mm

and 60mm respectively. It is fabricated using aluminium for
the main structure, steel and bronze for the spindles and
bushes, and spring steel for the springs. The total weight
of the prototype is 0.345Kg. Each spring has a nominal
torsional stiffness of k = 0.5 Nm/rad, and the ratio R/L is
14/8. The prototype is shown in Fig. 9. Te device is actuated

Fig. 9. VSA-II prototype, open up. The prototype integrates the non-linear
elements needed to obtain the variable stiffness. It is composed of two equal
halves, each half contains two 4-bar mechanism to allow internal stress to
be distributed more evenly along the structure.

by two motors (Faulhaber 3257G024CR-32/3), with stall
torque 14.7Nm, maximum speed of 44rpm at the gearhead
output, where the ratio is 134 : 1. The link is an aluminium
bar of length 170mm and mass 0.135Kg.
The sensors used are three optical incremental encoders

(HP HEDS-5500) with resolution 500cpr, two of them are

!"#$
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(a)

Fig. 1. VSA-II schematic. q1 and q2 are angle of the motors, ql id the
joint shaft displacement.

II. DESIGN OF VSA-II
The new prototype of Variable Stiffness Actuator, VSA-II,

is conceived to improve over the previous prototype to have
an increased torque capacity in a more compact assembly, in
order to use it as a joint actuator for a robotic arm.
In VSA-I (see [9]) a timing belt was used which had a

limited load capacity, and a short life cycle. The VSA-II
transmission system is based on 4-bar mechanisms which
show more robustness and larger load bearing capacity.
The aim of the transmission system is to get a non linear

torque-displacement characteristic between the input torque
applied by the motors and the angular deflection of the joint
shaft. The well known 4-bar mechanism can be suitably
designed to have desired transmission ratio between input
and output. Employing a simple linear spring on the input,
the relationship between deflection and torque on the output
shaft can be made non-linear.

A. 4-bar spring mechanism

Fig. 2. Line diagram of 4-bar transmission mechanism of VSA II. Link
OA of length R is driven by a motor at O. The torque spring k has a linear
behaviour. Stiffness seen at O attains non-linearity through the geometry,
where angle ! at O and transmission angle " are related non-linearly.

The designed 4-bar mechanism (see Fig.2) is a special
case of Grashof 4-bar linkage, or, so called Grashof neutral
linkage, having two equal shortest links (AB and BC) and
two equal longest links (OA and OC). Basically, it is a
crank-rocker mechanism with BC as input link and OC as
ground, or, a double-rocker mechanism, seen from link OA
(the coupler AB can have full rotation, see [12], [13] ).

Link OA is connected to a motor at O and has angular
movement ! with respect to ground link OC. Link BC
is loaded by a linear torque spring at C, where " is the
transmission angle at A. By designing the link lengths
suitably, it is possible to have desired non-linear relationship
between input and output link angles. It is to be noted that the
non-linearity lies only in the geometry and the mechanism
behaves as a non-linear elastic transmission element to the
purpose of our application. The torsional spring k is set
to be at zero equilibrium with ! = " = 0. The output
angle range is ! ! ["!MAX ; !MAX ]. To ensure not to cross
the singularity configuration at ! = 0, a mechanical stop
is employed, reducing the range to ! ! (0; !MAX ]. From
geometry, !MAX = 2arcsin(L/R).
As shown in the Fig.2 and using properties of triangle we

can write

" = arcsin
!

R

L
sin

!
!

2

""
" !

2
. (1)

The potential energy stored in the spring is P = 1/2k"2,
and the torque at the motor end O due to deflection " on
torque spring is only a function of geometry and is expressed
as

M(!) =
#P

#!
=

1
2
k"

#
$

R
L cos !

2%
1"

&
R
L sin !

2

'2
" 1

(
) . (2)

Similarly, the stiffness seen at O on link OA can be
derived to be
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2
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The ratio R
L and the spring constant k are the two design

parameters. These parameters are to be judiciously decided
depending on desired torque capacity and deflection range.
As shown in Fig.3 the deflection range increases with smaller
R
L ratio.

Angular displacement (rad)

To
rq

ue
 (N

m
)

Growing values of
R/L

Growing
values

of k

Fig. 3. Theoretical torque deflection characteristics can be obtained with
various values of R/L and k for ! ! 0 (curves are symmetric with respect
to the origin). The effect of k is to scale the overall function. Graphs are
plotted for k = 20, 40, 80, 160, 320 Nm/rad.

!"#!
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(b)

Figure 3.18: Open VSA-II prototype (a) and schematic representation of a 4-bar
elastic mechanism (b) [82].

In Fig. 3.19 the assembled prototype is shown; the two motors are connected to

the upper and lower halves of the transmission system. Two motors, each connected

to a pair of 4-bar mechanisms (i.e. a pair of nonlinear torsion springs), implement

the bidirectional antagonistic architecture.

The motor torques is distributed in stiffness regulation and net output torque;

this distribution is different for the VSA and VSA-II, albeit for both architectures

the external load decrease the stiffness range [82]. In the first system a differential
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torque is required to achieve the minimum stiffness thus reducing the torque available

for the motion generation. In the second system the minimum stiffness can be set

without generating any differential torque. Moreover, an external torque increases

the maximum stiffness in the case of VSA while it decreases the stiffness in the case

of VSA-II [82].

fixed to the motor axes, while the third one is connected to
the link.

B. Experiments

Here we report results of experiments conducted with
VSA-II, in actuating a simple 1-DOF planar link (Fig.10).
The implemented control shows trajectory tracking at speed

Fig. 10. Experimental set-up for calibration and impact tests.

up to 2.5rad/s; an example trajectory following is shown in
Fig.11. To demonstrate the effectiveness of the new prototype
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Fig. 11. Trajectory following with the implemented PD control system
(reference dashed, trajectory solid).

we performed several experiments. Stiffness calibration and
impact tests are reported.
1) Stiffness measurement: To determine the torque-

deflection characteristics (Fig.12) on variations of the differ-
ential position of the two motors qD, known external loads
have been applied and encoder readings were recorded, the
slightly asymmetric behaviour is due to small differences
between the elastic elements. Fig.12 shows the average
torques against link positions with various qD, obtained
performing various calibration cycles. Fig. 13 illustrates the
derived stiffness characteristic. As expected the stiffness
values increase for growing values of qD.
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Fig. 12. Average torque vs displacement plot, for VSA II. The relationship
between the link displacement and the reaction-force is evident in the figure.
The asymmetrical behaviour id due to imperfect matching between the
springs in the prototype.
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Fig. 13. Stiffness vs displacement plot, theoretical (dashed) and experi-
mental (solid). Larger differential angles make the mechanism stiffer.

2) Impact tests: The effectiveness of the device was tested
under impacts against a body of known mass. A piezo-
accelerometer (model 4371 Brüel and Kjær) was mounted
on the probe mass, that was free to move in a horizontal
plain about an axis. The end point of the link on VSA II
was actuated to impact against the mass. Different values of
joint shaft stiffness were set and the impact tests were carried
out at constant velocity, recording the resulting acceleration
of the mass.
To correlate the safety level with impact the standard

injury criterion, Head Injury Coefficient (HIC) is adopted
in this study, following the derivations in [4]. The HIC is
defined as

HIC = maxTMAX

!
(t2 ! t1)

"
1

t2!t1

# t2
t1

|a(t)|dt
$2.5

%
,

0 " t1 " t2 " Tmax,

where TMAX is the time duration of the impact, a(t) is the
acceleration of the impacted mass, measured in g (accelera-
tion due to gravity). HIC values obtained in the tests do not
correspond to any severity level in standard scales, because
the probe mass used was not standardized with respect to a
human head, but just a scaled down version. The experiment
showed particularly low values of HIC also because of low
motor and link inertias. Anyhow the collected data can be
accepted as a relative metric to compare crashes happening at
different conditions. For each set stiffness several tests were
performed and average values are considered. Fig.14 shows

!"#$
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Figure 3.19: VSA-II prototype and experimental set-up [82].

3.1.3 Physically controllable impedance actuators

Solutions which cannot be just considered as serial nor parallel arrangements are

described in this section. In physically controllable impedance systems one of the

two motors is employed to directly modify the properties of a passive elastic element

while the other one is in charge of regulating position. A detailed classification and

description of these kind of solutions is reported in [62].

In actuators with structure controlled stiffness [62] the physical structure of a

spring is modified, for example, varying the length of an elastic beam as for the

Mechanical Impedance Adjuster (MIA, [84]) or varying the number of active coils

in a helical spring as in [85] or in the Linear Adjustable Stiffness Artificial Tendon

(LASAT, [86]); in actuators with mechanically controlled stiffness [62] the effective

physical stiffness of the system is also changed, but the full length of the spring is

always used.
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In the Mechanically Adjustable Compliance and Controllable Equilibrium Posi-

tion Actuator (MACCEPA, [87]) the stiffness variation is achieved by changing the

pretension of a spring. The MACCEPA 2.0 [88]) is an improvement version of this

prototype.

A profile disk is placed on the joint and it is directly connected to a linear spring

through a wire. A motor rotates the profile disk and the wire is guided over the

profile causing the extension of the spring and the generation of an elastic torque

(Fig. 3.20). A desired (even direction-dependent) torque-angle curve can be achieved

opportunely shaping the disk profile. With reference to Fig. 3.20b, the extension

of the spring is due to the variation of α (the angle between the profile disk and

the output link), and the setting of the pretension P . By changing the pretension,

different stiffnesses can be set; moreover, the stiffness increases with increasing angle

α, i.e. when the joint is moved out of its equilibrium position (stiffening spring).

A desired torque-angle curve can be achieved opportunely shaping the disk profile,

also with the possibility of a direction-dependent stiffness (asymmetric disk profile).

A third version of this system (Wheeled MACCEPA), which enlarges the stiffness

range, is presented in [89].

joints the system becomes unstable. A possible strategy to
avoid this intrinsic instability is to use stiffening springs.
When the torque-angle curve of a human ankle is studied
then this behaves as a stiffening spring (segment 2-3 in Fig.
7) [16].

To be able to modify the torque-angle curve the MAC-
CEPA is improved and the new version is called MACCEPA
2.0. A schematic drawing is provided in Fig. 4. The lever arm
is replaced by a profile disk. When the position of the profile
disk is changed by a servomotor or the joint is moved out
of its equilibrium position, then the wire, held under tension
by the spring, will be guided over the profile and causes the
extension of the spring. Due to the force by the elongation of
the spring, a torque will be generated. The torque depends
on the shape of the profile. In the following example the
profile consists of two disks with a constant radius. The idea
of using a profile to shape the torque-angle curve was used
by Wolf et al. [8] for the Variable Stiffness Joint (VS-Joint).
This setup uses linear compression springs and cam rollers
roll over the profile, while the MACCEPA 2.0 uses linear
extension springs and a wire is guided over the profile.

Fig. 4. Working principle of the novel MACCEPA 2.0. Top: Out of
equilibrium position (generating torque) Middle: At equilibrium position
(not generating torque) Bottom: Changed pretension.

The extension of the spring is determined by four lengths:
The length B (similar as in the former design), the length D
(the length where the wire is on the profile), the length E (the
length of the wire between the profile d and the fixed point
b) and the pretension P . The extension of the spring, similar
to MACCEPA 1.0, is due to the variation of ! (the angle
between the profile disk and right body), and the setting of
the pretension P . The profile disk is in the following example
formed by a circle with radius R. The fixed point b is at a
distance C from the rotation point a.

The calculation of the torques are straightforward geomet-
rical calculations. A scheme with the necessary distances is
provided in Fig. 5. I and H are the vertical and horizontal

part of the length A (the distance between the points o and
b).

I = (Ccos(!)!B)

H = (R! Csin(!))

A =
p

I2 + H2

E =
p

A2 !R2

(2)

With those lengths the following angles can be calculated.
" is the angle between ob and the vertical, # is the angle
between od and ob, $ between oc and od and % between bd
and ba.

" = atan(H/I)

# = atan(E/R)

$ =
%

2
! " ! #

& =
%

2
! " ! # ! !

(3)

J is the length of moment arm of the force F .

D = R$

J = Csin(&)
(4)

With this information it is possible to calculate the force F
and the torque T . The stiffness K is numerically calculated
by taking the derivative of the the torque T with respect to
the angle !.

F = k(!C + B + D + E + P )

T = FJ
(5)

Fig. 5. Scheme of necessary distances and angles to calculate torque and
stiffness.

The torque-angle and stiffness-angle curves are plotted in
Fig. 2 and 3 with similar parameters as the former design k =
2520N/m, B = 0.01m, R = 0.015m and C = 0.04m (see
Fig. 6 for physical realization). By changing the pretension
different stiffnesses can be selected. The overall trend is
that the stiffness increases with increasing angle !. This
is a stiffening spring as was desired (the stiffness increases
when the joint is moved out of its equilibrium position).

!"#

Figure 3.20: Working principle of the MACCEPA 2.0 [88].

The HDAU (Hybrid-type Dual Actuation Unit, [63]) is based on an adjustable

lever arm mechanism. A modified planetary gear train (hybrid control module) is

employed, where the sun gear is replaced with rack gears. The differential action of

two motors connected to the inputs of the modified planetary gear train causes the
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rotation of the joint (position control) and the translation, through rack gears, of

linear springs blocks, thus enabling stiffness control by regulating springs engagement

point.

The hybrid control module consists of two spring blocks, each composed of a

linear compression spring, a linear motion block, and a roller follower (Fig. 3.21a). A

modified planetary gear train with a rack-pinion mechanism is adopted as adjustable

moment arm system; in particular, by replacing the sun gear with dual rack gears,

the dual rack-pinion mechanism and the planetary gear train are combined into a

single structure. Two ‘internal ring gears’ (Fig. 3.21b) are connected to the ring

gear and the carrier, respectively; two motors (included in the drive module) are

connected to internal ring gears 1 and 2, and their torques are transmitted to the

ring gear and the carrier through transmission paths 1 and 2, respectively, as shown

in Fig. 3.21b.
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Figure 3.21: Hybrid control module of the HDAU (only one spring block is reported)
[90].

A variable spring lever arm system is also used in the AwAS (Actuator with

Adjustable Stiffness, [91]) where a linear drive tunes joint stiffness controlling the

fixation points of two opposing elastic elements. The working principle is also similar

to the one presented in [92] (Adjustable Compliant Series Elastic Actuator, ACSEA).

As reported in Fig. 3.22 motor M1 controls the position of the joint and it is

rigidly connected to an intermediate link; between this intermediate link and the

output link two springs are placed. The distance between the center of rotation of

the joint and the attachment point of the springs (lever arm) is modified by the

motor M2 through a ball screw mechanism (Fig. 3.22b).
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In this system a small amount of energy is needed to change the stiffness: when

the output link is in its equilibrium position the force generated by the springs is

perpendicular to the direction in which the linear drive acts to modify the lever arm

and only friction causes energy dissipation; when the joint is not in the equilibrium

position, only a small component of the spring force is parallel to the linear drive

motion.

While in the AwAS the lever arm is modified by moving the location of the

springs with respect to a fixed pivot, in the AwAS-II, presented in [93], the location

of the pivot is changed while the springs are fixed. With this arrangement a wider

range of stiffness and a lower regulation time are achieved.

When the output link is in its equilibrium position the force generated by the

springs is perpendicular to the direction in which the linear drive acts to modify the

springs lever arm. In this case very low energy is needed to change the stiffness (only

friction causes energy dissipation). Moreover, if the joint is not in the equilibrium

position, only a small component of the spring force is parallel to the linear drive

motion, hence only a small amount of energy is needed to change the stiffness.

 
 

 

tune the stiffness by setting the pretention of the spring, 
directly counteract with the springs. In the Variable Stiffness 
joint (VS-joint) [11] developed by DLR two motors of 
different sizes change the link position and stiffness preset 
separately, but presetting the stiffness requires the smaller 
motor to compress the springs directly. Therefore even at 
equilibrium position changing the stiffness requires energy. 
Furthermore stiffness is mostly a function of angular 
deflection and the role of the second motor in changing the 
stiffness by tuning the preset is much less than that of 
angular deflection. Therefore at a certain angular deflection, 
stiffness can be changed within a small range. In the 
mechanism proposed by [12] the compliance can be tuned 
through changing the aspect ratio of a flexible beam. Even 
this can be done easily with low energy consumption this 
mechanism can regulate the stiffness to only two discrete 
values and not any intermediate value. The Variable 
Stiffness Unit (VSU) developed by [13] is composed of a 
motor, two rings that consist of arc-shaped magnet separated 
by spacers and a linear guide to change the cross-sectional 
area of the two rings. The stiffness of the joint is varied by 
changing the overlapping area of the magnets. In VSU there 
is no spring and the magnet force virtually replicates the 
spring like behavior. The energy consumption to tune the 
stiffness for VSU is low. The main drawback though is the 
small range of stiffness.    

In this work we proposed a new design principle for 
implementing a variable stiffness actuation unit which 
permits the realization of a unit capable of reproducing a 
wide range of stiffness. A novel feature of the proposed 
Actuator with Adjustable Stiffness (AwAS) with respect to 
the existing systems is on the mechanism used to regulate 
the compliance. This is done not through the tuning of the 
pretension of the elastic element as in the majority of the 
existing implementations but by controlling the fixation 
points of the elastic elements (springs) using a linear drive 
which tunes the stiffness based on the variable arm concept 
an idea originated from the work in [3]. Based on its 
mechanism principle, AwAS can be considered as a 
mechanically controlled stiffness actuator according to the 
categorization made by [14].  

The paper is organized as follow: section II illustrates 
concept of the proposed mechanism. Mechanical design of 
AwAS is presented in section III. Experimental trial is 
shown in section IV. Finally section V provides conclusions 
and future works. 
 

II.  MECHANISM CONCEPT 
As can be seen in Fig. 1 two antagonistic springs are 

connected on one side to the intermediate link and on the 
other side to the output link. The intermediate link is rigidly 
attached to the main joint motor. The lever arm is defined as 
the vertical distance between center of rotation of the link 
and the point at which springs are attached. A guiding 
mechanism driven by another motor allows the control of the 

length of the arm by moving the two springs toward to (to 
reduce stiffness) and away from (to increase stiffness) the 
center of rotation. The sum of the lengths of the two springs 
is always a constant, so the pretension does not change when 
controlling the stiffness. When the output link is in its 
equilibrium position (the angular position where zero torque 
is generated, so when the extension of both springs is equal), 
then the force generated by the springs is perpendicular to 
the displacement needed to change the stiffness. This has the 
important consequence that in principle no energy is needed 
to change the stiffness. In different designs the force is 
always parallel to the displacement requiring a strong motor 
and sufficient amount of energy to change the stiffness.  In 
reality, the presence of friction has to be overcome. In 
addition if the joint is not in the equilibrium position the 
force generated by the spring has a small component parallel 
to the displacement and a small amount of energy is needed. 
However due to this property the motor controlling the 
stiffness can be significantly smaller than that in other 
designs of variable stiffness actuators. An additional 
advantage of this design is that it does not require the use of 
non-linear springs or mechanisms to provide the nonlinear 
force/displacement profile which is necessary for the 
stiffness regulation. 
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Figure 3.22: Conceptual design (a) and working principle (b) of the AwAS [91].

The MESTRAN (MEchanism for varying Stiffness via changing TRasmission

ANgle, [94]) is reported in Fig. 3.23. Link 1 is fixed while Link 2 rotates around

O by means of a positioning motor connected to Gear 2. The rotation of Link 2 is

converted in a linear motion by a Cam/Follower system. The action of the follower

on the Slope-gear causes the Slope-carrier to translate and to compress a linear
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Figure 3.23: Drawing of the MESTRAN [94].

spring; this results in a perceived elastic torque around the joint O. The stiffness

motor modifies through a Worm-gear the angle θ of the Slope-gear thus varying the

resultant torsional stiffness of the joint.

3.1.3.1 Physically controllable dampers

Despite being classified as actuators with physically controllable impedance, the

systems described in the previous sections are only employed to regulate stiffness.

Dampers are generally used to attenuate the oscillations induced in robotic sys-

tems in which compliance is introduced, especially in the case of interactions with

humans [95]. Systems with fixed damping (passive dampers) can not adapt their

dynamical actions to variations of kinematic configuration or loading conditions.

Moreover, impedance control (active dampers) is not able to compensate oscilla-

tions at frequencies above the closed loop bandwidth. For these reasons semi-active

dampers, i.e. systems capable of modifying their physical properties with a low

amount of power, are being investigated.

Semi-active dampers based on ElectroRheological (ER) fluids or on MagnetoRhe-

ological (MR) fluids are presented in [96, 97] and [98, 99, 100] respectively. In these

systems, the fluid rheological properties, and the resultant damping capability, are

controlled through an applied electric or magnetic field. These solutions have typi-

cally drawbacks in terms of bulk, weight and mechanical complexity, which hinder
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the integration in compact robotic joints. An alternative is constituted by fric-

tion dampers, in which the contact between moving components produces frictional

forces. Damping can be modulated, for example, modifying the contact of two sur-

faces through piezoelectric actuators as proposed in the VPDA (Variable Physical

Damping Actuator, [95]) or compressing a stack of discs as for the WDB (Wafer

Disc Brake, [101]) and for the SCA (Series Clutch Actuator, [102]). These systems

are clean, lightweight and they can be more easily embedded in compliant joints but

they vary their mechanical properties in time due to the wear of the contacting sur-

faces. The damper proposed in [95] has been integrated in parallel to the compliant

element of the rotary SEA presented in [51] in order to regulate oscillations when

required. The resultant system (CompAct) has been described in [103].

One actuator in which position, stiffness and damping are separately regulated

is the RD-Joint (Redundant Drive Joint, [104]). It consists of a serial connection

(achieved through a differential mechanism based on pulleys and wires) of two sub-

systems: i) a motor with a HD gear, which sets the position of the joint; ii) an

Adjustable Stiffness and Damping Mechanism (ASD-Mechanism), which physically

regulates the impedance (both stiffness and damping) of the joint. In the ASD-

Mechanism leaf springs and linear air dampers (pistons which forces air through

orifices at a controlled rate) are used to provide fixed stiffness and damping; each of

them is made variable by controlling the transmission ratio of its connection with the

output shaft. This is achieved using two motors which modify the interconnections

of linkage mechanisms. The prototype of the RD-Joint is reported in Fig. 3.24.
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Fig. 6. Charactaristic of the Crosslink Structure

Figure 6 shows the non-linear property of NS P. As NS P

has an initial value NS P0 when qS 1 = 0, where the post is
on the line determined by the two rotational axes. Although
NS P would be changed according to qS 1, the e!ect caused
by the non-linear property would not be a problem if a
required motion range for qS 1 is small. For example, when
the displacement of qS 1 is ±8!, the change of the reduction
ratio is about 5%.

Let us explain comparisons of the Crosslink Reduction
Mechanism with CVT (Continuously Variable Transmis-
sion). CVT is a highly-regarded adjustable reduction mech-
anisms, and is often used as the transmission of automobile.
However, it is di"cult for CVT to be small because it re-
quires friction force to transmit driving forces. The proposed
Crosslink Reduction Mechanism, on the other hand, could be
small because it uses the post to transmit the driving forces
instead of depending on friction force. However, the motion
range of the Crosslink Reduction Mechanism is limited in
comparison with that of CVT. Therefore, we adopted the
RD-Joint as shown in Fig. 3(b), because it does not require a
wide motion range for the second actuator unless the required
motion range of the output joint is wide.

V. P!"#"#$%& "' ( R&)*+)(+# D!,-& J",+# .,#/ A)0*1#(23&
S#,''+&11 (+) D(4%,+5M&6/(+,14

In this Section, a prototype of RD-Joint using the ASD-
Mechanism is explained.

Figure 7 shows the structure of the RD-Joint prototype.
The main components of the RD-Joint are as follows:

1) The first actuator
2) The redundancy introducing mechanism
3) The second actuator

Item 1) means the set of the main motor with the Harmonic
Drive gear as shown in the figure. Item 2) means the set of the
Pulleys M, J, Is, the Cradle Link and the wire as also shown
in Fig. 3(b). Item 3) means the ASD-Mechanism, as shown
in Fig. 8, which consists of the proposed Crosslink Reduction
Mechanism described in the previous section, mechanical
springs and dampers with constant properties. The basic
configuration of the prototype is explained below.

The driving torque produced by the main motor, as ap-
peared in Fig. 7, is transmitted to the Pulley M through
the main shaft and the Harmonic Drive gear system. The
reduction ratio of the Harmonic Drive is 100; therefore, the
backdrivability of the Pulley M would be very low.

On the other hand, the reaction force produced by the
leaf springs and the damping force produced by the linear
dampers, appeared in Fig. 8, are transmitted to the Cradle
Link through the Crosslink Reduction Mechanism. Although
the sti!ness coe"cient is constant, the position of the Post
in the left hand side determines the reduction ratio for the
sti!ness (The figure shows ”Low Sti!ness”). Therefore, the
produced sti!ness is adjustable. As for the damping, Air
Damper (product of Airpot Cooperation) is used as the
linear dampers. Again, although the damping coe"cient is
constant, the position of the Post in the right hand side
determines the reduction ration for the damping (The figure
shows ”High Damping”). Therefore, the produced damp-
ing is also adjustable. Thus, as the positions of the Posts
determine the properties of the sti!ness and the damping,
the RD-Joint prototype can produce adjustable Sti!ness and
Damping properties. The variable lengths of the Crosslink
are set as 40 [mm] at minimum and 90 [mm] at maximum,
therefore, the range of the reduction ratio of the Crosslink
Reduction Mechanism for sti!ness can be changed between
1/
"

10 # NS P #
"

10, and that for damping between
1/
"

10 # NDP #
"

10. Then the maximum values of the
sti!ness and the damping can be 100 times large compared
with their minimum values. We believe that this range would
be enough in many applications.

The torques transmitted to the Pulley M and the Cradle
Link, !M and !A respectively, will be then re-transmitted to
the Pulley J and the Pulley I, !J and !I respectively. However,
!I must always be zero, note that a relation holds such that
single !J determines a pair of !M and !A.

The 3D CAD images and the photograph of the RD-Joint
prototype are shown in Fig. 9 and Fig. 10, respectively.

Fig. 10. Prototype of Redundant Drive Joint

Now, let us explain the admittance characteristics of the

!"#

Figure 3.24: Prototype of the RD-Joint [104].
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3.2. NOVEL APPROACHES TO DUAL ACTUATION UNITS DESIGN 79

3.2 Novel approaches to dual actuation units design

An important contribution on the systematic enumeration of possible solutions

to use two motors to implement variable stiffness actuators and on the analysis of

the expected performances is reported in [61]. This work enumerates all possible

arrangements resulting from the combination of two motors, two HD gears, one

output shaft and a number of rigid or elastic elements as interconnections between

these elements.

Some hypotheses have been assumed in order to reduce the magnitude of the

search space and to consider only actuators ensuring the stiffness controllability. i)

the two motors and the two HDs have the same performances in terms of torque

and reduction ratio; ii) the motors output are connected to the WGs; iii) the elastic

elements are nonlinear to enable a stiffness variation and they are bidirectional; iv)

no limitation on link motion is considered; v) no connection can be done between

the components of a single HD.

A matrix representation is used to express all the possible configurations and

an automated algorithm filters out the solutions not responding to the required

functional properties. A further filtering process, grouping functionally equivalent

systems, highlights 22 resultant architecture, which include many of the actuators

already developed and presented in the previous sections.

To verify the mechanical complexity of the layouts selected through the presented

enumeration, the Modular Variable Stiffness (MVS) prototype has been fabricated

(Fig. 3.25a) [61].

MVS is composed of two motors, two HDs, and a modular connection system,

which allows to replicate all the connections hypothesized for the enumeration pro-

cess (rigid beams and linear traction springs with lever arms are employed). Because

of its mechanical simplicity, one of the possible 22 layouts has been selected and fab-

ricated as a stand-alone system; the resultant prototype, the VSA-HD, is reported in

Fig. 3.25b. In this system (VSA-HD, [61]) one of the two HDs has its FS connected

to the mechanical frame through a nonlinear elastic element (as for the CS of the

second HD), while its CS is connected to the output shaft through a rigid element.

Moreover, the two FSs are rigidly coupled.
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80 CHAPTER 3. DOUBLE ACTUATION ARCHITECTURES

output shaft. The stiffness profile of systems characterized
by symmetric linkages has thinner wings (Fig. 6a and 6c)
than the asymmetric (Fig. 6b and 6d), this property is clearly
showed by the !!,"" chart (Fig.5) and due on the unbalanced
elastic connection.

As for off-the-shelf electromechanical motors, charts are
not sufficient for a complete characterization. The possibility
to vary the stiffness at the output joint shaft brings to define
some new parameters

1) Working Volume (WV ): delimited by the external
surface of the chart is related to the allowable working
conditions of the system.

2) Real Working Volume Fitting (RWV F ): WV is not
related to the shape of the working conditions. From

Fig. 7. Real Working Volume Fitting (SX) and Stiffness Breakdown (DX).

an application point of view usually the Needed
Working Volume (NWV ) is defined as the volume
|< !,#," >| # !!M ,#M ,"M "; RWV F index take
into account the volume exceeding such prismatic
volume and can be evaluated as

RTV F =
NWV

WV
.

3) Maximum Torque (!M ): this parameter have to be
considered mainly because of the differences between
ESV and A-A layouts.

4) Maximum Stiffness ("M ): as previously explained "M

is reached on different values of ! depending on the
layout.

5) Stiffness Velocity ("̇): the time needed to change "
is one of the most important parameters on VSAs; an

indicator can be defined as "̇ = !!
Tass

!!!
"M=0

, where

Tass is the time needed to join the maximum stiff-
ness under maximum motors activation and negligible
external disturbances (! = 0).

6) Stiffness breakdown (Sb): the stiffness range of A-A
actuators depends on the external torque. We define
Sb as the ! value corresponding to the half of the
maximum stiffness (Fig. 7).

Table I summarize the index values for the 5 layouts
proposed in Fig. 6.

It can be noticed that Sb is not defined for ESV actuators,
as they have small correlation between stiffness range and
external torque. On the other hand the allowable torque at the
output shaft of those systems is the half of A-A actuators.
Analyzing A-A sub-families we can notice that asymmetric

WV !M "M "̄M "̇ Sb
a 0.16 1 2.02 2.02 0.92 0.25
b 0.65 1 4.07 4.07 0.65 0.5
c 0.09 1 2.04 1.10 0.92 0.25
d 0.41 1 5.08 3.07 1.10 0.375
e 0.5 0.5 3.04 2.03 0.73 X

TABLE I

INDEX VALUES OF THE LAYOUTS SHOWED IN FIG. 6.

systems have greater Sb and WV , on the other hand cross-
linked ones presents lower "̇. A deep analysis of all the 22
layouts highlights that most of these parameters increase with
the number of elastic connections and consequently with the
mechanical complexity, whereas the connection schema is
strictly related to the behaviour, e.g. the layouts Fig. ?? and
Fig. ?? have the same kind and number of connections but
a complete different behaviour.

V. PHYSICAL IMPLEMENTATION

To verify the mechanical complexity of the layouts se-
lected on the preview sections the Modular Variable Stiffness
(VSM) prototype illustrated in Fig. 8 has been realized. The

Fig. 8. Modular VSA used to test the different basic elements intercon-
nections. In the schematic all the basic elements can be identified.

VSM is composed by a couple of DC motors and pancake
HDs, and a modular connection system. The presence of
a Dynamic Spline (DS) is the main difference between
these particular HDs and the traditional. DS is a circular
rigid element having the same number of teeth than FS,
thus ensuring the homokinetic motion between these two
elements. All the active system components (motors and HD
elements) are related by plain bearings and are free to rotate
one respect to the other. The modular connection system
allows to replicate all the connections of the layout matrix.
Rigid beams are employed to implement rigid connections,
whereas elastic connections are realized by linear traction
springs and lever arms. With reference to Fig. 9, the non
linear displacement of the spring (s) is

s =
"

(s0) + r(1$ cos($(%)))2 + (rsin($(%))2 ,

where s0 is the rest length of the spring, % the relative angle
between the elements, and r the length of the lever arm.

Either chart/index analysis and implementation on VSM
do not highlight a model as better for performance and
complexity. For instance some layouts can have good per-
formances but a very complex mechanical design because of

!"#$

(a)

Mechanism Design for Variable Stiffness Actuation

based on Enumeration and Analysis of Performance

Manuel G. Catalano, Riccardo Schiavi, and Antonio Bicchi

Abstract— This paper presents a systematic enumeration and
performance analysis of Variable Stiffness Actuators (VSAs).
VSAs are becoming more and more popular in robotics,
and many different prototypes have been recently proposed
and built in the research community. In comparison with
conventional geared motors, actuators with variable stiffness
introduce the need for new specifications, requirements, and
performance criteria, concerning e.g. the range of achievable
stiffness, and the response time to stiffness reference changes.
On the other hand, the mechanical construction of VSAs is
also more complex. To address the problem of harnessing the
increased complexity of VSA design, we consider in this article
the enumeration of all possible arrangements of two prime
movers (elementary motors), two harmonic-drive gears, the
output shaft, and the interconnections (either rigid or elastic)
between these elements. We propose an automated algorithm
to search the large combinatorics of such enumeration, and
present a reduced number of feasible basic designs which
accomplish the objectives of VS actuation. Furthermore, we
propose a quasi-static model of VS actuators which can be
used for an analysis of their performance and we conclude
by presenting some preliminary characteristics of one of the
selected designs.

Index Terms— Physical Human-Robot Interaction, Safety,
Performance, Variable Stiffness Mechanisms, Actuators

I. INTRODUCTION

Applications requiring physical Human-Robot Interaction
(pHRI) occur more and more frequently in both advanced
industrial automation and service robotics. Such applications
require ever more stringent requirements on safety and
dependability, adaptability, and ultimately on the capabil-
ity of exhibiting a human–friendly behaviour. To address
such issues, several researchers in the past few years have
proposed novel actuators which can vary their stiffness in
accordance to the task needs (Variable Stiffness Actuators
(VSA), [1], [2]). Moreover, VSAs allow to adapt to the
task the system resonant frequency ([3], [4]), thus reducing
energy consumption during repetitive task and achieving
more natural motions ([5]) adapting the joint stiffness to the
task and the environment.

The VSA idea is also very useful in other domains, such
as legged locomotion [6], where the possibility of storing
energy on the elastic elements ([7], [8]) can be used in
walking robots to alternatively transfer gravitational-potential
and kinetic energy within each stride, minimizing the energy
consumption.

Authors are with Centro Interdipartipartimentale di
Ricerca “E. Piaggio”, University of Pisa, 56126 Pisa, Italy
{manuel.catalano,riccardo.schiavi,bicchi}
@centropiaggio.unipi.it

As a further important motivation for VSAs, Haddadin
et al. [9] showed how a mechanical elasticity between link
and gearbox is instrumental to protect the robot mechanical
structure, reducing peak forces during impacts against hard
surfaces.

Fig. 1. VSA-HD, the new VSA prototype.

The effective implementation of VSAs is an outstanding
research issue in robotics, where may different approaches
are being pursued. One notable early example are pneumatic
(McKibben) muscles [10], [2], although the need for a
compressed air source represent a drawback for several
applications. While new advanced materials, such as electro-
active polymers, are being actively investigated [11], most
current and near-future implementations use mechatronic
solutions with different arrangements of electromechanical
components, such as induction motors, gearboxes, and (non-
linear) springs. For instance, the DLR VS-Joint ([12]) adopts
a two motors - two gearboxes configuration: a motor is
connected to the link through an Harmonic Drive (HD)
gearbox and controls the equilibrium position of the link,
while a (smaller) motor is connected to the nonlinear elastic
element through a worm. Thanks to the non-backdrivability
of the worm the VS-Joint maintains stiffness without exerting
torque. The nonlinear elastic element is based on a set
of spring acting on a cam profile, whereby the stiffness
shape can be adapted to the task by designing the proper
cam profile. As another example, the MACCEPA ([13]),
originally designed for walking systems, consists of two
geared motors and a non linear elastic element. Each mo-
tor chassis is rigidly connected to a link and the motor
output shafts are interconnected by two lever arms and a
linear spring. As in the preview design the two motors act
independently on equilibrium position and stiffness of the

!"#"$%&&&$%'()*'+(,-'+.$/-'0)*)'1)$-'$2-3-(,14$+'5$67(-8+(,-'
6'19-*+:)$/-';)'(,-'$<,4(*,1(
=+>$?@AB$!"#"B$6'19-*+:)B$6.+4C+B$DE6

FGA@#@H!HH@I"H"@HJ#"JK!LM""$N!"#"$%&&& ?!AI

(b)

Figure 3.25: Prototype of the VSM (a) and of the VSA-HD (b) [61].

In [105] a port-based mathematical framework for analyzing and modeling energy

efficient variable stiffness actuators is presented. Based on the conditions set by the

mathematical framework, the conceptual design of a novel actuator is presented,

demonstrating that, in theory, the output stiffness can be varied by only modulating

the transmission ratio of an ideal transmission without using any energy.

Considering a non ideal transmission an external power through an ‘input port’

can either be used to change the transmission ratio or to do work at the ‘output port’.

Some hypotheses are considered: i) the actuator has some internal DOFs, indicated

with variables q; ii) the apparent output stiffness is related to the configuration of

the internal DOFs; iii) friction is neglected; iv) there is no coupling between the

output force and the velocities of the internal DOFs; v) energy can be added to or

removed from the system via the input or output ports.

The design of the internal configuration should include a number of internal DOFs

such that it is possible to change the apparent output stiffness while the amount of

energy stored in the system does not change due to power supplied through the input

port. This corresponds to decoupling position and stiffness control on a mechanical

level.

Following this guideline, an actuator, whose functional concept is reported in Fig.

3.26a, was designed. The working principle is based on a linear spring connected

to a lever arm of variable effective length which determines how the stiffness of the

spring is felt at the output. The difference with respect to the AwAS, AwAS-II and

HDAU is that, in this case, the locations of the spring and of the pivot are fixed
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3.3. DISCUSSION AND COMPARISON 81

while the point where the end-effector acts is variable [93].

The DOF q1 controls the transmission ratio from the spring to the end effector

while the DOF q2 directly control the end effector (which has position x). It has

been demonstrated that if q̇1 is such that the stiffness varies as desired, and if q̇2 =

− sin(φ)q̇1, the stiffness modification does not require energy. A prototype matching

the conceptual system of Fig. 3.26a is reported in Fig. 3.26b.

0
F

ẋ

es

fs

!q̇

C

MTF

MTF

A(q, x) B(q, x)

Fig. 4. Bond graph representation of the Dirac structure of a variable
stiffness actuator - The MTF-elements are modulated as given by Eq. (6)
and, thus, they define the power flow.

actuated through the port (!, q̇).
• The apparent stiffness at the output port (F, ẋ) is related

to the configuration of the internal degrees of freedom.
• Friction is neglected.
• There is no coupling between the output force F and

the velocities of the internal degrees of freedom q̇,
i.e. C(q, x) = 0, because such a power continuous
transformation between forces and velocities cannot be
realized in the mechanical domain.

Following these assumptions, it follows
!
"

ṡ
!
F

#
$ =

!
"

0 A(q, x) B(q, x)
!A(q, x)T 0 0
!B(q, x)T 0 0

#
$

% &' (
D(q,x)

!
"

!H
!s
q̇
ẋ

#
$ (6)

Eq. (6) can be represented in bond graphs as shown in Fig. 4.

D. Analysis of the model

From Eq. (6), it is easy to derive the variation of the energy
stored in the system, which is given by

dH

dt
=

"H

"s

ds

dt

=
"H

"s
(A(q, x)q̇ + B(q, x)ẋ)

= !!T q̇ ! FT ẋ

(7)

Note that energy can be added to or removed from the system
via the output port (F, ẋ) or the port (!, q̇). This corresponds
to the power continuity of the Dirac structure in Fig. 3.

In the purpose of designing an energy efficient variable
stiffness actuator, we can state that the most energy efficient
variable stiffness actuator is such that the amount of energy
stored in the system does not change due to power supplied
through the port (!, q̇). This condition is accomplished if the
term A(q, x)q̇ in Eq. (7) is zero, i.e. if

q̇ " ker A(q, x) # q, x (8)

Note that taking A = 0 reduces the system to the ideal case
depicted in Fig. 1.

From this analysis, we can derive a design guideline
for energy efficient variable stiffness actuators: the design
of the internal configuration should include a number of
internal degrees of freedom such that it is possible to change
the apparent output stiffness while satisfying Eq. (8). This
corresponds to decoupling position and stiffness control on

#

!$

q1

q2

x

!s
k

%

Fig. 5. An energy efficient variable stiffness actuator - The end effector is
constrained to move only in x-direction. The internal degrees of freedom
q1 and q2 are used to change the effective transmission ratio and to control
the end effector, respectively.

a mechanical level. Due to the provided insights in power
flows, the port-based framework, described by Fig. 3 and
Eq. (6), provides an important tool for the design of energy
efficient variable stiffness actuators.

III. A NOVEL VARIABLE STIFFNESS ACTUATOR
CONCEPT

Following the design guideline presented in Sec. II-D,
we introduce an innovative concept of a variable stiffness
actuator. The design achieves a decoupling of position and
stiffness control on a mechanical level, as was concluded
from Eq. (8). The functional concept is based on a linear
spring connected to a lever arm of variable effective length.
The effective length of the lever arm determines how the
stiffness of the spring is felt at the output port. Using
the Dirac structure formulation in Eq. (6), we show that,
by changing the internal configuration, the apparent output
stiffness can be modulated without using energy.

The proposed mechanism is depicted in Fig. 5. The transla-
tional degree of freedom denoted by q1 controls the effective
transmission ratio from the spring to the end effector. It
should be noted that 0 < q1 $ %, since q1 = 0 is a singular
configuration in which the transmission ratio is infinite. The
translational degree of freedom q2 is used to control the end
effector, which applies the force F and has position x (this
is the output port (F, ẋ)). Since the displacement s is small
compared to the lever length %, we assume # = 0.

The state s of the zero free length spring is given by

s = % sin $ = %
x! q2

q1
(9)

where $ is defined positive in the counter clockwise direc-

!"#$

(a)

q1 actuation q2 actuation

actuator output x

Fig. 3. Prototype design and realization - The design closely matches the
concept presented in Fig. 2. The main difference is in the implementation
of the zero free length spring, which is realized by using an antagonistic
spring setup acting on the rotation point of the lever arm.

B. Model

Before proceeding with the experimental tests for the
validation of the concept, we build the model of the setup
in order to verify if the real data are comparable with
the simulation results. In particular, by detailing the Dirac
structure of Fig. 1, we derive the bond graph model of Fig. 4,
which represents both the conceptual design and the real
system since there is no substantial difference between them.

The multidimensional port (!, q̇) of Fig. 1 is split into two
separate control inputs, which separately actuate the internal
degrees of freedom q1 and q2. The subsystems labeled by
M1 and M2 contain all the relevant dynamical properties
of the two motors, as specified by the data sheets, and the
spindle drives.

The two MTF-elements (modulated transformers) imple-
ment the matrix A(q, x) of the Dirac structure (1), as given
in Eq. (6). The 0-junction represents a shared effort (the
torque) on the connected bonds and a summation of the
flows (velocities). The third MTF-element implements the
matrix B(q) of the Dirac structure (1), as given in Eq. (6).
The 1-junction represents a shared flow on the connected
bonds and represents the actuator output port with velocity
ẋ and force F . Moreover, in this model, we consider that the
system is actuating a load with inertial and friction properties
modeled by the I-element and the R-element, respectively. In
the experiments, we consider a load with mass m = 0.06 kg
and a friction coefficient r = 20 Ns/m. The value of the
friction coefficient is due to the high friction in the sliders
supporting the output motion and has been experimentally
estimated.

V. SIMULATION AND EXPERIMENTAL RESULTS

In this Section, we present a comparison between the sim-
ulation results of the model presented in Sec. IV-B and the
experimental data, both obtained in two different scenarios.
In order to have commensurable data, we implement in both
simulation and real setup the same controllers, namely PID
controllers on the velocities q1 and q2, with properly tuned
parameters. Using the 20-sim simulation package [8], and
its 4C toolchain, it is possible to simulate the bond graph
model of Fig. 4 and directly export the controllers used in

C
..

k

!H
!s

ṡ
0 MTF

..

B(q)

!F

ẋ
1

I : m

R : r
A1(q,x) : MTF MTF : A2(q,x)

!1 q̇1 !2 q̇2

M1 M2

Fig. 4. Bond graph based model of the prototype design - The MTF-
elements model the Dirac structure as given in Eq. (6). The subsystems
M1 and M2 model the actuation of the degrees of freedom q1 and q2

respectively. The I-element and the R-element model, respectively, the
inertial and friction properties of the actuated load.

this simulation to C code, which can then run on an external
controller board to actuate the real setup.

Experiment 1 - Static output force: In the first experiment,
the aim is to determine a relation between the output force
F and the configuration q1, which is directly related to the
output stiffness by Eq. (3). The force is measured while the
output position x is fixed (i.e. ẋ = 0). The claim is that the
stiffness can be changed without changing the energy stored
in the spring. To achieve this, the spring is loaded and the
degrees of freedom are actuated while satisfying Eq. (4).

The experiment is summarized in Fig 5. The output
position x is fixed, q1 is set at a distance of 0.076 m to
the rotation point of the lever arm, q2 is such that the angle
" = 0.15 rad. Then, q1 is moved towards the rotation point in
0.005 m increments towards the final value of 0.026 m, while
q2 is actuated according to Eq. (4). This implies that " and
sin " = x!q2

q1
are kept constant. After each increment, the

output force in Eq. (5) is measured, and it is expected that it
varies such that F (q1) = #q!1

1 , where # = k sin " = 0.101
is obtained from the kinematic analysis of the design.

The results for this experiment are presented in Fig. 6,
in which the averages of the measured output force for
a number of values of q1 are shown, together with the
standard deviation $. The mean values of the experiments
are, except for q1 = 0.076 m, all within 1$ of the theoretic
curve. The deviation for q1 = 0.076 m can be explained
by stiction present in the system. For increasing values of
q1, the force generated on the output decreases by Eq. (5),
but for this particular value for q1, this force is no longer
sufficient to overcome the stiction forces in the supporting
sliders. If the measurements for this value of q1 are no longer
considered to be valid, the following curve can be fitted to
the average values of the experiments using a least square
fit, i.e. F (q1) = 0.107 · q!0.99

1 , with a residual r2 = 0.97.
These results show that, in the prototype, the output stiffness
can be changed in an energy free way, i.e. while the energy
stored in the springs is not changed.

Experiment 2 - Dynamic output displacement: In the

!"#$

(b)

Figure 3.26: Conceptual design (a) and prototype (b) of the energetic efficient vari-
able stiffness actuator presented in [105].

3.3 Discussion and comparison

New actuation solutions have been developed in recent years to establish a safe

and effective human-robot interaction in rehabilitation and assistive robotics, to

increase energy efficiency in legged robots, to study human motor control in neuro-

robotics, and to prevent damages to operators in industrial environments shared

with robots. To this aim architectures involving more than one active element and

elastic components are increasingly being investigated. The advantages of separately

controlling position and impedance, according to the different application fields, can

be basically resumed as the improvement of systems dynamical performances while

preserving safety (e.g. Safe Brachistochrone problem [45]) or as the optimization of

energetic exchanges with humans and/or external environment.

A classification of rotary double actuation systems has been introduced in this

thesis, including three main categories: serial, parallel and physically controllable
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82 CHAPTER 3. DOUBLE ACTUATION ARCHITECTURES

impedance. A critical analysis of the most relevant features of each presented ar-

chitecture has been carried out (see also Table 3.1). A straightforward comparison

among all the presented prototypes is not easy since not all of them are optimized for

the same target application, nevertheless some common traits have been identified

for the introduced categories. The overview and classification of these systems can

represent a general guideline for future designs of actuators in different application

fields.

A critical analysis of different reported architectures highlighted that serial con-

figurations allow the decoupling of position and stiffness controls; as a drawback, the

maximum deliverable torque is limited by the smaller of the two motors.

Moreover, purely parallel configurations allow the partitioning of the generated

torque in high- and low-frequency contributions; in this case the use of a SEA for

low-frequency/high-torque generation guarantees low intrinsic impedance across the

whole frequency spectrum. In the agonistic/antagonistic actuation architectures,

complex control laws are required because the motors contemporarily contribute

to control position and stiffness. Moreover, the mechanical structure is elaborate

and energetic efficiency is often reduced. Nevertheless, since they reproduce the

features of the muscoloskeletal system in vertebrates, they are particularly suitable

for neuroinspired robotics and for neuroscientific studies on motor control.

While the above-mentioned architectures provide the possibility of regulating

stiffness via software or by pre-compressing elastic elements, in actuators with phys-

ically controllable impedance the properties of a mechanical component or the way

it is connected to the load can be changed. This kind of solution generally implies

a complex mechanical structure but it offers the advantage of providing physical

mechanical impedance adaptable to different operative conditions and suitable to

improve energetic efficiency. The addition of variable dampers (e.g. ER, MR or

friction systems) in actuators with variable stiffness can be useful to improve dy-

namical performances but it increases the complexity of the mechanical design, as

for the system presented in [104] where three motors are used for position, stiffness

and damping regulation. For this reason variable dampers are usually employed for

joints with a fixed compliance (e.g. in [99, 103]), in traditional robots where flexible
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3.3. DISCUSSION AND COMPARISON 83

components can cause vibrations (e.g. in [96, 97]) or in rehabilitation devices where

resistive torques are needed [106, 107, 108].

Factors limiting the use of double actuation systems are inherent to the complex-

ity of the mechanical structure and of the required control algorithms. Moreover, a

considerable on-going research effort is currently being devoted to improve power-

to -mass and -volume ratios and energetic efficiency, by exploiting both theoretical

design tools and novel technological solutions.

In [105] a mathematical framework has been presented to assess energetic effi-

ciency of variable impedance actuators, also demonstrating that a particular class of

solutions allows to physically modulate impedance in an energetically conservative

way.

Technical choices to improve the overall power-to-mass ratio can include the

use of high-performance frameless electromagnetic motors (as in [50, 51, 56, 64])

or the design of custom compliant components to optimize weight and volume (as

proposed in [56, 109]). An alternative to electromagnetic motors is constituted by

pneumatic artificial muscles (e.g. McKibben muscles [110] or PPAMs (Pleated Pneu-

matic Artificial Muscles) [111]). These systems provide intrinsic compliance due to

gas compressibility and to the flexibility of gas chambers but a considerable draw-

back is the need of external compressors. As a promising solution, research on novel

energy transduction methods is leading to propellant-based chemical actuators able

to directly convert chemical energy into mechanical energy [112, 113].

In wearable assistive/rehabilitative robots, the requirements on mass/volume are

particularly strict. This is the reason why minimal actuation architectures are nor-

mally employed, possibly including passive element with fixed compliance [52, 114].

Nevertheless, biomechanical studies clearly demonstrate that the human muscu-

loskeletal system deeply exploits the independent regulation of both position and

stiffness in several tasks, including locomotion and manipulation [115, 116, 117].

Ideal actuation solutions for wearable robots should be able to replicate (in the case

of robotic prostheses) or to harmonically co-exist with (in the case of active orthoses)

such biomechanical systems. It is expected that in the coming years improvements

on key enabling technologies for actuators will allow a widespread diffusion of double
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84 CHAPTER 3. DOUBLE ACTUATION ARCHITECTURES

actuation architectures in these fields.

In legged robots double actuation solutions are currently considered for a de-

coupled regulation of position and impedance inspired by animals’ locomotion and

for improving energetic efficiency. In this regards, the adjustment of mechanical

properties of the legs can help switching among walking, running and hopping. For

pseudo-passive walkers, the modification of the robot natural frequency is even more

crucial to elicit stable limit cycles. The use of these actuation systems is expected

not to be hindered by requirements on bulk and weight.

In neuroscience the use of double actuation solutions, as the agonistic/antagonistic

architecture, cannot be avoided if the human/animal muscular systems have to be

reproduced for motor control investigations. Restrictions on mass and dimensions

are not excessively strict for the design of bio-inspired platforms validating neuro-

scientific hypotheses. Rather, technological solutions are becoming more and more

sophisticated to reproduce the cellular array structure of muscles (for example using

Shape Memory Alloys (SMAs) elements [118]) or to fabricate bio-micro-actuation

units using human tissues ([119, 120]). In this sense, a thigh collaboration is ex-

pected to be established between neuro-robotics and (bio)material engineering.

In industrial robotics, the need of minimizing risks arising from unpredictable

collisions and from the interaction during physically shared tasks is primary and

cannot completely rely on control software. In this context the widespread adoption

of compliant actuation, with adjustable properties for low stiffness-high speed and

high stiffness-low speed motion, is likely to happen in the close future.

In general, the current research trend is moving towards the design of actua-

tors with physically controllable impedance, i.e. highly efficient systems physically

adaptable to a wide range of dynamic operative conditions. To this aim the most

recent works presented in section 3.2 are devoted to the identification of novel de-

sign methodologies where mathematical tools are employed to optimize actuators

performances, varying impedance in an energetically efficient way. Despite of that,

translating these concepts into practical design is still an open point for future re-

search.
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86 CHAPTER 3. DOUBLE ACTUATION ARCHITECTURES

3.4 Design of a Variable Impedance Differential

Actuator

Based on the previous analysis an actuator based on a purely serial differential

architecture is presented in this section. The Variable Impedance Differential Ac-

tuator (VIDA) combines advantages of the SDAU system (see section 3.1.1.2) for

separate position and impedance regulations with the ones of SEAs because of the

presence of an elastic component. Virtual impedance is chosen to be rendered via

an active software control instead of using physical variable impedance or stiffness

presets to have a simpler and more lightweight design and to also include damping

regulation. In the following sections a preliminary design is presented and a model

of the system is developed to evaluate performances of the system in simulation.

3.4.1 Design requirements

The system is mainly intended for gait assistive wearable robots. Hence it is

reasonable to require the actuator to have a weight lower than 2 kg and to be

contained in a volume of 150×100×100 mm3. A maximum instantaneous torque of

15 N·m (suitable to complement human joints torques in assistive conditions, e.g.

30% of lower limbs physiological torques during walking) has been selected as target.

Since it is important to guarantee a high level of safety and coupled stability and to

respond to high-frequency shocks deriving for example from the interaction with the

ground, an intrinsically compliant element has to be included in the architecture.

VIDA general design, including the overview of the architecture, a description of the

control and expected performances, is presented in the following sections.

3.4.2 Design

The VIDA has a redundant actuation, with one motor (Position Regulator, PR)

used to regulate the position and the second one (Impedance Regulator, IR) to

modulate the mechanical impedance (stiffness and damping values can be varied).

A Harmonic Drive (HD) in differential mode is used to achieve a serial connec-

tions similarly to what presented in [66]. A scheme of the VIDA architecture and
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3.4. DESIGN OF A VARIABLE IMPEDANCE DIFFERENTIAL ACTUATOR87

Figure 3.27: Architectures of SEA (left) and VIDA (right).

Figure 3.28: VIDA architecture and components.

a comparison with SEA architecture is reported in Fig. 3.27. In the VIDA system

the series elastic element is substituted by a software-controlled variable impedance

implemented through the IR.

In Fig. 3.28 the architecture and components of the VIDA are reported, whose

description will be presented on the following sections.

3.4.2.1 Harmonic Drive gear - HD

In the proposed VIDA architecture the Harmonic Drive operates as a differential

gear to allow a serial connection of the two motors; in particular, the Wave Generator

(WG) and the Circular Spline (CS) are the inputs and the Flexible Spline (FS) is

the output. The equivalent impedance seen from the output (FS) is:
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88 CHAPTER 3. DOUBLE ACTUATION ARCHITECTURES

Zout =
ZCSZWGN

2

(N + 1)2ZWG + ZCS
(3.3)

For high values of the transmission ratio N , Zout ≈ ZCS . On the basis of this

consideration, the IR is connected to the CS while the PR is connected to the WG

(which has high transmission ratio with respect to the FS shaft) to get a rigid

behavior. The selected gearing is the CSD-20-160-2A-GR, which has a transmission

ratio N = 160, a weight of 130 g and a thickness of 14 mm.

3.4.2.2 Position Regulator - PR

Many manufacturers of electrical motors include flat DC motors in their cata-

logues, which show to be a good compromise between high torque/power and low

volume/mass. A flat motor is used as Position Regulator (PR): Maxon EC45-flat,

50 W brushless DC motor with a maximum continuous torque of 84.3 mN·m, a stall

torque of 822 mN·m and weight of 110 g. This motor is equipped with an incremental

optical encoder Avago HEDL5540, which has a 500 counts per turn resolution (0.18

deg with quadrature readings).

3.4.2.3 Impedance Regulator - IR

The Impedance Regulator tunes the impedance field around the equilibrium posi-

tion set by PR. Since a low level torque control is needed to implement an impedance

control, a SEA can be used as IR, introducing advantages typical of intrinsic physical

compliance presented above. For the IR the same motor and encoder as for the PR

are used, with an additional reduction gear. To minimize the longitudinal encum-

brance a (second) Harmonic Drive, equal to the one presented in section 3.4.2.1, has

been chosen.

3.4.2.4 Passive elastic element

The selection of the spring stiffness emerges as a tradeoff between the large force

bandwidth and a low intrinsic impedance: the definition of an operational bandwidth

for which the actuator needs to display large forces places a lower bound, while the
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3.4. DESIGN OF A VARIABLE IMPEDANCE DIFFERENTIAL ACTUATOR89

upper bound is set by the need of minimizing the intrinsic impedance [47]. In our

case a stiffness of 200 N·m/rad has been selected.

In order to have a lightweight and thin torsion spring a steel disc can be oppor-

tunely shaped using a FEM-based design process. Details on possible designs will

be presented in chapter 4.

3.4.2.5 Torque measurement

The stiffness of the spring also influences the resolution of torque measurement. A

32768 cpt magnetic incremental encoder (sensor PMIS4 and magnetic wheel PMIR4,

ASM) is placed on the FS of the differential HD so to measure the deflection of the

torsion spring (by difference with the angular position of the IR motor). This choice

permits to directly monitor the output shaft of the whole actuator and to estimate

the torque applied by the IR with a resolution of 0.038 N·m.

!"

#"
$"%"

&"

Figure 3.29: Preliminary 3D CAD drawing of the VIDA system. 1: encoders, 2:
flat motors, 3: HD gears, 4: custom torsion spring, 5: output link. PR components
are on the right side, IR components are on the left. Motion is transmitted through
a 1:1 transmission ratio gear connecting the the series elastic element to the CS of
the differential HD. The case is shown in transparency, with overall dimensions of
150×85×100 mm3.
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90 CHAPTER 3. DOUBLE ACTUATION ARCHITECTURES

3.4.2.6 Overall mechanical structure

In Fig. 3.29 a preliminary 3D CAD drawing of the VIDA system is shown. The

overall architecture includes two flat motors and relative encoders, two HD gears

(one used in differential configuration and the other one used as a reduction gear),

an encoder on the output shaft, the custom torsion spring, a 1:1 transmission ratio

gear to transmit spring rotation to the CS of the differential HD.

3.4.3 Model and control

A block diagram of the whole system, comprising the HD, the IR and the PR, is

reported in Fig. 3.30.

3.4.3.1 Harmonic Drive model

Modeling of Harmonic Drives in their most usual configurations has widely been

investigated; the case of no fixed shaft (differential gearing configuration) has only

been analyzed in [121]. The kinematic constraint on the components of the vector

θ′ = (θWG, θCS , θFS)T and the relation between the torques τ ′ = (τWG, τCS , τFS)T

are:





θWG − (N + 1)θCS +NθFS = 0

τFS = −NτWG

τFS = N
N+1τCS

(3.4)

Figure 3.30: Block diagram of the VIDA. HD block implements equation (3.8). The
IR block represents the model shown in Fig. 3.32. θFS represents the rotation of the
load.
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3.4. DESIGN OF A VARIABLE IMPEDANCE DIFFERENTIAL ACTUATOR91

The dynamical model of the system is:

B′θ̈′ +C ′θ̇′ = τ ′, (3.5)

where τ ′ is the vector of the torques acting on the shafts and

B′ =




JWG 0 0

0 JCS 0

0 0 JFS


C

′ =




cWG 0 0

0 cCS 0

0 0 cFS


 (3.6)

are the matrices of inertia and viscous damping respectively. The terms J and c

indicate the inertia and damping of each shaft. Considering the kinematic constraint

in the first equation of (3.4), the configuration of the system can be expressed in terms

of two variables (θWG and θCS). As reported in [121], by introducing the matrix

R =




1 0

0 1

− 1
N

N+1
N


 (3.7)

equation (3.5) becomes:

Bθ̈ +Cθ̇ = τ (3.8)

In (3.8) θ = (θWG, θCS)T = RTθ′ and τ = (τWG, τCS)T = RTτ ′ are the vectors

of the two independent angular and torque variables respectively; B = RTB′R

and C = RTC ′R are the inertia and viscous damping matrices in the independent

coordinates. Considering a load connected to the FS, its moment of inertia JL can

be added to that of the FS in the matrix B.

3.4.3.2 PR and IR models

Both the PR and the IR are modeled in their mechanical and electrical part,

considering the moment of inertia of the rotor J , the viscous damping b and the

motor inductance and resistance L and R. In the case of the PR, which is directly

connected to the WG of the Harmonic Drive, the moment of inertia JPR and the
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92 CHAPTER 3. DOUBLE ACTUATION ARCHITECTURES

viscous damping bPR can be directly added to those of the WG in the matrices B′

and C ′ respectively. In the case of the IR, a typical SEA model (such as the one

presented in [47]) is considered. In Fig. 3.31 a schematization of the model in the

Laplace domain is reported; Ks is the spring stiffness, τIR is the torque applied to

the rotor, ωIR is the velocity of the motor, τs is the torque applied to the CS, θCS is

the rotation of the CS, VIR is the voltage command, kt is the torque constant and

ke is the back-EMF constant.

3.4.3.3 VIDA control

The regulation of the equilibrium position of the output shaft is pursued through

a standard high gain PID position control of the PR. Impedance regulation is

achieved by controlling the output torque of the IR. The commanded torque input

at the CS shaft is:

τCS = Kv(θFS − θFS,d) + cv(θ̇FS − θ̇FS,d) =

=
(
N + 1
N

)2 [
Kv(θCS − θCS,d) + cv(θ̇CS − θ̇CS,d)

]
(3.9)

By imposing θCS,d = 0, θ̇CS,d = 0 the visco-elastic behavior of the output shaft is

pursued around the current position, which is set by the PR.

Figure 3.31: IR model in Laplace domain. The output torque is τs = Ks(ωIRs −θCS) =
Ks(θIR − θCS). The block with the thermal resistance (Rth) and the thermal time
constant (Tth) allows to monitor motor winding temperature.
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3.4. DESIGN OF A VARIABLE IMPEDANCE DIFFERENTIAL ACTUATOR93

Figure 3.32: Block diagram of the IR control. IR block represents the model of
Fig. 3.31. The three cascade controllers implement the transfer functions in (3.10).
By imposing a 0 reference value for the impedance controller, the visco-elastic be-
havior of the output shaft is every-time pursued around the current output position.

The IR is controlled as proposed in [55, 122]: an inner PI velocity loop is imple-

mented to use the actuator as a velocity source (VS-SEA) and an external loop is

used to control the torque; this regulation is performed by measuring the deflection

∆θs of the series elastic element (of stiffness Ks) and estimating the torque applied

to the load τs, which is given by the relation τs = −Ks∆θs = Ks(θIR − θCS). An

outer loop, closed on the load angle measurement, implements the impedance control

in the form of (3.9) in order to render virtual stiffness Kv and damping cv. The three

cascade controllers are reported in (3.10); a block diagram of the control scheme is

reported in Fig. 3.32.

Cv = Pv + Iv
s

Ct = Kt
s2+as+b

s2

Cim = Kv + scv

(3.10)

3.4.4 Validation results

The model of the VIDA was implemented in Simulink/Matlab (The MathWorks

Inc.). The values assigned to the parameters of the model are reported in Table 3.2.
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94 CHAPTER 3. DOUBLE ACTUATION ARCHITECTURES

Table 3.2: VIDA model parameters.

Parameter Value Units

JWG 65 · 10−6 kg · m2

JCS 32.9 · 10−6 kg· m2

JFS 3.8 · 10−2 kg· m2

Jl 5 kg· m2

bWG 1 · 10−4 N· m· s · rad−1

bCS 8.03 · 10−2 N· m· s · rad−1

bFS 8.55 · 10−2 N· m· s · rad−1

N 160
Ks 200 N· m· rad−1

JIR = JPR 1.35 ·10−5 kg· m2

bIR = bPR 2.05 · 10−2 N· m· s · rad−1

RIR = RPR 0.978 Ω
LIR = LPR 0.573 mH
kt = ke 33.5 · 10−3 V· s · rad−1

Rth 8.75 K·W−1

Tth 16.6 s

3.4.4.1 Torque control

The step response and the Bode diagram of torque control transfer function

(Ts(s)/Td(s)) are reported in Fig. 3.33. Even though very high bandwidth (in the

order of 30 Hz for 3 dB attenuation) seems to be theoretically achievable with the

selected control gains, it can be demonstrated that system saturation strongly limits

deliverable torque with increasing frequency.

In particular, thermal limitations of the IR for three values of the stiffness of

the elastic element are reported in Fig. 3.34. Windings temperature is calculated

through a first order transfer function which takes into account the thermal resistance

(Rth) and the thermal time constant (Tth) (see the block diagram of Fig. 3.31).

Assuming a fixed load (θCS = 0) the IR was commanded to track sinusoidal torques

with frequencies (ftor) from 0.1 Hz to 35 Hz; for each frequency the maximal torque

amplitude (Ator) before overheating (i.e. before motor winding temperature exceeds

the maximum allowed temperature for standard thermal exchange conditions) was

calculated. It can be seen that a higher stiffness allows to deliver higher torques (up

to twice when moving from Ks=100 N·m/rad to Ks=200 N·m/rad) before the motor
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Figure 3.33: Step response and Bode diagram of the IR torque control.

overheats. The selected value of Ks=200 N·m/rad for the stiffness of the compliant

element is demonstrated to guarantee a bandwidth of about 1 Hz for the desired

peak torque (15 Nm), and of 3 Hz for a torque of 5 Nm which can are considered

suitable for the selected application. Nevertheless, torques start becoming negligible

at about 10 Hz, which can be considered the true theoretical limitation for the system

(in reality other non-modeled friction, control delays and saturations contribute to

a further lowering of performances).

3.4.4.2 Impedance regulation

As already highlighted mechanical output impedance is defined as the amount of

torque delivered by an actuator for a given load motion. For the VIDA system the

output impedance in the Laplace domain can be written as Zout(s) = Ts(s)/ΘCS(s).

To test the capability of the VIDA (and in particular of the IR component) to

Tesi di dottorato in Ingegneria Biomedica, di Nevio Luigi Tagliamonte, 
discussa presso l’Università Campus Bio-Medico di Roma in data 20/03/2012. 
La disseminazione e la riproduzione di questo documento sono consentite per scopi di didattica e ricerca, 
a condizione che ne venga citata la fonte



96 CHAPTER 3. DOUBLE ACTUATION ARCHITECTURES

10 1 100 1010

5

10

15

20

25

ftor [Hz]

A to
r [N

m
]

 

 

Ks=100 Nm/rad
Ks=150 Nm/rad
Ks=200 Nm/rad

Figure 3.34: Thermal limitations of the IR for different series elastic elements
(Ks =100, 150 and 200 N·m/rad). IR was commanded to track sinusoidal torque of
amplitude Ator and frequency ftor with a fixed load (θCS = 0).

render a virtual impedance, external position perturbations have been simulated. In

particular, the output shaft was forced to move sinusoidally with an amplitude of

0.1 rad and a frequency of 1 Hz for different values of Kv and cv set by the IR. In

Fig. 3.35 the ideal torque (the one obtained multiplying the desired impedance and

the imposed external rotation) and the actual torque (the one effectively delivered

by the VIDA in response to the external position disturbance) are shown: graphs on

the left represent a pure compliant behavior (cv = 0 N·m·s/rad) while graphs on the

right provide the response considering a non-null damping. The desired mechanical

impedance can be correctly rendered except for the case of a low pure stiffness as

already found in [53]. In Fig. 3.35 the case of Kv = 10 N·m/rad is reported; this

value is more than one order of magnitude smaller than the stiffness of the physical

series elastic element (Ks = 200 N·m/rad).

3.4.4.3 Positioning tasks

In this section the simulations of positioning tasks, for different rendered virtual

impedances, are presented. In Fig. 3.36 the response of the VIDA to a step command

of 20 deg is shown for Kv = 100 N·m/rad (top) and cv = 40 N·m·s/rad (bottom).

The same positioning task was simulated considering a torque disturbance; at t = 4
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Figure 3.35: VIDA torque response to external position perturbations for different
values of virtual impedance (ideal in solid blue, actual in dotted red). A sinusoidal
rotation (amplitude 0.1 rad and frequency 1 Hz) was applied on the output.

s, a 5 N·m step torque, simulating the interaction with an external body, was applied

on the output shaft. Results are reported in Fig. 3.37; virtual damping was cv =

40 N·m·s/rad while virtual stiffness was 50 N·m/rad (top) and 20 N·m/rad (bottom).

3.4.5 Conclusions

The design of a Variable Impedance Differential Actuator has been presented:

the model of the system is developed and the expected performances are evaluated

through simulations in different conditions. It has been assessed that the VIDA is

able to render the desired output impedance when the requested torque does not

exceed the limits of the torque source (i.e. closed loop bandwidth and saturation).

Impedance regulation degrades when a pure elastic behavior, with stiffness more

than one order of magnitude smaller than the physical spring stiffness, is desired

(Fig. 3.35). It has been verified that the desired impedance can be set while the

output equilibrium position is being regulated by the PR (Fig. 3.36) also when

an external torque disturbance is applied (Fig. 3.37). The presented actuation

architecture allows to implement a control strategy where an equilibrium position
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and impedance field are separately regulated. This is possible still adopting very

simple control laws: two distinct Single-Input-Single-Output (SISO) controls for

position and impedance regulation of the two input shafts.
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Chapter 4

Design, control and

characterization of a rotary

Series Elastic Actuator

As pointed out in chapter 3 a number of advantages can derive from the serial

connection of a compliant element to a gearmotor. Among the aforementioned ones,

it worth recalling the possibility of operating in force (or torque) control mode in

a way which is not so far from an ideal behavior (perfect force tracking and a null

output impedance across the frequency spectrum). Indeed the use of series elasticity

allows increasing the torque control loop gain (still maintaining desired stability

margins) and to have a low output impedance, other than tolerance to shock loading,

robustness to changing loads, reduction of internal stiction, friction and backlash [47].

Moreover, for external perturbations at frequencies above the actuator controllable

bandwidth, the impedance of the system reduces to the stiffness of the spring thus

avoiding unsafe behaviors due to possible sensors failure and/or control limitations.

The major drawback introduced by the series elastic element is the reduction

of the actuator bandwidth with respect to a traditional stiff actuator. Improving

the compliance of the actuator reduces the saturation frequency for a given torque,

thus decreasing the overall performances of the system. In other terms, given some

target torque control specifications, a SEA requires extra power source with respect
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CHAPTER 4. DESIGN, CONTROL AND CHARACTERIZATION OF A

ROTARY SERIES ELASTIC ACTUATOR

to a rigid motor. Therefore, when the system is stiffness-controlled, the maximum

output stiffness that can be virtually rendered is limited by the elastic element, if

conservative demands for passivity (as presented in chapter 2) are to be met [123].

Linear SEAs were originally employed in bipedal walking and running robots [124]

where unavoidable high frequency disturbances due to impacts with the ground must

be rejected. Despite of that, many rotary prototypes have been recently developed

for several applications with very different performance requirements (see Figures

4.1-4.2). In [50] a compact SEA for a prosthetic elbow is presented (Fig. 4.1a) which

is used to implement user-modulated impedance control. It is made of a customized

frameless brushless motor and a HD gear; due to the hollow gearmotor the torsional

spring is passed back through the center of the actuator (Fig. 4.2a). The prototype

in [51] (Fig. 4.1b) is intended for a humanoid robot; it also uses a frameless brushless

DC motor and a HD gear, but it employes a three spoke shaft with six linear springs

(as reported in Fig. 4.2b) as compliant element. A similar architecture (frameless

motor and HD) is also proposed in [56] (Fig. 4.1d) where a custom-made double spiral

spring (Fig. 4.2b) is used, based on previous experience with hydraulic actuation [53].

This powerful SEA is intended to be used in a future version of the gait rehabilitation

robot LOPES [52]. In the current SEA implementation of the LOPES platform,

the actuation system of Fig. 4.1c is used: a brushless motor is located remotely

with respect to the actuated joint and Bowden cables transmit the motion. Series

elasticity is due to the agonistic/antagonistic arrangement of two linear compression

springs (Fig. 4.2c) which are pre-tensioned with the maximally desired force to let

cables always be under tension during operation. In [54] a SEA for an assistive

active knee orthosis is designed (Fig. 4.1e). A very simple commercial torsion spring

is inserted within the transmission mechanism (Fig. 4.2e). A worm gear is used to

transmit the motion from one axis parallel to the longitudinal direction of the thigh

to the knee joint axis; this solution allows distributing mechanical structure alongside

the human segment for a compact design. The systems proposed in [55] (Fig. 4.1f),

[57] (4.1g) and [58](Fig. 4.1h) use commercial DC motors. The first one includes

a planetary gear and a compliant mechanism similar to the one of [51] with four

linear springs (Fig. 4.2f); it was developed to validate velocity-sourced SEA control
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4.1. DESIGN REQUIREMENTS 103

approach (see sections 3.4.3.3 and 4.3). The second one, designed for a robotic

manipulator, uses a planetary gear and a reduction capstan drive; compliance is

introduced by means of a leaf spring mechanism (Fig. 4.2g) similar the one presented

in section 3.1.2.2 for the VSJ system [81]. The third one is employed in an exoskeleton

for the upper limbs; it comprises a simple commercial torsion spring (Fig. 4.2h). In

[59] a nonlinear SEA is presented for running and jumping robots (Fig. 4.1i). The

actuator uses a hypocycloid mechanism to stretch a linear spring in a nonlinear way

(Fig. 4.2g) which can be adjusted offline through a pretensioning mechanism.

It is worth recalling a particular implementation of SEA which is named DEA

used in a legged tracked wheeled robot [64]. In this system a HD in differential

mode is used with a frameless motor connected to the WG and a commercial elastic

joint connected to the CS. This arrangement allows a serial coupling of the elements

attached to WG and CS shafts (as already mentioned in chapter 3).

In this chapter a compact SEA for assistive wearable robots id presented. The

system has a modular design to easily change some components (i.e. motor, reduc-

tion gear and spring) for different possible configurations and/or performances. In

particular, the presented implementation is compatible with requirements of a knee

assistive robot for elderly subjects with an age-related decay of motor performances.

Design will be described and torque/impedance control implementation together

with experimental characterization will be extensively reported. At the end of the

chapter a new design and some preliminary tests will be briefly introduced.

4.1 Design requirements

As aforementioned, different performances can be achieved with the proposed

design. The target for the configuration presented here is knee assistance.

A number of gait features are influenced by aging, such as decreased gait velocity

(caused by a greater time spent in double support and decreased step length) [125]

and increased stance time [126]. Elderly people have generally a more conservative

gait pattern than healthy young subjects, consisting of a lower preferred walking

speed [127] and shorter steps [128]. Considering data set described in [129], the

maximum instantaneous power exerted by the knee joint during slow walking is
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ROTARY SERIES ELASTIC ACTUATOR

SENSINGER AND WEIR: USER-MODULATED IMPEDANCE CONTROL OF A PROSTHETIC ELBOW 1045

Fig. 3. Two-dimensional projection of a 5-D root locus of impedance terms
plotted using randomized values of stiffness K, viscosity b, and inertia I.

. a) Red ( Nm/rad), green ( Nm/rad). b) Red
( Nm/(rad/s)), green ( Nm/(rad/s)). c) Red ( kg m )
green ( kg m ).

to a stiff shaft, allows for a higher proportional gain ,
which increases the torque fidelity of the system. This desired
torque may be determined by applying a desired impedance to
the system. A decreased sampling time also allows for a higher
proportional gain [20], but has no effect on the impedance above
the controllable bandwidth.

Due to the complexity of the modeled plant and control
system, the transfer functions of control for this system are
lengthy. Simplification does not adequately represent the dy-
namic response. As a result, it is more instructive to present a
2-D projection of a 5-D root locus [21] of the impedance terms,
shown in Fig. 3. These overlaid figures provide a general feel
for the impact that individual impedance variables have on the
overall stability of the system.

It may be seen in Fig. 3 that the system is stable for
the range of desired impedances ( Nm/rad,

Nm/(rad/s), kg m ). As expected,
the system becomes underdamped as the stiffness increases
[Fig. 3(a)], the viscosity decreases [Fig. 3(b)], or the inertia
decreases [Fig. 3(c)]. It should be noted that negative desired
inertia in the controller is allowed. This decision was made
based on literature regarding the IBM TrackPoint [22], which
suggests that a negative inertia of the actuator, coupled with
a positive inertia of muscle activation of the user, multiply
together to create a system with little if any overall inertia.
As this impedance controlled system remains stable for a
negative desired inertial term, it seemed beneficial to explore
the capability.

Fig. 4. SEA prosthetic elbow. (a) Torsional spring passes back through the
middle of the harmonic drive and frameless motor. (b) CAD rendering of elbow.
(c) Photograph of the elbow.

III. PHYSICAL ACTUATOR

The authors designed and created an actuator, which con-
tained a customized Emoteq1 HT02500 frameless brushless
motor capable of producing 2.8-Nm stall torque and a 160:1
gear ratio Harmonic Drive LLC2 CSD 20 gear transmission.
The motor was controlled by a Faulhaber3 BLD7010 servo
amplifier capable of handling large currents, powered at 13.5 V
by an external power supply. A torsional spring with a stiffness
of 327 Nm/rad was used to provide compliance.

This design allowed the torsional spring to be passed back
through the center of the actuator, due to the fact that a frame-
less motor and hollow gear transmission were used. This place-
ment is illustrated in Fig. 4(a) and (b). As a result, the actu-
ator was compliant without being any larger than commercially
available electric prosthetic elbows. The motor had both a rotor
diameter and a rotor length of 25 mm. The entire actuator had
both a diameter and a length of 70 mm. The prosthesis weighs
0.74 kg (1.6 lbs), similar to commercially available prosthetic
elbows. It has a maximum full extension to full flexion speed of
2.5 rad/s (140 /s) and a calculated maximum torque in excess
of 50 Nm (37 lb-ft). The speed is comparable to existing elec-
tric prostheses, and the torque is more than double that of the
strongest commercially available prosthetic elbow.

The torsional spring was instrumented with two Omega4

SG-4/350-TY31 rosette foil strain gauges with a 5-V power
supply to provide torque control. The strain gauges were config-
ured in a Wheatstone bridge and fed through an instrumentation
amplifier with a 1065 differential gain to use the full range of
the data acquisition system.

Position was measured using Hall effect sensors, which
allow for discritization of six units per electrical commuta-
tion. Eight poles provided four electrical commutations per
mechanical commutation, which coupled with a 160:1 gear
ratio provided a digital encoder count of 3800 lines/revolu-
tion. Velocity was obtained by differentiating the position
signal and passing it through a
100 unit/s rate-limiter. Acceleration was likewise calculated by
differentiating the non rate-limited velocity, and rate-limiting
the acceleration at 100 units/s.This method provides a clean

1Emoteq, Inc. a division of Hathaway, Tulsa, OK.
2Harmonic Drive LLC., Hauppauge, NY.
3Faullhauber, Clearwater, FL.
4Omega, Stanford, CT.
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Fig. 3. Section view of eSEAJ. 
 

commutation method. The actuator is powered with a DC 

power supply (Delta Elektronika SM 300-20). 

5) Mechanical design 
The overall mass and complexity of the exoskeleton is 

reduced, as the eSEAJ is a combination of a SEA and joint. 

The main parts, i.e. the brushless motor in series with the 

gearbox and the double spiral spring, are as compact as 

possible under the condition to be easily replaceable. All 

housing parts were made of aluminium 7075-T6. It has been 

decided to place the sensor part on top of the motor to 

facilitate replacement. For the sensor part, a potentiometer 

and one incremental encoder are connected to the actuator 

load side and one incremental encoder to the output of the 

gearbox. Two inner axles transfer the rotational motion from 

the rotating parts to the top of the actuator (see Fig. 3). The 

position sensors are connected via pre-tensioned tooth belts 

to the axles.  

In order to increase fail-safety during tests, the actuator 

housing is thicker than necessary. The overall weight of the 

actuator is 3.175 kg. The actuator total height is 185 mm and 

the diameter is 109 mm. 

The actuator output can be blocked with pins allowing 

isometric measurements at power-off. The spring can be 

bypassed and the SEA can behave like a conventional 

actuator. checked and the characteristics of the eSEAJ 

validated. During tests the eSEAJ is mounted on a test 

bench. There are two ways to test the eSEAJ. First the 

actuator output is fixed  

C. Validation 

As the actuator is used for gait rehabilitation, different 

tests were executed. The performance of the motor is 

checked and the characteristics of the eSEAJ are validated 

only in a “static test configuration” test, where the actuator 

output is fixed. Dynamic tests are possible too (see Fig. 4). 

 
Fig. 4. The electric SEA joint on the test bench, enabling for different tests. 

III. RESULTS 

1) Actuation 
The DC motor provides more than sufficient power for all 

scenarios. However, a back-driving torque of 8 Nm in cold 

state is determined. For small output torques, e.g. 5 Nm, the 

control bandwidth of the eSEAJ is 76 Hz using a 20 Nm 

(40 Nm peak to peak) multisine signal (using a flat amplitude 

spectrum in velocity domain). This control bandwidth limit 

is defined as a 3 dB drop. Defining the control bandwidth 

with a 90º phase lag, the limit would be 63 Hz. The multisine 

signal was repeated over 12 trials and the results have been 

averaged. The large torque bandwidth limit for 100 Nm 

output torque (200 Nm peak to peak) is 6.9 Hz, when 

reaching motor saturation. This result was achieved by 

generating sine sweep signals with different torque 

amplitudes ranging from 1 to 100 Nm (see Fig. 6). A 

spectral/-frequency analysis of each signal response was 

performed to generate a Bode plot. For the data points in 

Fig. 6 the large torque bandwidth values at -3 dB were used. 

The torque resolution is assessed to be at least 0.05 Nm.  

2) Elastic Element 
Under loading conditions the spring stiffness is nearly 

linear (see Fig. 7) until it reaches the point where the 

windings touch each other.  

 

 
Fig. 5. Double spiral spring. The inner bore shows a P3G-polygone profile.  
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Fig. 1. Compact series elastic actuator designed for assisting the knee joint.
It consists of: (a) proposed cRSEA module, (b) thigh brace, (c) calf brace, (d)
motor driver, (e) dc motor, and (f) embedded controller.

transmitted to the motor, which makes it easy to achieve the
desired control performance during operation. In addition, the
worm gear does not make a noisy sound unlike planetary gears,
which is a great advantage from the practical point of view. Its
compactness is another benefit that contributes to the mobility
of the system.

However, the torque amplification ratio of the worm gear is
sensitive to the friction coefficient, which introduces an uncer-
tainty to the system model. Therefore, the dynamic model of
cRSEA is obtained considering the friction between the worm
gear and the worm wheel. Since the cRSEA is exposed to large
model variations as well as disturbances due to interactions
with humans, a robust control method is required. In this pa-
per, a control algorithm inspired by the disturbance observer is
proposed. The controller design procedure is discussed based
on experimental data, in particular, frequency responses of the
system.

The following topics are introduced in this paper: 1) the me-
chanical design and the dynamic modeling of cRSEA are dis-
cussed in Section II; 2) in Section III, a robust control algorithm
is designed for the cRSEA to precisely generate the desired
torque in the presence of model uncertainties; 3) the proposed
control algorithm is implemented in the system and is verified
by experiments in Section IV; and 4) experimental results with
a human subject are introduced in Section V.

II. MECHANICAL DESIGN OF A CRSEA

The cRSEA consists of: 1) a dc motor; 2) a worm gear set;
3) a spur gear set; 4) a torsional spring; 5) two high-resolution
encoders; 6) a motor driver; and 7) an embedded micro controller
(Luminary Stellaris LM3S8962 board [10]) as shown in Figs. 1
and 2. In this section, the mechanical design and the dynamic
model of the cRSEA are introduced.

Fig. 2. Power transmission mechanism of cRSEA. (a) Maxon RE40 dc motor,
(b) worm gear, (c) worm wheel, (d) torsional spring, (e) small spur gear (15
teeth), (f) knee frame with a large spur gear (90 teeth), (g) encoder on the motor
side, and (h) encoder on the human side.

A. Selection of a DC Motor and Gears

In order to assist human motions with sufficiently large as-
sistive torques, an electric motor should be selected considering
the characteristics of human motions. Note that the capacity of
a motor is determined by the maximum power, and thus, the
maximum torque and angular velocity required to assist human
motions are important factors in the selection of a motor. The
cRSEA proposed in this paper is designed for assisting a knee
joint, and Fig. 3 shows the knee joint torque and angular velocity
occurred in one stride of a normal gait. The data are obtained
from a male subject with the body weight of 70 kg [14]. The
maximum power consumed by the knee joint is about 80 W.
Considering the safety factor of two, a motor of 150 W, RE40
dc motor of the Maxon Motor Company [11], is selected. The
area surrounded by the continuous lines labeled by 150 W (i.e.,
the gray and light gray areas in Fig. 3) represents the operation
range of the selected motor.

In electric motor systems, the maximum speed and torque
are limited [6]. In the case of the selected motor, the maximum
continuous speed and torque are, respectively, 8200 r/mim
and 0.181 N·m, while the angular velocities of the knee joint
during normal walking are in the range of ±60 r/mim, as shown
in Fig. 3. Note that the operation range can be adjusted by
utilizing a gear reducer. To guarantee the immediate responses
to the knee joint motions, the desired range of the angular
velocity of the knee frame [see Fig. 2(f)] is set to ±140 r/mim,
which is about twice faster than the knee joint motion. Based
on these numbers, the speed reduction ratio is selected to 60:1,
where 10:1 comes from the worm gear and the worm wheel
[see Fig. 2(b) and (c)] and 6:1 comes from the spur gears [see
Fig. 2(e) and (f)]. Note that the reduced maximum speed results
in the increased maximum torque. If the efficiency of the gears
is not considered, the torque generated by the motor is amplified
by the speed reduction ratio, i.e., the cRSEA system may gener-
ate the assistive torques up to 10.86 N·m. However, the friction
between the worm gear and the worm wheel significantly
lowers the efficiency, and the torque amplification ratio is not

(e) (f)

(a) Force pathway from encoder to arm link. Cap-
stan wire between actuator and compliant element
not pictured.

(b) Block diagram of SEA. (c) Exploded view of compliant ele-
ment.

Fig. 4. a: Torque propagation diagram of the SEA. The red arrows show transfer of force through rigid elements. The yellow arrow shows transfer of
force through the compliant element. The spring steel is shown in green; the capstan wire is not pictured. b: System schematic for one SEA. The spring
between the motor and the arm link adds compliance to the system. Using the differential between the potentiometer and encoder positions allows us to
estimate the torque on the joint. c: Exploded view of the rotary compliant element in the SEA. The thin strip of spring steel, shown in black, is rigidly
clamped to the center shaft. The spring is ’pinned’ to the outer drum by a set of roller bearings, creating a cantilever.

the second characterization test, the arm was initialized only
once for each sequence of weights for a total of six trials.
This provides a better view of the linearity and accuracy of
the design when it is running autonomously.

The data collected from the first test are shown in Figure 5.
The curve for an ideal spring is shown in black. For a
particular force applied, the variability in the force measured
data represents errors caused by the mechanical play in the
system. The planetary gearbox used in the actuators is the
main source of mechanical play. The potentiometers are able
to measure the mechanical play because they are positioned
after the gearbox, but the encoders are unable to correct for
this, see Figure 4(b). This mechanical play adds error to the
force measurements. These inaccuracies manifest themselves
when the system is initialized because the reference encoder
reading for the zero-force state is taken during initialization.
The use of a low-backlash geartrain, such as a harmonic
drive, would reduce this error but would greatly increase the
cost of the system. Thus, this error is a necessary concession
for the use of the lower-cost planetary gearboxes.

The data from the second test, Figure 6, demonstrate the
performance under more realistic operating conditions. The
system is reinitialized only once for each trial. The data
fit a linear regression with an average R-squared value of
0.99945. However, the lines are offset from the origin. The
range of these offsets correspond to the measurements of
mechanical play from the first experiment. We conclude that
the spring design is linear and that mechanical play is the
largest source of force measurement error.

B. Mobile Manipulation Experiment

Our ultimate goal is multi-robot distributed manipulation
using force sensing. To demonstrate the feasibility of this
new design in this application, we conducted a simple
experiment with a pair of robots manipulating a flexible
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Fig. 5. Force measured versus force applied for the first set of charac-
terization tests when the system was reinitialized before each weight was
applied.

aluminum bar. The actuated robot consists of the previously
described arm assembly attached to an Era-Mobi chassis. The
unactuated robot consists of the same model chassis with a
rigid mounting bracket for the bar. Two different tests were
conducted. In the control test, the arm assembly was not
used at all. Both robots had rigid brackets that allowed the
bar to be clamped between each robot. The bar was clamped
so that it would be perpendicular to the intended path of
travel as shown in Figure 8(a). Both robots were driven in
a straight line with the same sinusoidal velocity profile, and
were kept in sync via a wireless. The amount of deflection
in the aluminum bar connecting the robots was recorded by
a stain gauge. Prior to experimentation, the strain gauge was
calibrated using a three-point bending setup. Voltage from

!"#$

(g)

Fig. 2. Experimental setup of WREX with an SEA at the shoulder and
elbow joint

B. Series Elastic Actuators

A series elastic actuator is used to create softness for
the user as well as achieve accurate torque control. Torque
control is used because the series elastic element acts as
a natural, compliant torque sensor. The output torque can
be measured by multiplying the angular displacement of the
spring by its stiffness. The measured torque can be used as
a feedback signal. A torsion spring is the elastic member
that connects the motor to the device Fig. 3. The equation

Fig. 3. Schematic of Motor

of motion for the motor is:

!m = Jm"̈m + Bm"̇m + Ks("L ! "m) (1)

where !m is the motor torque, "m is the motor angle, "L is
the load angle, Ks is the spring stiffness and Jm and Bm

are the effective motor inertia and damping, which include
the gear ratio. In this section, "L is held constant and is
considered a disturbance.

C. Controller

The control method uses a PI controller with velocity
feedback, similar to the control suggested by Wyeth [11],
with an additional feedforward term. This feedforward term
is equal to the desired torque output. In an ideal model,
this term should cause the output torque to be equal to
the input motor torque under steady state conditions. To
compensate for dynamics, model uncertainty, and friction,
the PI loop corrects errors in the desired torque, while the

velocity feedback increases the damping, to allow the gains
of the PI control to be sufficiently high to produce accurate
torque control while maintaining stability. The block diagram
of the control architecture is shown in Fig. 4

Fig. 5. Picture of Experimental Setup

D. Results

Several physical parameters were determined experimen-
tally, Jm = 0.01 kgm2, Bm = 0.21 Nm/(rad/s), and
Ks = 2.51 Nm/rad. The gains were determined experi-
mentally as Kp = 30 and Ki = 10 for the outer PI control
and Kv = 1.2 for the velocity feedback. First the step
response was found, which is shown in Fig. 6. Second, the
frequency response was determined using a chirp signal. The
experimental results were fitted to a transfer function using
the system identification toolbox in Matlab. The results are
shown in Fig. 7
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Fig. 6. Step Response of Control on Series Elastic Actuator

From the step response, the experimental controller has
a settling time of approximately 0.15 seconds with minimal
steady state error. From the frequency response in Fig. 7,
the controller has a bandwidth of about 20 rad/s. There is
a slight discontinuity shown in the experimental response
around 20 rad/s because the response was fitted in two
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A Nonlinear Series Elastic Actuator for Highly Dynamic Motions

Ivar Thorson, Darwin Caldwell

Abstract— A novel revolute nonlinear series elastic actuator
called the HypoSEA is presented. The actuator uses a hypocy-
cloid mechanism to stretch a linear spring in a nonlinear way.
The actuator is optimized for highly dynamic tasks such as
running and jumping, as it features a 120Nm torque capability
and more than 30J of passive energy storage. When combined
with a suitable controller, using the spring as an energy buffer
can greatly reduce the work done by the rotor during periodic
motions. The design has exceptionally low reflected mechanical
impedance, making it robust against repeated impact loads. The
nonlinear stiffening spring is optimized for the nonlinearities
typically found in revolute-jointed hopping robots, and may
be adjusted offline using a pretensioning mechanism. Finally,
the low effective stiffness around the zero-torque equilibrium
allows for extremely sensitive force control.

I. INTRODUCTION

In nature elasticity is found everywhere. Muscle fibers
and animal tissues have significant elasticity that plays an
important role during locomotion [1]. Elastic models of
walking [2] and running [3] concisely describe the motion of
an animal’s center of mass by computing forces generated
by a virtual elastic element. During the last two decades
researchers have begun to more seriously study the effects of
purposely introducing elastic elements into actuation systems
to improve force control fidelity, safety, and efficiency.

These so-called series elastic actuators have a variety of
forms and purposes: [4] used linear ballscrews to precisely
control linear forces; [5] used a revolute mechanism to create
an adjustable nonlinear spring; [6] and [7] use variable geom-
etry linkages to adjust mechanical stiffness; other researchers
focus on how compliance relates to safety concerns [8] [9].

In this paper, we will consider an electric series elastic ac-
tuator for jumping and running robots. Jumping and running
are highly dynamic tasks that require good power-to-weight
ratios as well as high torque actuation. Despite the excellent
controllability of electric actuators, many hopping robots use
instead pneumatics [10] [11] or hydraulics [12] [13] [14] to
achieve the necessary power-to-weight ratios for sustained
hopping motions. Relatively few hopping robots incorporate
both electric actuation and series elasticity [15] [16] [17]
[18] and further research is needed.

The monopod robot Thumper [19] weighs approximately
30kg and appears to store approximately 75J of energy
internally using high performance fiberglass springs [16].
The actuator presented in this paper is in a similar class of
energy storage as it weighs 8kg and stores >30J of energy in
a compact space, and is nearly comparable to the excellent
design in [5] that weighs 2kg and stores up to 16J of energy.

Istituto Italiano di Tecnologia, Department of Advanced Robotics.
ivar.thorson@iit.it

Fig. 1. The HypoSEA: a nonlinear series elastic actuator with large
energy storage capabilities and nonlinear stiffness optimized for running
and jumping. The motor can be seen on the left, and the long output link
containing a spring on the right.

Although extensive literature exists on nonlinearity in
variable stiffness actuators, few designs are designed towards
a particular task’s nonlinearity. Generally, a linear stiffness
is the objective. This is unfortunate, as much of the elasticity
found in nature is nonlinear. Besides being biomimetic,
nonlinearly stiffening springs have desirable characteristics
including superior dynamic range and resolution during force
control.

Previously, [20] created an adjustable nonlinear mecha-
nism that is suitable for lightweight hopping robots. However
unlike the work presented in this paper, [20]’s stiffness curves
do not appear to be optimized for the torques produced
during hopping. Also, although the actuator presented in
[21] possesses nonlinear characteristics, these nonlinearities
are purposely non-smooth and contain internal collisions
beneficial for stability but not for energetic efficiency or
control.

This paper is organized as follows. In section II, the high-
level design of the actuator is presented and the mechanism
by which the desirable nonlinearity is created is shown.
Section III presents the mathematical model describing the
actuator. Section IV details a simple torque controller which
controls the robot. Section V lists various mechanical pa-
rameters, force bandwidth spectra, and step responses of the
actuator.

II. ACTUATOR DESIGN

The HypoSEA – pronounced “hi-po-see” and short for
“Hypocycloid-based Series Elastic Actuator – is shown in
Figure 1. Concisely, the actuator uses a hypocycloid mech-
anism to stretch a single tension spring a relatively large
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Figure 4.1: Rotary SEA prototypes: [50] (a); [51] (b); [52] (c); [56] (d); [54], (e); [55]
(f); [57] (g); [58] (h); [59] (i).

Tesi di dottorato in Ingegneria Biomedica, di Nevio Luigi Tagliamonte, 
discussa presso l’Università Campus Bio-Medico di Roma in data 20/03/2012. 
La disseminazione e la riproduzione di questo documento sono consentite per scopi di didattica e ricerca, 
a condizione che ne venga citata la fonte
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Veneman et al. / A Series Elastic- and Bowden-Cable-Based Actuation System 265

Series elastic 
elements

Flexible Bowden 
cable transmission

‘Freely’ movable
actuated joint 

EM motor

Fig. 3. A global lay-out of the proposed actuator system. The actuated joint can be lightweight as the motor is placed on the
fixed world. On the right the final design of the joint alone is shown.
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Fig. 4. The picture shows the actuated joint, the other side (not visible) of the Bowden cables is connected to a second disk
driven by a servo-motor; the latter side is situated on the fixed world. The cable with the two springs is the connection between
the actuated disk and the joint output axis. Numbered parts: 1. sensor mounts, 2. joint end-stop, 3. upper connection side of
the joint, 4. lower connection side of the joint, 5. set of two pretensioned compression springs, realizing a rotational spring
around the main joint axis; the series elastic element of the actuator, 6. set of two pairs of uninterrupted Bowden cables,
connected to the motor, transferring force to the actuator disk via friction. 7. actuator disk; this disk can rotate independently
of both connection sides of the joint, or rather, it is connected to them via a force coupling, not an angle coupling.
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commutation method. The actuator is powered with a DC 

power supply (Delta Elektronika SM 300-20). 

5) Mechanical design 
The overall mass and complexity of the exoskeleton is 

reduced, as the eSEAJ is a combination of a SEA and joint. 

The main parts, i.e. the brushless motor in series with the 

gearbox and the double spiral spring, are as compact as 

possible under the condition to be easily replaceable. All 

housing parts were made of aluminium 7075-T6. It has been 

decided to place the sensor part on top of the motor to 

facilitate replacement. For the sensor part, a potentiometer 

and one incremental encoder are connected to the actuator 

load side and one incremental encoder to the output of the 

gearbox. Two inner axles transfer the rotational motion from 

the rotating parts to the top of the actuator (see Fig. 3). The 

position sensors are connected via pre-tensioned tooth belts 

to the axles.  

In order to increase fail-safety during tests, the actuator 

housing is thicker than necessary. The overall weight of the 

actuator is 3.175 kg. The actuator total height is 185 mm and 

the diameter is 109 mm. 

The actuator output can be blocked with pins allowing 

isometric measurements at power-off. The spring can be 

bypassed and the SEA can behave like a conventional 

actuator. checked and the characteristics of the eSEAJ 

validated. During tests the eSEAJ is mounted on a test 

bench. There are two ways to test the eSEAJ. First the 

actuator output is fixed  

C. Validation 

As the actuator is used for gait rehabilitation, different 

tests were executed. The performance of the motor is 

checked and the characteristics of the eSEAJ are validated 

only in a “static test configuration” test, where the actuator 

output is fixed. Dynamic tests are possible too (see Fig. 4). 

 
Fig. 4. The electric SEA joint on the test bench, enabling for different tests. 

III. RESULTS 

1) Actuation 
The DC motor provides more than sufficient power for all 

scenarios. However, a back-driving torque of 8 Nm in cold 

state is determined. For small output torques, e.g. 5 Nm, the 

control bandwidth of the eSEAJ is 76 Hz using a 20 Nm 

(40 Nm peak to peak) multisine signal (using a flat amplitude 

spectrum in velocity domain). This control bandwidth limit 

is defined as a 3 dB drop. Defining the control bandwidth 

with a 90º phase lag, the limit would be 63 Hz. The multisine 

signal was repeated over 12 trials and the results have been 

averaged. The large torque bandwidth limit for 100 Nm 

output torque (200 Nm peak to peak) is 6.9 Hz, when 

reaching motor saturation. This result was achieved by 

generating sine sweep signals with different torque 

amplitudes ranging from 1 to 100 Nm (see Fig. 6). A 

spectral/-frequency analysis of each signal response was 

performed to generate a Bode plot. For the data points in 

Fig. 6 the large torque bandwidth values at -3 dB were used. 

The torque resolution is assessed to be at least 0.05 Nm.  

2) Elastic Element 
Under loading conditions the spring stiffness is nearly 

linear (see Fig. 7) until it reaches the point where the 

windings touch each other.  

 

 
Fig. 5. Double spiral spring. The inner bore shows a P3G-polygone profile.  
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Fig. 1. Compact series elastic actuator designed for assisting the knee joint.
It consists of: (a) proposed cRSEA module, (b) thigh brace, (c) calf brace, (d)
motor driver, (e) dc motor, and (f) embedded controller.

transmitted to the motor, which makes it easy to achieve the
desired control performance during operation. In addition, the
worm gear does not make a noisy sound unlike planetary gears,
which is a great advantage from the practical point of view. Its
compactness is another benefit that contributes to the mobility
of the system.

However, the torque amplification ratio of the worm gear is
sensitive to the friction coefficient, which introduces an uncer-
tainty to the system model. Therefore, the dynamic model of
cRSEA is obtained considering the friction between the worm
gear and the worm wheel. Since the cRSEA is exposed to large
model variations as well as disturbances due to interactions
with humans, a robust control method is required. In this pa-
per, a control algorithm inspired by the disturbance observer is
proposed. The controller design procedure is discussed based
on experimental data, in particular, frequency responses of the
system.

The following topics are introduced in this paper: 1) the me-
chanical design and the dynamic modeling of cRSEA are dis-
cussed in Section II; 2) in Section III, a robust control algorithm
is designed for the cRSEA to precisely generate the desired
torque in the presence of model uncertainties; 3) the proposed
control algorithm is implemented in the system and is verified
by experiments in Section IV; and 4) experimental results with
a human subject are introduced in Section V.

II. MECHANICAL DESIGN OF A CRSEA

The cRSEA consists of: 1) a dc motor; 2) a worm gear set;
3) a spur gear set; 4) a torsional spring; 5) two high-resolution
encoders; 6) a motor driver; and 7) an embedded micro controller
(Luminary Stellaris LM3S8962 board [10]) as shown in Figs. 1
and 2. In this section, the mechanical design and the dynamic
model of the cRSEA are introduced.

Fig. 2. Power transmission mechanism of cRSEA. (a) Maxon RE40 dc motor,
(b) worm gear, (c) worm wheel, (d) torsional spring, (e) small spur gear (15
teeth), (f) knee frame with a large spur gear (90 teeth), (g) encoder on the motor
side, and (h) encoder on the human side.

A. Selection of a DC Motor and Gears

In order to assist human motions with sufficiently large as-
sistive torques, an electric motor should be selected considering
the characteristics of human motions. Note that the capacity of
a motor is determined by the maximum power, and thus, the
maximum torque and angular velocity required to assist human
motions are important factors in the selection of a motor. The
cRSEA proposed in this paper is designed for assisting a knee
joint, and Fig. 3 shows the knee joint torque and angular velocity
occurred in one stride of a normal gait. The data are obtained
from a male subject with the body weight of 70 kg [14]. The
maximum power consumed by the knee joint is about 80 W.
Considering the safety factor of two, a motor of 150 W, RE40
dc motor of the Maxon Motor Company [11], is selected. The
area surrounded by the continuous lines labeled by 150 W (i.e.,
the gray and light gray areas in Fig. 3) represents the operation
range of the selected motor.

In electric motor systems, the maximum speed and torque
are limited [6]. In the case of the selected motor, the maximum
continuous speed and torque are, respectively, 8200 r/mim
and 0.181 N·m, while the angular velocities of the knee joint
during normal walking are in the range of ±60 r/mim, as shown
in Fig. 3. Note that the operation range can be adjusted by
utilizing a gear reducer. To guarantee the immediate responses
to the knee joint motions, the desired range of the angular
velocity of the knee frame [see Fig. 2(f)] is set to ±140 r/mim,
which is about twice faster than the knee joint motion. Based
on these numbers, the speed reduction ratio is selected to 60:1,
where 10:1 comes from the worm gear and the worm wheel
[see Fig. 2(b) and (c)] and 6:1 comes from the spur gears [see
Fig. 2(e) and (f)]. Note that the reduced maximum speed results
in the increased maximum torque. If the efficiency of the gears
is not considered, the torque generated by the motor is amplified
by the speed reduction ratio, i.e., the cRSEA system may gener-
ate the assistive torques up to 10.86 N·m. However, the friction
between the worm gear and the worm wheel significantly
lowers the efficiency, and the torque amplification ratio is not

(e) (f)

(a) Force pathway from encoder to arm link. Cap-
stan wire between actuator and compliant element
not pictured.

(b) Block diagram of SEA. (c) Exploded view of compliant ele-
ment.

Fig. 4. a: Torque propagation diagram of the SEA. The red arrows show transfer of force through rigid elements. The yellow arrow shows transfer of
force through the compliant element. The spring steel is shown in green; the capstan wire is not pictured. b: System schematic for one SEA. The spring
between the motor and the arm link adds compliance to the system. Using the differential between the potentiometer and encoder positions allows us to
estimate the torque on the joint. c: Exploded view of the rotary compliant element in the SEA. The thin strip of spring steel, shown in black, is rigidly
clamped to the center shaft. The spring is ’pinned’ to the outer drum by a set of roller bearings, creating a cantilever.

the second characterization test, the arm was initialized only
once for each sequence of weights for a total of six trials.
This provides a better view of the linearity and accuracy of
the design when it is running autonomously.

The data collected from the first test are shown in Figure 5.
The curve for an ideal spring is shown in black. For a
particular force applied, the variability in the force measured
data represents errors caused by the mechanical play in the
system. The planetary gearbox used in the actuators is the
main source of mechanical play. The potentiometers are able
to measure the mechanical play because they are positioned
after the gearbox, but the encoders are unable to correct for
this, see Figure 4(b). This mechanical play adds error to the
force measurements. These inaccuracies manifest themselves
when the system is initialized because the reference encoder
reading for the zero-force state is taken during initialization.
The use of a low-backlash geartrain, such as a harmonic
drive, would reduce this error but would greatly increase the
cost of the system. Thus, this error is a necessary concession
for the use of the lower-cost planetary gearboxes.

The data from the second test, Figure 6, demonstrate the
performance under more realistic operating conditions. The
system is reinitialized only once for each trial. The data
fit a linear regression with an average R-squared value of
0.99945. However, the lines are offset from the origin. The
range of these offsets correspond to the measurements of
mechanical play from the first experiment. We conclude that
the spring design is linear and that mechanical play is the
largest source of force measurement error.

B. Mobile Manipulation Experiment

Our ultimate goal is multi-robot distributed manipulation
using force sensing. To demonstrate the feasibility of this
new design in this application, we conducted a simple
experiment with a pair of robots manipulating a flexible
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Fig. 5. Force measured versus force applied for the first set of charac-
terization tests when the system was reinitialized before each weight was
applied.

aluminum bar. The actuated robot consists of the previously
described arm assembly attached to an Era-Mobi chassis. The
unactuated robot consists of the same model chassis with a
rigid mounting bracket for the bar. Two different tests were
conducted. In the control test, the arm assembly was not
used at all. Both robots had rigid brackets that allowed the
bar to be clamped between each robot. The bar was clamped
so that it would be perpendicular to the intended path of
travel as shown in Figure 8(a). Both robots were driven in
a straight line with the same sinusoidal velocity profile, and
were kept in sync via a wireless. The amount of deflection
in the aluminum bar connecting the robots was recorded by
a stain gauge. Prior to experimentation, the strain gauge was
calibrated using a three-point bending setup. Voltage from

!"#$

(g)
Fig. 2. Experimental setup of WREX with an SEA at the shoulder and
elbow joint

B. Series Elastic Actuators

A series elastic actuator is used to create softness for
the user as well as achieve accurate torque control. Torque
control is used because the series elastic element acts as
a natural, compliant torque sensor. The output torque can
be measured by multiplying the angular displacement of the
spring by its stiffness. The measured torque can be used as
a feedback signal. A torsion spring is the elastic member
that connects the motor to the device Fig. 3. The equation

Fig. 3. Schematic of Motor

of motion for the motor is:

!m = Jm"̈m + Bm"̇m + Ks("L ! "m) (1)

where !m is the motor torque, "m is the motor angle, "L is
the load angle, Ks is the spring stiffness and Jm and Bm

are the effective motor inertia and damping, which include
the gear ratio. In this section, "L is held constant and is
considered a disturbance.

C. Controller

The control method uses a PI controller with velocity
feedback, similar to the control suggested by Wyeth [11],
with an additional feedforward term. This feedforward term
is equal to the desired torque output. In an ideal model,
this term should cause the output torque to be equal to
the input motor torque under steady state conditions. To
compensate for dynamics, model uncertainty, and friction,
the PI loop corrects errors in the desired torque, while the

velocity feedback increases the damping, to allow the gains
of the PI control to be sufficiently high to produce accurate
torque control while maintaining stability. The block diagram
of the control architecture is shown in Fig. 4

Fig. 5. Picture of Experimental Setup

D. Results

Several physical parameters were determined experimen-
tally, Jm = 0.01 kgm2, Bm = 0.21 Nm/(rad/s), and
Ks = 2.51 Nm/rad. The gains were determined experi-
mentally as Kp = 30 and Ki = 10 for the outer PI control
and Kv = 1.2 for the velocity feedback. First the step
response was found, which is shown in Fig. 6. Second, the
frequency response was determined using a chirp signal. The
experimental results were fitted to a transfer function using
the system identification toolbox in Matlab. The results are
shown in Fig. 7
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Fig. 6. Step Response of Control on Series Elastic Actuator

From the step response, the experimental controller has
a settling time of approximately 0.15 seconds with minimal
steady state error. From the frequency response in Fig. 7,
the controller has a bandwidth of about 20 rad/s. There is
a slight discontinuity shown in the experimental response
around 20 rad/s because the response was fitted in two

!"#$

(h) Fig. 2. A schematic diagram of hypocycloid mechanism in the HypoSEA
actuator showing the mechanism by which the tension spring is stretched
by a distance d.

distance along a centerline. Because the amount of energy
stored in a spring is proportional to the square of the
deflection distance, a large deflection is desirable for storing
large amounts of energy. The HypoSEA was designed with
this fact in mind.

Figure 2 shows a schematic representation of the mecha-
nism by which the HypoSEA stretches a linear spring in a
nonlinear way. The interface to the mechanism is the straight
line passing though the center of both circles, which defines
a deflection angle θe. The inner circle is assumed to roll
without slipping inside the larger circle. One end of a tension
spring is attached to point ψ on the circumference of this
inner circle. As the mechanism is deflected by an angle θe,
point ψ traces a perfectly straight vertical line, stretching
the spring by a distance d. A pretension distance p may be
added to change the nonlinearity of the system. l0 is simply
listed to show the natural length of the tension spring.

There are several advantages to using a hypocycloid mech-
anism in this way:

• A single spring stores energy regardless of the direction
of elastic deflection relative to the rotor.

• The spring is stretched in a perfectly straight line and
does not pull the spring off-axis during stretching as a
cam mechanism would.

• For delicate manipulation tasks the inherent nonlinearity
of the compliant element provides improved torque
control resolution at low deflections without sacrificing
high-torque capability under larger deflections.

• The torque-deflection relationship of the elastic mech-
anism may be varied from approximately quadratic to
approximately linear by increasing spring pretension.

• The long stroke of the mechanism enables tremendous
energy storage relative to its size.

• The torque-deflection relationship of the elastic mech-
anism is well matched for revolute-jointed running
robots.

−
G1

G2

Rotor τl

τe

τr

mechanism
τe

θe

Hypocycloid

θl

+ Output Link
θr

Gear Reduction

Differential

Fig. 3. Block diagram of the inertial connections of the HypoSEA.

• Thanks to the differential, the mechanism works for
continuous rotation at the output.

In addition to the advantages presented by this hypocycloid
mechanism, the HypoSEA also features improved torque-
control performance by minimizing reflected inertia with
a low-reduction compound planetary gear system, a high-
torque brushless DC motor, and 2:1 gear reduction stage G2
to reduce the ±120 degree maximum elastic element windup
to a more useful ±60 degrees, as will be described in the
sequel.

III. ACTUATOR MODEL

The torque and angle relationship of the actuator are
shown in Figure 3. The blocks shown in the figure are the
rotor position θr, gear reduction ratio G1, differential point,
gear reduction ratio G2, hypocycloid mechanism torque-
deflection relationship τe(θe), and the output link position θl .
The rotor/transmission inertia Ir, the link inertia Il , damping
terms br and bl on the rotor and link masses respectively
are also considered. The center of mass of the output link
ml is off-axis by a distance ll . The differential element and
gearing mean that the displacement angle of the nonlinear
element θe and transmission ratios G1 and G2 satisfy

θe = G2(θl−G−1
1 θr) (1)

τl = G1τr =−G2τe (2)

The equation of motion of the system is thus
�

Ir 0
0 l2

l ml + Il

��
θ̈r
θ̈l

�
+

�
br 0
0 bl

��
θ̇r
θ̇l

�
+

�
G2G−1

1
−G2

�
τe(θe) =

�
τm
τext

� (3)

where τm is the electrically generated torque on the rotor, and
τext is any external torques to the system. The relationship
between elastic deflection angle θe and elastic torque τe(θe)
may be derived from the three geometric relations shown in
Figure 2.

d(θe) = 2r(1− cosθe) (4)
τe(θe) = Fe2r sinθe (5)
Fe(θe) = Ke(d + p) (6)

!"#

(i)

Figure 4.2: Elastic elements of the prototypes reported in Fig. 4.1: [50] (a); [51] (b);
[52] (c); [56] (d); [54], (e); [55] (f); [57] (g); [58] (h); [59] (i).
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about 40 W with a maximum torque of 29 N·m and an RMS value equal to 20 N·m.

If 30% of the peak torque required during overground walking is willed to be provided

by the actuator, a target of 10 N·m has to be selected as design requirement. The

reduction in the duration of the swing phase also imposes that torque regulation

needs to be fast enough to impart rapidly changing assistance levels during walking.

To this aim, considering 90% of the power spectral density of knee torque profile

from [129], a minimum bandwidth of 4 Hz is demanded for the torque control.

The stiffness of the series elastic element needs to be carefully selected in order

to trade-off between performances, intrinsic transparency and safety. The compliant

element is required to be verified against the maximum output torque supplied by

the actuator and to provide a linear torque-deflection relationship both in static and

dynamic conditions. Moreover, it should be directly connected to the load, so to

avoid the effect of torque tracking fidelity reduction caused by transmissions non-

linearities. Physical stiffness values of SEAs for locomotion assistance, as retrieved

from a literature analysis may range from 100 to 300 N·m·rad−1 [130, 131, 56, 53].

Considering this assumption, in the present work, a stiffness value of 150 N·m·rad−1

was taken as specification for the actuator series elasticity (in section 4.2.1 more

details about this choice will provided). Actuator dimensions and mass have to be

reduced as much as possible; as design requirements a maximum weight 2 kg and a

maximum encumbrance of 150 × 150 × 200 mm3 were considered to limit bulkiness

and avoid hindering human natural motion.

4.2 Prototype components

A 90 W brushless DC motor (Maxon EC90-flat) with a weight of 648 g, and a

maximum continuous torque of 494 mN·m was selected. It is equipped with Hall

sensors for current commutation and with a 500 cpt optical incremental encoder Av-

ago HEDL5540 to measure motor rotation with a resolution of 0.18 deg (quadrature

reading). A HD gear has been employed for its compactness, low weight, high posi-

tioning accuracy and high efficiency. The selected gearing is the CSD-20-50-2A-GR,

with a reduction ratio of 50:1, a weight of 130 g, a thickness of 14 mm and a diam-

eter of 70 mm. The CS is fixed to the frame, the WG is connected to the flat motor
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Figure 4.3: SEA sensorization: the motor (M) shaft rotation (θ0) and the system
output shaft rotation (θ2) are measured using incremental encoders (IE) while the
gear (G) output shaft rotation (θ1) is not measured.

shaft while the FS is connected to the serial spring. This motor-gear combination

guarantees a nominal speed of about 4 rad/s and a maximum continuous torque of

about 20 N·m (twice the target value).

As mentioned in the previous section different arrangements can be achieved

with small modifications: fixed the geometrical dimensions two Maxon motors with

different electrical characteristics and three possible reduction ratio (50:1, 100:1 and

160:1) for the HD gear are available. The interchange of these components (6 possible

configurations) does not cause any modification in the design. If some connection

pieces are substituted also serial and parallel connections of two springs can be made,

thus increasing to 18 the number of theoretically devisable configurations.

An ASM magnetic incremental encoder, composed by a PMIS4 reading sensor

head and a PMIR4 magnetic code wheel, measures the actuator output rotation and,

considering differential reading with respect to motor encoder, allowed estimating

spring deflection. Actuator output measurement has a resolution of 32768 counts

per turn (3·10−3 deg when using quadrature reading). In Fig. 4.3 the topological

distribution of the sensors is reported: the motor (M) shaft rotation (θ0) and the

system output shaft rotation (θ2) are measured using incremental encoders (IE) while

the gear (G) output shaft rotation (θ1) is not measured.

Fig. 4.5 depicts a cross section drawing of the proposed system while Fig. 4.4

shows a picture of the prototype. The overall dimensions are: 120 mm (diame-

ter) × 165 mm (axial length) and the overall actuator mass is 1.8 kg.
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Figure 4.4: Picture of the assembled SEA prototype: the frame is fixed to an alu-
minum support, while the actuator output shaft is connected to a rectangular link.

Figure 4.5: Cross section of the rotary SEA. 1: optical incremental encoder, 2: flat
DC motor, 3: Harmonic Drive, 4: torsion spring, 5: magnetic incremental encoder,
6: output shaft. Dimensions: 120 mm (diameter) × 165 mm (axial length). Total
mass: 1.8 kg.
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4.2.1 Custom torsion spring

A stiffness of 150 N·m·rad−1 was considered as target value for the design of

the torsion spring, as described in section 4.1. This value is in the range of data

retrieved from a literature analysis on SEAs for gait assistance [130, 131, 56, 53].

Spring stiffness choice generally emerges as a trade-off between the need for intrin-

sic low impedance and torque control expected performances. Indeed, as already

pointed out, due to motor velocity saturation high compliance causes a reduction of

deliverable torque at a given frequency. The selected value is in the same order of

magnitude of human knee stiffness [132] thus the system is not intrinsically perceived

as to stiff from a human subject. At the same time 4-5 Hz bandwidth for 10 N·m
delivered torque can be assured with velocity values which are within saturation

limits of the selected gearmotor [47]. Elastic element properties also have an impact

on the torque measurement quantization once fixed the resolution of selected rota-

tion sensors. In the presented prototype a theoretical resolution of about 1 mN·m is

selected. As mentioned above, SEA torque regulation can be achieved, for example,

by employing position/velocity control of the motor. In order to avoid the use of

complex non-linear control schemes and to allow homogeneous regulation capability

above the whole range of deliverable torques, a linear torque-angle characteristic is

desirable. Indeed, non-linear relationships would imply an increased sensitivity to

motor control inaccuracies thus possibly implying high torques regulation errors.

The main challenge in the design of compliant elements for SEAs is the achieve-

ment of low stiffness while guaranteeing resistance to high torques (e.g. in the order

of 10-50 N·m for typical applications in assistive robotics). Commercial compact so-

lutions are often not able to simultaneously fulfill these requirements: simple beam

flexures can be verified against high torques but they are excessively stiff; helical

torsional springs provide low stiffness but they do not withstand torques required

for human assistance purposes.

For this reason a custom monolithic disc-shaped design has been pursued, which

also minimizes weight and dimensions, reducing the bulk in the radial direction and

maintaining an acceptable thickness. This shape implies torque transfer to occur

between an outer ring (diameter: 85 mm) and an inner ring (diameter: 12 mm).
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Compliance is due to the interposition of flexible lamellae between the two rings

which act as curved thin beams mainly undergoing pure bending load. The shape

and dimensions of such flexible elements were designed through an iterative Finite

Element Method (FEM) simulations-based design and optimization process.

In particular, different topological solutions were considered and morphological

properties were optimized for each of them. The values of the specific elastic energy

of the best solutions were compared to chose the optimized spring. The selected

topology includes three replications (120 deg shifted with respect to the disc center)

of two couples of arched lamellae. Fig. 4.6 depicts a general spring morphology

based on this topology highlighting fixed and variable parameters. Letter are used

for the optimized parameters while number indicate pre-defined dimensions in mm.

Disc thickness is a design constraint and is set to 3 mm.

Figure 4.6: Drawing of a general spring morphology based on the selected topology
with fixed and variable parameters. Letter are used for open parameters while num-
ber indicate fixed dimensions in mm. Disc thickness is a design constraint and is set
to 3 mm. Radii of arches joining two different lamellae are not reported since are
not independent variables.
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Table 4.1: Morphological parameters of the optimized spring. α is in deg; all the
other dimensions are in mm.

Parameters Values

R1 23
R2 27
R3 29.5
R4 33
s1 0.6
s2 0.5
s3 0.6
s4 0.5
w1 5
w2 3
w3 4
p1 0.6
p2 0.6
D1 32
D2 75
α 116

The morphological parameters of the best solution are reported in Table 4.1 while

a picture of the prototype is shown in Fig. 4.7. According to FEM result this spring

has stiffness of 153 N · m · rad−1 and it is verified for a torque of 10 N · m with a

safety factor of 1.4.

The spring was manufactured by Wired Electrical Discharge Machining (WEDM)

of VACO 180T steel and it was subjected to an aging treatment of 4 hours at 482 ◦C,

to guarantee the nominal yield stress value. Total dimensions of the compliant disc

are 85 mm for the outer diameter and 6 mm for the thickness. The inner ring is

connected to the FS of the WG while the outer ring is fixed to the SEA output shaft.

4.3 SEA control

4.3.1 Control hardware

The control hardware includes the following components:
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Figure 4.7: Picture of the custom torsional spring. Dimensions: 85 mm external
diameter, 12 mm internal ring diameter and 6 mm axial length. A shaped shaft-hub
coupling is used as connection between the spring internal ring and the output shaft.

- Maxon EPOS2 50/5 control unit to drive the brushless DC motor, capable of

providing up to 50 V constant voltage and 5 A continuous current (peak of 10

A for less than 1 s). It comprises interfaces with motor windings, Hall sensors

and motor optical encoder.

- National Instruments (NI) CompactRIO-9022 embedded control and acquisi-

tion system, which includes a reconfigurable Field-Programmable Gate Array

(FPGA) module and an embedded controller running LabVIEW Real Time

(RT) (533 MHz processor, 2 GB non-volatile storage, 256 MB DDR2 mem-

ory). The device also includes a NI 9401 digital I/O module to acquire the

quadrature signals from the output incremental encoder, and a NI 9853 high

speed CAN module for communication with the EPOS2 control unit.

The control is hierarchically structured (from low to high level) as follows:

1. FPGA level: programmed (using LabVIEW FPGA software) to acquire SEA

output encoder quadrature signals and to execute CAN bus low level com-
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Hosting PC! cRIO device! EPOS controller!

Ethernet cable! CAN bus!

Figure 4.8: Connection of control hardware components for the SEA control.

munication with the EPOS2 controller (transmission of motor commands and

reading of current, position and velocity motor data);

2. RT level: programmed (using LabVIEW RT software) to run torque and

impedance controls; , programmed through LabVIEW RT software;

3. Host PC level: used to to write and deploy LabVIEW FPGA and RT code

on the CompactRIO and as graphical interface to visualize transmitted and

elaborated data.

Interconnection among the components of the control system are reported in

Fig. 4.8

4.3.2 Control architecture

SEA torque regulation is performed by measuring the deflection of the elastic

element, i.e. the difference between the SEA output angle θout and the gearmotor

rotation θm. Said Ks spring stiffness and considering that the torque-deformation

characteristic relation of the elastic element is well fitted by a linear relation, the

torque delivered by the actuator can be estimated as τ = Ks(θm − θout).
Different approaches to SEA torque control have been proposed, mainly classifi-

able depending on which physical variable is directly commanded to the actuator at

the lowest level: current control and position/velocity control. Historically, first ap-

proaches involved directly controlling motor torque by regulating the current [48, 49].
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In next studies it was proposed to substitute the low level current loop with a ve-

locity loop nested in the external torque control loop, thus considering the motor

as an ideal flow generator (velocity-sourced SEA) [55]. This approach allows to in-

crease performances in terms of torque fidelity and to render a higher range of output

impedance values, [123]. Moreover, comparison between inner velocity and position

control loops are reported in [133] demonstrating that performances depend on the

type and position of the employed sensors.

The control scheme used in the present work follows the approach proposed by

[55] and [123] and similar to the one employed in the simulation study of section

3.4.3.3. A block diagram describing SEA torque control is reported in Fig. 4.9. The

desired velocity command generated by the torque and impedance controllers, imple-

mented on the CompactRIO, is transmitted to the velocity controller, implemented

on the EPOS2 device, through the CAN bus (CANopen protocol). Both control

loops run at 1 kHz.

The measured spring deflection signal is filtered through a second order lowpass

Butterworth filter with a cut-off frequency of 40 Hz and torque is estimated taking

into account a deadband of the torque-deflection characteristic due to backlash (see

section 4.4.1). The computed torque is then fed back to the torque controller, closing

the torque control loop.

The presented hardware architecture allows decentralizing computation, since

motor winding current commutation (based on Hall sensors measurements) as well

as velocity control (based on motor encoder measurement) are managed remotely

with respect to the central control unit by the EPOS2 device. Low level acqui-

sition/conditioning of encoder data and higher level torque/impedance control are

managed by CompactRIO central unit.
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Figure 4.9: SEA torque control scheme. The delivered torque is measured as τ =
Ks(θm − θout), being θout the SEA output angle and θm the gear motor rotation.
θ̇m,d is the desired motor velocity as generated by the torque controller.

4.4 Experimental characterization

4.4.1 Spring stiffness measurement

Experimental characterization of the designed spring was performed mounting it

in the SEA assembly and connecting the output shaft to a torque sensor1 (Lorenz

Messtechnik GmbH DR-2, nominal measurable torque 50 N·m) fixed to the test-bed

frame. To avoid spurious forces deriving from radial misalignments between SEA and

sensor shafts, a flexible coupling (Rodoflex ATMK60L77, nominal torque 60 N·m)

was interposed between them. With this arrangement the external ring of the spring

could not move and the internal one was rotated by the motor while the applied

torque was recorded by means of the torsiometer.

The SEA was commanded to track a position profile consisting in a sequence of

steps (amplitude 0.2 deg, duration 2 s), including both loading/unloading directions

and positive/negative rotations. A linear regression was performed between imposed

rotations and measured torque values. The result is shown in shown in Fig. 4.11.

Two one-coefficient linear regressions, for positive and negative spring deflections

were performed, imposing crossing of the origin. The two regression coefficients

differed in less than 0.5% thus making reasonable to calculate a global stiffness value

as their average, which turned out to be 119 N · m · rad−1. Backwards regression

was then implemented on the so-determined profile (measured stiffness of 119 N ·

1Analog signal was acquired through the CompactRIO central unit device using a NI 9205 analog
input module.
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①        ②     ③ 

Figure 4.10: Test-bed used for spring characterization. 1: SEA, 2: flexible coupling,
3: torque sensor.

m · rad−1), giving R2 coefficients higher than 0.99 for both positive and negative

deflections.

The value of Ks determined experimentally is 22% lower than the one predicted

by FEM simulations. Similar discrepancy (29%) was previously reported by other

researchers using different FEM methods and different geometries [56] but similar

material thus suggesting that maraging steel could have actual elastic properties

quite different from the nominal ones, probably very sensitive to fabrication and aging

treatment. Nevertheless, this discrepancy cannot be inputed to the compliance of

the characterization setup: based on components datasheets, it could be determined

that the equivalent undesired stiffness between the motor and the spring was around

20 times higher than the one to be measured (HD flexible spline stiffness: 1.1 ·
104 N·m·rad−1 in the range of 0-7 N·m and 1.3 · 104 N·m/rad in the range of 7-

25 N·m; torque sensor stiffness: 4, 82 · 103 N·m·rad−1; flexible coupling stiffness:

42 · 103 N·m·rad−1).

The presence of a non-negligible backlash shown in 4.11 (amplitude 1 deg) was

determined by fabrication inaccuracies in the shaped shaft-hub coupling of the elastic

element. Despite of that a high linearity and low hysteresis were achieved.

Tesi di dottorato in Ingegneria Biomedica, di Nevio Luigi Tagliamonte, 
discussa presso l’Università Campus Bio-Medico di Roma in data 20/03/2012. 
La disseminazione e la riproduzione di questo documento sono consentite per scopi di didattica e ricerca, 
a condizione che ne venga citata la fonte



4.4. EXPERIMENTAL CHARACTERIZATION 117

6 4 2 0 2 4 610

8

6

4

2

0

2

4

6

8

10

Deflection [deg]

To
rq

ue
 [N

m
]

 

 

Experimental data
Linear regression

R2=0.997

R2=0.994

Figure 4.11: Experimental torque-angle characteristic of the torsion spring. Loading
and unloading phases are reported, both for positive and negative deflection. R2

coefficients refer to the fitting of both positive and negative torque-deflection curves
to the global stiffness curve, reported in solid line.
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Figure 4.12: SEA position tracking for a typical knee profile during overground
walking (gait cycle duration: 1.6 s), with superimposed confidence intervals (p <
0.05). RMS error is 2.7 deg.

4.4.2 Position control

As a preliminary validation of the described design, the actuator was position-

controlled to track a representative knee angle profile during locomotion, as retrieved

from the slow walking dataset in [129], for a gait cycle duration of 1.6 s, with the

actuator output unloaded. Fig. 4.12 shows a position regulation performance in the

described conditions, where an RMS error of 2.7 deg is obtained.

Tesi di dottorato in Ingegneria Biomedica, di Nevio Luigi Tagliamonte, 
discussa presso l’Università Campus Bio-Medico di Roma in data 20/03/2012. 
La disseminazione e la riproduzione di questo documento sono consentite per scopi di didattica e ricerca, 
a condizione che ne venga citata la fonte



118
CHAPTER 4. DESIGN, CONTROL AND CHARACTERIZATION OF A

ROTARY SERIES ELASTIC ACTUATOR

4.4.3 Torque control

Torque control performances of the developed SEA were characterized using the

method proposed in [47], which involves the connection of the actuator output shaft

to the ground frame (locked output conditions). In this configuration different metrics

were considered to measure the performances of the torque controller, as described

in the following sections.

4.4.3.1 Step response

PI torque controller gains were regulated based on the system response to a step

commanded torque, in order to have an overshoot lower than 5% and a rise time (to

span from 5% to 95% of the setpoint) lower than 10 ms. Fig. 4.13 shows the response

of the system to commanded steps with different amplitudes: 3 and 10 N·m. The

system responds with a 4% overshoot and with a maximum rise time of 6 ms, for

the largest commanded input. Actuator non-linearities (motor velocity saturation)

in the response to the largest input imply a 2 ms lag between the rise time calculated

at 3 and 10 N·m.

Torque measurement has a theoretical quantization, introduced by the resolution

of the encoders, of 5 mN·m (considering 119 N). However, the step responses mea-

sured in the real system had a higher maximum regime error, of 100 mN·m. This

was caused by motor positioning inaccuracy introduced by velocity control, and by

the backlash of the set-up. Nevertheless, this torque control resolution is considered

adequate for applications involving human assistance [53].

4.4.3.2 Torque tracking fidelity

Preliminary experiments to assess torque control fidelity were carried out in locked

output conditions, setting as desired torque for the actuator a sinusoidal signal and

a chirp (sine sweep) stimulation, i.e. a sine signal with frequency linearly varying

with time:

u(t) = A sin[(at+ b)t] (4.1)
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Figure 4.13: Response of the SEA to torque step commands (amplitude 3 N·m and
10 N·m, with locked actuator output.
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Figure 4.14: Steady-state response of the SEA to a torque reference sinusoid with
amplitude 3 N·m (RMS: 2.12 N·m) and frequency 2 Hz.

with a and b constant values to be chosen depending on the desired frequency content

in a given period.

Fig. 4.14 reports a representative test with the SEA commanded to track a

sinusoidal desired torque with amplitude 3 N·m and frequency 2 Hz. In Fig. 4.15 a

representative test with a chirp signal is reported: the commanded torque has 3 N·m
amplitude and frequency wich spans from 0 to 3 Hz in 30 s.

It is worth noticing that deviations from the ideal tracking when crossing zero

torque are due to backlash; these deviations are kept very small (even though 1 deg
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Figure 4.15: SEA response to a sine sweep desired torque with amplitude 3 N·m and
frequency spanning from 0 to 3 Hz in 30 s.

backlash causes a theoretical dead zone of about 2 N·m) thanks to the deadband

filtering of the encoder reading introduced in section 4.4.1.

4.4.3.3 Torque control bandwidth

Torque control bandwidth is defined as the transfer function between the desired

torque τd and the actual torque τ delivered by the actuator, when the output is fixed

[47]. In the frequency domain, it can be written as:

Gtor(f) =
T (f)
Td(f)

(4.2)

being T (f) and Td(f) the Fourier transforms of τ and τd respectively.

To experimentally determine the transfer function Gtor(f), the SEA was stimu-

lated setting as desired torque τd a Schroeder multisine waveform [134]. This signal

is a sum of N harmonically related sine waves:

u(t) =
N∑

k=1

A cos(2πfkt+ φk) (4.3)

with phases φk = −k(k − 1)π/N and frequencies fk = kf0, being f0 the frequency

resolution and 1/f0 the period of the signal (inverse of its duration). This multisine

signal has been selected because of its flat spectrum in the excitation bandwidth and

its low crest factor (defined as |umax|/uRMS).
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Figure 4.16: SEA response to a Shroeder multisine desired torque with a peak value
of 7 N·m (RMS: 3.82 N·m) and frequency content of 0.1-6 Hz.
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Figure 4.17: Power spectral density of the multisine signal used for characterization
of maximum torque control performances. Power content is mostly comprised in the
range 0.1-10 Hz with a flat spectrum.

In Fig. 4.16 a representative test is reported: the SEA is commanded to track

a Shroeder multisine desired torque with a peak value of 7 N·m (corresponding to a

RMS value of 3.82 N·m) and frequency content of 0.1-6 Hz.

For the experimental characterization of maximum performances the signal fed

to the torque controller had f0=0.1 Hz, N=100, and amplitude scaled to generate a

peak torque of 10 N·m (corresponding to a RMS value of 5.45 N·m). This signal has

a flat power spectral density between 0.1 and 10 Hz, and negligible power content

above 10 Hz, as shown in Fig 4.19.

Being u and y input and output signal respectively, the related transfer function
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can be estimated using non parametric system identification method [134] as follows:

Ĝ(f) =
Puy(f)
Puu(f)

(4.4)

with Puy(f) the cross-spectral density of the input and the output and Puu(f) the

auto-spectral density of the input. To assess reliability of the estimation, the squared

coherence function can be calculated as a measure (from 0 to 1) of the correlation

between the input and output at each frequency:

Coh(f) =
|Puy(f)|2

Pyy(f)Puu(f)
(4.5)

in which Pyy is the auto-spectral density of the output.

Following this method the torque control transfer function Gtor(f) can be esti-

mated as:

Ĝtor(f) =
Pτdτ (f)
Pτdτd(f)

(4.6)

Figure 4.18 shows the performances of the implemented controller, demonstrat-

ing a maximum bandwidth (defined as the frequency at which signal amplitude is

attenuated by 3 dB) of 5.3 Hz for a multisine reference signal with peak amplitude

10 N·m and frequency content 0.1-10 Hz.

This result can be considered reliable because of the high coherence value in the

tested frequency range (higher than 0.9 up to 9 Hz) as shown in Fig. 4.19.

4.4.4 Impedance control

Characterization of impedance control was performed by manually perturbing the

actuator output shaft through oscillatory movements manually imposed grasping the

output link shown in Fig. 4.4. Said θout the position perturbation and τ the actuator

torque response, mechanical impedance is defined in the frequency domain as:

Z(f) =
T (f)

Θout(f)
(4.7)

Impedance control was implemented by imposing position- and velocity-dependent

torque fields around the desired kinematic status (θout,d, θ̇out,d) as follows:
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Figure 4.18: Bode diagram of torque control transfer function Ĝtor(f). Desired signal
is a Schroeder multisine, peak amplitude 10 N·m (RMS value: 5.45 N·m). Torque
control bandwidth, defined as the frequency at which signal amplitude is attenuated
by 3 dB, is 5.3 Hz. At this frequency, the phase lag is 106 deg.
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Figure 4.19: Squared coherence function related to the transfer function of Fig. 4.18.
The high coherence value in the stimulated frequency range attests reliability for the
maximum torque control performance test.
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τ(td) = −Kv[θout(t)− θout,d]− cv[θ̇out(t)− θ̇out,d] (4.8)

where Kv and cv are the desired virtual stiffness and damping coefficients. Charac-

terization of the performances of impedance control was performed first tackling the

problem of rendering a pure stiffness Kv, and then rendering a desired damping cv.

Impedance transfer function was estimated using (4.4), i.e. considering θout as input

signal and τ as output signal.

4.4.4.1 Stiffness control

In order to assess stiffness regulation performances, different tests were carried

out, considering the control law expressed in (4.8), by setting θout,d = θ̇out,d =

0, cv = 0, and varying Kv in the range [0.25Ks, Ks], with increases of 0.25Ks

(29.75 N·m·rad−1).

In Fig. 4.20 transfer function estimation for the impedance in the case of stiff-

ness control is reported. It can be seen that impedance regulation performances

increase with the value of Kv
2. Defining stiffness control bandwidth as the fre-

quency where
∣∣ |Z(f)|−Kv

Kv

∣∣ ≥ 0.5, a minimum bandwidth of around 1.5 Hz is obtained

for Kv = 0.25Ks, while theoretically infinite bandwidth is obtained when Kv = Ks

(the impedance of the system reduces to the stiffness of the physical spring and the

motor is quite idle). At frequencies lower than the stiffness control bandwidth, the

actuator actually behaves as a pure spring, with phase lag of −180 deg.

Above the stiffness control bandwidth, attenuation of torque control is responsible

for increased stiffness magnitude and for the reduction in phase lag, thus introducing

damping behavior in the response. At higher frequencies, where the action of actu-

ator control can be neglected, all curves converge again to a pure elastic behavior,

with phase lag of −180 deg and virtual stiffness magnitude close to the stiffness of

the physical spring Ks.

2Performances degradation in rendering a pure elastic behavior with stiffness much lower than
the one of the physical spring was already experienced in the simulation study on the VIDA system
(see section 3.4.4.2) and it is in line with literature results [53].
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Figure 4.20: Bode diagram of estimated impedance, when rendering a pure elastic
behavior with different virtual elastic constants Kv, defined as a fraction of the
physical spring stiffness constant Kv of the SEA.

4.4.4.2 Damping control

A similar procedure was pursued to assess damping regulation performances,

imposing the control law expressed in (4.8), by setting θout,d = θ̇out,d = 0, Kv = 0 and

varying cv in the range [0, 0.4] N·m·s·deg−1, with increments of 0.1 N·m·s·deg−1. The

frequency content of the applied perturbation was negligible for frequencies above

2 Hz (manually applied position perturbations). The response of the system in the

excited frequency range was estimated using (4.4). Moreover, for the sake of a more

intuitive representation, the transfer function:

Y (f) =
T (f)

Ωout(f)
(4.9)

was calculated and reported in Fig. 4.21 (instead of expression (4.7)), being Ωout(f)

the Fourier transform of the output velocity θ̇out(t).

The desired damping behavior is obtained at frequencies below 1 Hz, with a

frequency-independent ratio between torque and velocity and a 180 deg phase lag.

However, the damping value estimated by system identification is higher than the

desired is reported in Fig. 4.21. The difference between estimated and expected
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Figure 4.21: Bode diagram of the estimated transfer function Y (f), when rendering
a pure viscous behavior with different damping constants cv.

damping at low frequencies is equal to 0.075 ± 0.002 N·m·s·deg−1. This value is

caused by the parasitic damping of the motor, as assessed in experiments where

the actuator was commanded to track a null reference torque, thus demonstrating

that intrinsic friction in the system is not completely compensated by the control.

However, this residual damping is more than two orders of magnitude lower than

that of human knee [132] and it can be assumed that it does not introduce significant

drawbacks for the application selected for the presented SEA.

4.5 Conclusions

A compact rotary SEA for gait assistance applications was presented and its

performances, being torque and impedance control implemented, were character-

ized. The chosen application field poses significant challenges to the design of an

actuator, since it requires high performances in terms of both amplitude and band-

width of torque regulation, still maintaining limited mass and inertia to minimally

perturb the wearer’s natural movements. SEA architecture introduces an important

advantage in wearable robotics, since it provides intrinsic compliance in the transfer
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of mechanical energy between actuation system and human limbs, even though it

causes a degradation of torque regulation capabilities at high frequencies.

The presented system is a particular implementation of a more general modular

architecture, and it fulfill a set of requirements for a knee assistive device defined

on the basis of gait analysis data of elderly target users. A major novelty element

of the proposed system is the compliant element, which was purposively optimized

and fabricated, since no commercial component would have assured such a compact

and lightweight design and respect of both low stiffness/high torque requirements.

The manufactured spring has significantly lower stiffness than the simulated one,

probably due to discrepancy between the elastic properties of the actual material and

the nominal values used in the FEM simulations (it is worth recalling that similar

results were also previously found in [53, 56]). Fabrication inaccuracies expectedly

contributed to such discrepancy, given the torsional stiffness the sensitivity to the

thickness of the lamellae.

A velocity-source type torque control scheme was implemented to regulate a

maximum torque of 10 N·m with a bandwidth of 5 Hz. These performances were

evaluated experimentally using non parametric system identification techniques.

Impedance control was also implemented and response to externally applied per-

turbations were experimentally measured, demonstrating that the actuator is able

to render virtual stiffness and damping fields in ranges potentially useful in human-

robot interaction schemes for gait assistance.

4.6 A new design

In this section another SEA design currently under development will be briefly

presented. This preliminary bench prototype is quite different from the one reported

in the previous sections in terms of architecture and components and it designed to

overcome its performance limitations. The system will be described and some tests

on the spring stiffness measurement will be reported.
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Figure 4.22: SEA sensorization based on absolute measurements: the motor (M)
shaft rotation (θ0) is measured using an incremental encoder (IE) while the gear
(G) output shaft rotation (θ1) and the SEA output shaft rotation (θ2) are measured
using absolute encoders (AE).

4.6.1 Prototype components

A 300 W brushless DC motor (Maxon EC4-pole 45) with a maximum continuous

torque of 635 mN·m was used. It is equipped with Hall sensors for current com-

mutation and with a 2048 counts per turns optical incremental encoder to measure

motor rotation with a resolution of 0.044 deg (quadrature reading). A double stage

reduction mechanism is employed: a 4.3:1 planetary gear (Maxon GP42) with 0.9

efficiency and a 15:1 hypoid gear with 0.85 efficiency. Total reduction ratio is 64.5:1

with 0.77 efficiency to get high back-drivability of the system. This motor-gear com-

bination guarantees a nominal speed of 5.8 rad/s and a nominal torque of 30.5 N·m
(a peak torque of a about 40 N·m is expected to be provided by the motor on the

basis of estimated thermal limitations).

Two magnetic absolute encoders (Renishaw RM44, resolution: 0.044 deg) are

directly connected to the two extremities of the elastic element. In Fig. 4.22 the

whole system sensorization is reported: the motor (M) shaft rotation (θ0) is measured

using an incremental encoder (IE) while the gear (G) output shaft rotation (θ1) and

the SEA output shaft rotation (θ2) are measured using absolute encoders (AE).

As for the previously presented prototype a monolithic disc-shaped design has

been pursued for the elastic element. A stiffness of 200 N·m·rad−1 was consid-

ered as target value to be achieved using two equal compliant discs with stiffness

400 N·m·rad−1 serially connected. This choice was motivated by the highly demand-
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Figure 4.23: Picture of the custom torsion springs composing the spring pack. Di-
mensions: 80 mm external diameter 10 mm axial length. A shaped shaft-hub cou-
pling based on P3G polygon is used as connection between the two springs internal
rings. Steel mechanical hard stops are visible.

ing requirement on the maximum loading torque. For each disc, compliance is due

to four 90 deg spaced replications of flexible snaky lamellae, as shown in Fig. 4.23.

The shape and dimensions of such flexible elements were designed through an it-

erative FEM simulations-based design and optimization process. Static stress-strain

analysis was performed considering W720 material (maraging steel 300, Young mod-

ulus 1.86 GPa, nominal yield stress 1.91 GPa and ultimate tensile strength 1.96

GPa). Considering a maximum torque of 40 N·m a deflection of 0.1025 rad was

achieved for each of the two serial springs which results in a stiffness Ks,FEM =

390 N·m·rad−1. The physical prototype was manufactured by WEDM; total dimen-

sions of each compliant disc are 80 mm for the outer diameter and 10 mm for the

thickness. The total spring pack, consisting of the serially connected discs has a

thickness of 26 mm. It is worth noticing the use of a P3G polygon shaped internal

ring to optimize springs interconnections minimizing backlash, and the introduction

of mechanical hard stops to prevent possible breaking if torques higher than the

maximum allowed ones are accidentally applied.

Fig. 4.24 depicts a 3D drawing of the proposed system while Fig. 4.25 shows a

picture of the prototype. The overall dimensions are 335 × 164 × 90 mm3 and the

total actuator mass is 3.1 kg.
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Figure 4.24: 3D drawing of the rotary SEA. 1: DC motor, 2: planetary gear, 3:
hypoid gear, 4: spring pack, 5-6: absolute encoders, 7: output link. Dimensions:
335 × 164 × 90 mm3. Total mass: 3.1 kg.

Figure 4.25: Picture of the assembled SEA prototype: the frame is fixed to an
aluminum block, while the actuator output shaft is connected to a thin rectangular
link..
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4.6.1.1 Spring pack characterization

To experimentally evaluate torque-deflection characteristic of each spring, the

test-bed reported in Fig. 4.26 was used. A gearmotor (Maxon EC 45 250 W plus

planetary gear Maxon GP 52 C 126:1) equipped with an incremental encoder (Avago

HEDL 9140, resolution 500 cpt), able to provide 45 N·m peak torque, was connected

to the spring with an interposed torque sensor (Lorenz Messtechnik GmbH DR-2,

nominal measurable torque 50 N·m). A flexible coupling (Rodoflex ATMK60L77,

nominal torque 60 N·m) was also employed to avoid spurious forces due to possible

misalignments. An incremental magnetic encoder (ASM, PMIS4 reading sensor head

and PMIR4 magnetic code wheel, resolution 32768 cpt) was used to directly monitor

spring internal ring rotation, while the external ring was kept fixed to the frame.

Characterization procedure consisted in commanding the gearmotor with a po-

sition ramps at 1 deg/s and reversing when 40 N·m torque was measured.

Results for the torque-deflection curves (fitted using linear regression) of the two

spring pack components are reported in Fig. 4.27 (a maximum backlash of about ±1

deg can be noticed). The spring of Fig. 4.27a has a stiffness of 284 N·m·rad−1 for pos-

itive angles and 289 N·m·rad−1 for negative angles. The mean value of 287 N·m·rad−1

presents a 26% discrepancy with respect to the simulated one. The spring of Fig.

4.27b has a stiffness of 303 N·m·rad−1 for positive angles and 311 N·m·rad−1 for

negative angles. The mean value of 307 N·m·rad−1 shows a 21% discrepancy with

respect to the simulated one. The serial connection of these two elements produces

a stiffness of 148 N·m·rad−1 with a total 24% discrepancy with respect to simulated

value. This deviation is in accordance with results obtained in section 4.4.1 and with

literature studies [56].

4.6.2 Conclusions

A new preliminary SEA design is described with several improvements with re-

spect to the previously presented one. The use of a hypoid gear allows decentralizing

motor mass from the output shaft axis (motor axis and output shaft axis are per-

pendicular) thus distributing the actuator weight alongside a human limb if the

system is integrated in an active orthosis. A novel spring pack composed of two
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Figure 4.26: Test-bed for springs characterization. 1: gearmotor plus encoder, 2:
torque sensor, 3: flexible coupling, 4: spring, 5: magnetic incremental encoder.

custom-shaped compliant steel discs (designed through FEM simulations) has been

characterized using a dedicated test-bed, verifying resistance up to 40 N·m torque.

Torque-deflection characteristic has been evaluated demonstrating high linearity and

stiffness value which deviates of 26% and 21% from the simulated value (serial con-

nection of the two springs causes a total deviation of 24% with respect to the expected

value). Low backlash and high back-drivability are guaranteed by a P3G polygon

shape coupling between springs and high efficiency of the planetary-hypoid gears

transmission system. Two absolute encoder monitor rotations of the spring input

and output shafts (i.e. transmission mechanism and SEA outputs respectively) thus

excluding gearmotor backlash from torque measurement. Absolute readings provide

simpler and more effective initialization procedure in measuring SEA output posi-

tion and residual spring pack deflection. An extensive experimental characterization

of performances, according to procedures presented in the previous sections, and an

optimization of this bench prototype are planned as future work.
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Figure 4.27: Torque-angle characteristics for the two series springs. (a) Spring
1: stiffness 284 N·m·rad−1 for positive angles and 289 N·m·rad−1 for negative an-
gles. The mean value of 287 N·m·rad−1 shows a 26% discrepancy with respect to
the simulated one. (b) Spring 2: stiffness 303 N·m·rad−1 for positive angles and
311 N·m·rad−1 for negative angles. The mean value of 307 N·m·rad−1 shows a 21%
discrepancy with respect to the simulated one.
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Chapter 5

Design and characterization of a

passive Visco Elastic Joint

As presented in previous chapters useful behaviors can emerge from the interac-

tion of robots with the environment and, in case of wearable rehabilitation or assistive

machines, with the human body. As in the case of quasi-passive bipedal robots [4],

for example, optimal dynamical properties can be attained if elastic components are

properly exploited; the same can be assumed for damping elements, especially in

the case of walking robots were masses have to opportunely decelerated in some

gait phases. Hence the introduction of passive mechanical components (springs and

dampers) in robotic joints can enable useful mechanical energy bouncing between a

robot and the human body and stabilizing properties for the structure. Moreover,

for rehabilitation machines elastic components can be employed to produce resistive

torques for challenging the patient. In both cases different level of compliance and/or

torque-angle characteristics can be required to achieve different to adapt to differ-

ent patients and/or therapy. As described in the case of double actuation systems

for impedance regulation (see chapter 3), these components add complexity to the

design, which reverberates on increased mass and volume.

State-of-the-art solutions for robotic joints springs and dampers have been ex-

tensively presented in chapters 3 and 4. Here only a brief recalling will be reported.

As it regards torsion springs, the approaches investigated so far can be grouped into:
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i) systems using linear compression springs arranged so to produce torsion elasticity

([51, 53, 99, 135, 66]); ii) systems based on leaf springs ([81, 57, 84]); iii) systems

using simple commercial torsion springs or flexible joints ([50, 54, 58, 64]); systems

using custom-shaped compliant elements ([56, 53]).

As it regards dampers, they are often designed based on electrorheological [96, 97]

or magnetorheological [98, 100] fluids. In these systems, the rheological properties of

the fluid, and the resultant damping, are controlled through an electric or magnetic

field. These solutions show some drawbacks in terms of large volume, high weight

and mechanical complexity. An alternative approach focuses on frictional dampers,

where energy is dissipated in the contact between moving parts. In this case damping

can be modulated by modifying the contact of two surfaces [95, 101, 102]. These

systems have the advantage of being compact and lightweight, but they may be

expectedly affected by surfaces wearing.

In this chapter a compact rotary passive ViscoElastic Joint (pVEJ), compris-

ing a torsion Stiffness module (Sm) and a torsion Damping module (Dm) acting

in parallel on the output shaft is presented. The impedance of the system can be

manually pre-set. This kind of joint can be used in wearable robots, wherever a

torque-angle/velocity characteristic is properly selected for optimal energy exchange

with the human body and the environment. For demonstration purposes some rep-

resentative viscoelastic properties have been rendered in the presented prototype,

considering values compatible with robots for gait assistance.

5.1 Design requirements

The pVEJ is intended as a passive (i.e. not actuated) joint for lower limbs active

orthoses, in order to establish a dynamical coupling with the human body and the

environment. For this reason, the target ranges for torsion stiffness and damping

coefficients to be rendered by the pVEJ have been chosen to be of the same order of

magnitude of those exhibited by the human lower limbs joints [136, 137]: the stiffness

has to vary from 0 to 1.7 N m/deg, the damping from 0 to 3.5 · 10−2 Nm s/deg.

Moreover, in the intended application, as described in the previous section, torsion

stiffness should not be constrained to be constant, but it should vary with joint
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angle. For demonstration purposes, constant, linear and a quadratic stiffness-angle

characteristic have been considered. A prototype with these three behaviors has

been developed and tested within this thesis even though, as it will be shown in

the following sections, other stiffness-angle relations can be easily considered, by

purposively shaping an interchangeable cam disc. The maximum input torque is set

to 50 Nm and dimensional constraints were fixed to 150 mm for the diameter and

100 mm for the axial length.

5.2 Concept and dimensioning

5.2.1 Stiffness module

The Sm is implemented using n linear compression springs connected between

the joint shaft and n rollers sliding on cam profiles. This arrangement generates a

centering elastic torque against an external rotation θ of the joint shaft. In Fig. 5.1

a schematic representation of one functional element of the Sm is depicted (only one

spring km is represented). A desired stiffness-angle characteristic kθ = f(θ) can be

achieved by opportunely selecting the shape of the cam r(θ). This profile can be

derived equating the work associated with the application of an external torque and

the variation in the elastic energy of the n springs.

By neglecting the radius of the cam follower rollers (knife-edge model), the cam

profile r(θ), generating an arbitrary torsion stiffness kθ, is:

r(θ) =

√
2

nkm

∫ θ

0
dα

∫ θ

0
kθ(α)dα (5.1)

The expression (5.1) corresponds to the pitch curve of the cam, which coincides

to the working curve in the case of a knife-edge follower but not in the case of a

roller follower. The effects of this simplification are discussed in the next sections.

Constant, linear and quadratic stiffness-angle characteristics can be obtained

respectively by setting kθ(θ) = K, kθ(θ) = Aθ and kθ(θ) = Bθ2 in (5.1) with K, A

and B constant values. This substitution leads to:
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Figure 5.1: Schematic representation of one functional element of the torsion Sm,
(only one linear spring is considered). km is the spring stiffness, θ is the shaft rotation
and r(θ) is the cam profile.

rconst(θ) = r0 −
√

K

nkm
θ (5.2)

rlin(θ) = r0 −
√

A

3nkm
θ

3
2 (5.3)

rquad(θ) = r0 −
√

B

6nkm
θ2 (5.4)

where r0 is the springs rest position. Expressions (5.2)-(5.4) are graphically repre-

sented through polar plot in Fig. 5.2.

5.2.2 Damping module

In the Dm the joint shaft is connected to a roller, pushed against a silicone tube

filled with a viscous fluid (mineral oil). The tube endings are connected together,

to form a circular closed circuit. In this way, the rotation of the shaft forces the

circulation of the fluid in the tube. A localized pressure drop, adjustable manually

by acting on a valve, produces viscous stresses which, in case of laminar flow, generate

a resistive torque on the shaft proportional to the joint angular velocity. Figure 5.3

shows a schematic representation of the Dm.
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!Figure 5.2: Graphical representation of expressions (5.2)-(5.4) for constant, linear
and quadratic stiffness-angle characteristic of the Sm.

Figure 5.3: Schematic representation of the torsion Dm. ω is the angular velocity,
R is the radius of curvature of the center line of the tube, D the inner diameter of
the tube and v the linear velocity of the roller. The valve is schematized in block C.

When the valve is completely open the damping is minimum but not zero, because

the circulation of the viscus fluid in the tube dissipates some energy. The minimum

damping can be calculated equating the power associated to the shaft rotation and

the power dissipated by fluid internal friction1. This leads to:
1Assuming laminar flow in the tube Poiseuille law can be used to express volumetric flow rate.
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cmin = 16π2µR3 (5.5)

where R is the radius of curvature of the center line of the tube and µ is the dy-

namic viscosity of the fluid. Equation (5.5) accounts for fluid viscosity effects, but it

neglects energy dissipation occurring during the hysteretic large deformations of the

silicone tube. For this reason, (5.5) must be considered an under-estimation of the

actual minimum value of the damping coefficient. The maximum achievable can be

theoretically considered infinite if the lumen of the tube is completely closed. Clearly

in the real prototype, silicon tube deformations always allow a small circulation of

the fluid.

5.3 Prototype components

Fig. 5.4 shows an exploded view of the pVEJ. The prototype is depicted in Fig.

5.6; dimensions are: 115 mm (diameter) × 85 mm (axial length). The overall joint

mass is 1.4 kg.

An ASM magnetic incremental encoder (reading sensor PMIS4, magnetic wheel

PMIR4; resolution of 32768 counts per turn, 0.003 deg with quadrature reading) is

mounted on the output shaft, with the reading part fixed to the joint frame and the

magnetic wheel coupled to the rotating shaft.

5.3.1 Stiffness module

The Sm is implemented using 4 linear compression springs, each one pushing one

roller on a segment of a cam. The desired stiffness can be achieved by shaping the

cam profile according to (5.2)–(5.4).

In particular, once fixed the number and stiffness of the springs and the maximum

rotation of the joint (± 27 deg), a stiffness of 1.7 N m/rad in correspondence of this

extremal rotation is desired for the three analyzed characteristics. This choice leads

to the calculation of stiffness coefficients, derived from (5.2)-(5.4), and of the joint

maximum torque as reported in Table 5.1.
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Figure 5.4: Exploded view of the pVEJ. 1: cam follower rollers, 2: roller-spring
connectors, 3: bushings, 4: central hub, 5: linear compression springs, 6: joint shaft,
7: cam profiles, 8: fluid mover, 9: silicone tube, 10: pressure drop regulator.

Table 5.1: Properties of possible Sm module configurations considering constant,
linear and quadratic stiffness-angle characteristics.

Stiffness-angle characteristic kθ(θ)

Constant: kθ = K Linear: kθ = Aθ Quadratic: kθ = Bθ2

Stiffness parameter K = 1.745 Nm/deg A = 6.4·10−2 Nm/deg2 B = 2.5·10−3 Nm/rad3

Springs number n 4

Max rotation ± 27 deg

Max torque 47 Nm 24 Nm 16 Nm
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(a) (b) (c)

Figure 5.5: Cam disc of the Sm with constant (a), linear (b) and quadratic (c)
stiffness-angle characteristic.

The prototype includes: a central hub (Fig. 5.4-4) rigidly connected to a shaft

(Fig. 5.4-6); four harmonic steel springs with stiffness 140.9 N/mm (Fig. 5.4-5); four

roller-spring connectors (Fig. 5.4-2); four cam follower rollers (Fig. 5.4-1); a disc

with four internal cam profile segments (Fig. 5.4-7); four self-lubricating bushings

(MU - Boccole Italia S.r.l.) (Fig. 5.4-3). The shaft is supported by two radial

ball bearings. The joint elastic properties can be changed by replacing the cam-

shaped discs and/or the number/stiffness of the compression springs. Three cam

discs have been designed, corresponding to constant, linear and quadratic stiffness-

angle characteristics (in Fig. 5.5 the manufactured discs are reported).

5.3.2 Damping module

The Dm is implemented by connecting the joint shaft to a roller (Fig. 5.4-8),

which compresses a silicone tube filled with mineral oil (grade SAE 80w90; dynamic

viscosity range at room temperature: 1.0 - 1.3 Pa s (Fig. 5.4-9). The tube has an

outer diameter of 8 mm and an inner diameter of 5 mm. The radius R of the

center line of the closed loop is 47 mm. The valve consists of a screw (metric, M4,

pitch: 0.7 mm) which pushes a teflon cylinder on the tube, thus locally reducing its

lumen. When the valve is fully open (minimum localized pressure drop, maximum

tube lumen), the minimum value of the torsion damping is achieved. According to

(5.5) the theoretical minimum damping, with the selected mineral oil, ranges from
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115	
85	


(a) (b)

Figure 5.6: Picture of the pVEJ prototype: Sm (a), Dm (b). Dimensions are in mm.

2.8 · 10−4 Nm s/deg to 3.7 · 10−4 Nm s/deg.

5.4 Prototype characterization

To experimentally measure the stiffness and the damping of the pVEJ, the custom

dynamometric test-bed already presented in chapter 4 was employed (Fig. 5.7).

The test-bed is equipped with a torque sensor (Lorenz Messtechnik GmbH DR-2,

nominal measurable torque 50 Nm) connected between a gearmotor and the pVEJ.

The gearmotor comprises a Maxon EC45 250 W brushless DC motor, a Maxon

GP 52C planetary gear (reduction ratio 126:1) and an optical incremental encoder

(Avago HEDL 9140, resolution: 0.18 deg). The maximum continuous deliverable

torque is 30 N·m with a peak torque of 45 N·m. The flexible coupling (Rodoflex

ATMK60L77, nominal torque 60 N·m) avoids spurious forces and radial misalign-

ments between pVEJ and sensor shafts. The elements introduced between the gear-

motor and the pVEJ do not negatively affect the measurements on the Sm, since,

based on components datasheets, the equivalent undesired series elasticity between

the gearmotor and the pVEJ is an order of magnitude (about 40 times) higher than

the maximum one to be tested.

The motor is position/velocity-controlled using a Maxon EPOS2 50/5 control
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Figure 5.7: Dynamometric test-bed for pVEJ characterization. 1: gearmotor, 2:
torque sensor, 3: flexible coupling, 4: pVEJ with encoder.

unit; high level commands are sent though the CompactRIO-9022 central control

unit as already described in chapter 4.
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Figure 5.8: Torque-angle profile for the constant stiffness-angle characteristic of the
Sm. Experimental data are regressed as τ = K̂ θ, with K̂ = 2.105 Nm/deg (R2 =
0.99).
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Figure 5.9: Torque.angle profile for the linear stiffness-angle characteristic of the Sm.
Experimental data are regressed as τ = 1

2Â θ
2 sign(θ), with Â = 0.066 Nm deg−2

(R2 = 0.96).

5.4.1 Stiffness module

For the characterization of the Sm, the Dm was unmounted and the test gear-

motor was commanded to track a position profile consisting of a sequence of steps

(amplitude 0.5 deg, duration 2 s), starting from the position where the pVEJ applied

a null torque. For each step of imposed rotation, torque values measured through

the torque sensor during steady state were averaged, resulting in the torque-rotation

curves shown in Figures 5.8 – 5.10.

The characteristic for the constant stiffness cam profile is shown in Fig. 5.8. Lin-

ear regression of the experimental data in the form τ = K̂ θ resulted in a stiffness esti-

mation K̂ = 2.105 Nm/deg, which differs from the desired one (K = 1.745 Nm/deg)

by 20%. The linear regression provided a R2 coefficient of 0.99.

Curve fitting was performed also on the experimental data of the linear stiffness

profile. A regression in the form τ = 1
2Â θ

2 sign(θ) was performed to determine the

A coefficient introduced in section 5.2. The estimated value Â = 0.066 Nm deg−2

differs by only 3% from the desired value (6.4 · 10−2 Nm deg−2). The R2 coefficient

of the fitting was 0.96.
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Figure 5.10: Torque-angle profile for the quadratic stiffness-angle characteristic of
the Sm. Experimental data are regressed as τ = 1

3B̂ θ
3, with B̂ = 1.47·10−3 Nm

deg−3 (R2 = 0.97).

Fitting of the experimental data of the quadratic stiffness profile was performed

to estimate the B parameter of the expression introduced in section 5.2 using rela-

tion τ = 1
3B̂ θ

3. Cubic regression estimated a parameter value B̂ = 1.47·10−3 Nm

deg−3 differing by around 50% from the desired value of 2.5 ·10−3 Nm deg−3. The

overall goodness of fit of the cubic model was however demonstrated by the high R2

coefficient obtained in the fitting, which equals to 0.97. In contrast, quadratic fitting

of the same experimental data had a lower R2 coefficient (0.93).

5.4.2 Damping module

The Dm was characterized with the linear springs unmounted to exclude the

elastic effect of the Sm. Characterization procedure consisted in rotating the pVEJ

shaft with a constant velocity in the range [5, 35] deg/s with increases of 5 deg/s. A

torque-velocity regression in the form τ = ĉ θ̇ was performed. This test was repeated

at three valve positions. Let δ indicate the linear displacement of the screw, δ = 0

mm corresponds to the case when the valve is fully open, while δ = 1.4 mm and

δ = 2.1 mm correspond to 2 and 3 turns of the screw, respectively.

In Fig. 5.11 torque-velocity fitting of the experimental data for these three con-
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Figure 5.11: Torque-angular velocity characteristics for the Dm. The slopes of the
curves represent the torsion damping coefficients for the three different valve regu-
lations. For δ = 0 mm ĉmin = 1.69·10−3 Nm s/deg (R2 = 0.99); for δ = 1.4 mm ĉ =
1.92· 10−3 Nm s/deg (R2 = 0.96); δ= 2.1 mm ĉ = 2.88· 10−3 Nm s/deg (R2 = 0.99).

ditions are reported.

The slopes of the curves are but the damping coefficients; in particular, for δ =

0 mm the estimated damping is ĉmin = 1.69·10−3 Nm s/deg with a R2 coefficient of

0.98. For δ= 1.4 mm ĉ = 1.92·10−3 Nm s/deg with R2 equal to 0.96. In the case of

δ = 2.1 mm ĉ = 2.88· 10−3 Nm s/deg with a R2 coefficient of 0.99.

5.5 Discussion and conclusions

The prototype of a passive rotary mechanical device was presented, which in-

tegrates a torsion spring and damper acting in parallel on the same output shaft.

The system is compact and lightweight, and it allows an easy modification of the

mechanical impedance by replacing a single component or regulating a screw valve.

Characterization of the the submodules (Sm and Dm) was performed. For the Sm,

constant, linear and quadratic stiffness-angle profiles were correctly rendered (as

demonstrated by the high R2 coefficient in regressions) with stiffness values differing
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ELASTIC JOINT

from the expected ones by 3% to 50%. Such discrepancy is due to two main causes:

i) approximation used in (5.1), where a knife-edge model for the cam follower was

adopted, thus neglecting the radius of the roller (5 mm in the prototype). The dis-

crepancy can be reduced at design time by using a model that takes into account the

radius of the cam follower. The high values of R2, though, demonstrate that the de-

sired behaviors (i.e. linear, quadratic or cubic) were attained up to a multiplicative

constant, which can be easily set experimentally.

With regards to the Dm, the high R2 values for the three tests performed demon-

strate the capability of the system to behave as a torsion damper with a good ac-

curacy. Moreover, the possibility of modifying the damping coefficient through a

simple valve regulation has been demonstrated. Of note, the damping coefficient,

measured when the valve is fully open, is one order of magnitude higher than the

minimum theoretical value, evaluated using (5.5). The difference between the ex-

perimental and theoretical values is likely due to simplifications introduced in the

analytical calculation. In particular, in the prototype the damping is higher than the

theoretical one because: i) energy losses associated to tube compression increases

the resultant damping action; ii) a further localized pressure drop occurs at the

connector between the two ends of the tube. Nonetheless, the experimentally ob-

tained damping coefficient is still one order of magnitude smaller than the target one

(section 5.2). Higher values can be achieved by further closing the valve, although

the robustness of the silicone tube must be verified against the fluidic pressures that

would build in it. Other options may include the use oils with a higher viscosity.

Tesi di dottorato in Ingegneria Biomedica, di Nevio Luigi Tagliamonte, 
discussa presso l’Università Campus Bio-Medico di Roma in data 20/03/2012. 
La disseminazione e la riproduzione di questo documento sono consentite per scopi di didattica e ricerca, 
a condizione che ne venga citata la fonte



Chapter 6

Conclusions

The development of robotic systems for pHRI in rehabilitation and assistive ap-

plications demands for advanced solutions in terms of mechanical structure, actu-

ation system and control strategies. To cope with complexity of the human body

and of the neural adaptation mechanisms several issues such as safety, dynamical

adaptability, biomechanical and neuromotor compatibility have to be handled.

This thesis provides contributions for the improvement of pHRI with respect to

two topics: the analysis of human intrinsic motor strategies and effects of robots

perturbations (Part I), the design of components (passive and active joints) for com-

pliant wearable robots (Part II).

Neural mechanisms underlying human motor control in pHRI have to be un-

derstood to design robots not hindering physiological motion and neural strategies

adopted by the brain. In this regards, the thesis presented a work on human wrist

movements during kinematically redundant pointing tasks in free motion and during

the interaction with a state-of-the-art highly back-drivable robot which is currently

used for post-stroke neurorehabilitation therapy. During assessment a constraining

behavior was demonstrated and the effects of system mechanical impedance reduc-

tion were analyzed by means of a basic direct force control scheme. After reducing

robot impedance subjects regained natural motor behavior with features similar to

the ones exhibited during free motion. The work demonstrated the need of coping

with neural strategies in performing motor tasks, which are not properly taken into
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account in current design of rehabilitation robots and it emphasized the possibility

of minimizing perturbations to human natural motion even using simple solutions

like a well known direct force control approach.

Intrinsic dynamical properties of robots can greatly benefit from the use of com-

pliant actuators and passive joints with visco-elastic properties, especially for opti-

mal interaction with the external environment and human body. In this regards,

this thesis dealt with the analysis of rotary double actuation compliant systems

used to separately control position and impedance in different application fields. A

classification was introduced, including three main categories: serial, parallel and

physically controllable impedance. A critical analysis of the relevant features of each

presented architecture was carried out, identifying some common traits for the in-

troduced categories. The overview and comparison of these systems can represent

a general guideline for future designs of actuators. On this basis a new actuation

system, Variable Impedance Differential Actuator (VIDA), was proposed. Based

on an electromechanical model of the system, expected performances in different

conditions were evaluated through simulations. The system comprised two active

elements serially connected through a differential transmission to regulate position

and impedance through two distinct SISO controls of the two input output shafts.

New prototypes of active and passive joints were also presented and performances

were experimentally verified. The proposed rotary SEA is a particular implementa-

tion of a more general modular architecture, and it fulfills requirements of a knee

assistive device. A major novelty element of the system is the compliant element

which was purposively designed and fabricated. Lower stiffness than expected was

experimentally experienced probably due to discrepancy between nominal and ac-

tual properties of the employed material and to fabrication inaccuracies. A velocity-

sourced type torque control scheme was implemented to regulate a maximum torque

of 10 N·m with a bandwidth of 5 Hz. These performances were evaluated experi-

mentally using non parametric system identification techniques. Impedance control

was also implemented and response to externally applied perturbations were mea-

sured, demonstrating the capability of rendering virtual stiffness and damping fields
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in ranges compatible with human assistance applications. A preliminary design of a

more powerful SEA, with motor mass decentralized with respect to the spring and

the output shaft, was also described and the characterization of the elastic elements

was reported.

A purely mechanical rotary passive ViscoElastic Joint (pVEJ) was presented,

which integrated a torsion spring (Stiffness module, Sm) and damper (Damping

module, Dm) acting in parallel. The system allows an easy pre-set of the mechanical

impedance by replacing a single component and regulating viscous friction through a

valve. Experimental characterization of the submodules was performed. For the Sm,

constant, linear and quadratic stiffness-angle profiles were correctly rendered, with

stiffness values slightly differing from the expected ones due to approximations of the

analytical model used for cam design and to fabrication inaccuracies. The capability

of the Dm to behave as a torsion damper also with regulable properties was assessed.

The experimental minimum damping was found to be one order of magnitude higher

than the theoretical value. This discrepancy was likely due to to simplifications

introduced in the analytical calculation. In particular, in the prototype energy losses

associated to tube compression and a further localized pressure drop occurring at the

connector between the two ends of the tube increased the resultant damping action.

6.1 Future works

Starting from the presented thesis, many activities can be foreseen as future

works. The design of novel machines optimizing human-robot interaction in assis-

tance and rehabilitation applications can leverage guidelines introduced here regard-

ing i) robots compatibility with human neural strategies underlying motor tasks, and

ii) variable impedance actuators designs, based on their classification and compar-

ative analysis. Moreover, developed and tested compact active and passive compo-

nents, i.e. rotary SEAs and pVEJ can be included in wearable robots with compliant

structural properties.

Regarding specific activities reported in this thesis, a more extensive investigation

is planned on human-robot interaction during pointing tasks with the wrist. The pre-
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sented method could allow to examine the effects of different levels of back-drivability

on human natural movements and to point out which is the range of impedance val-

ues able to avoid constraining behaviors, thus suggesting new requirements for the

design of rehabilitation robots which currently only consider biomechanical aspects.

Developed active and passive joints will be used in the research framework of the

European Project Evryon1. The project explores a novel design methodology for

wearable robots with the aim of embedding proper mechanical properties (structural

embodied intelligence) so that the intrinsic human-robot coupling can elicit a target

physiological movement as emerging dynamics; the methodology is applied to the de-

velopment of a robot for gait assistance. This design is pursued using co-optimization

computational methods where robot morphology (topological links-joints intercon-

nections and kinematic/dynamic properties) and control undergo an artificial evo-

lution. Co-evolutionary algorithms run in a physics-based simulation environment

where human body is modeled (based on real biomechanical data) and robot mor-

phology/control features are opportunely parametrized and encoded. Based on the

results of the co-optimization process, an actual prototype is going to be developed,

including components described in this thesis. In particular, the presented bench

SEA prototype, with distributed architecture, will be optimized and experimentally

characterized to be integrated in the hip and knee flexion/extension modules. A

CAD drawing of the robot currently under development is reported in Fig. 6.1.

Moreover, an activity recently started in thigh collaboration with the Laboratory

of Bioinspired Robotics (BioRob) of the École Polytechnique Fédérale de Lausanne

(EPFL), aims at applying the mentioned co-evolutionary approach to design a system

able to assist knee movements in sitting condition while exploiting its own intrinsic

dynamics coupled to that of the human leg. The design of this 1-DOF system is

meant to be a simplified proof of concept of the proposed methodology and it can

represent an important starting point to understand potentialities and limitations of

the approach. In the prototype to be developed, the rotary SEA presented in this

thesis will be employed (see Fig. 6.2).

The same actuator is expected to be included also in a wearable active orthosis

1FP7 FET Proactive Initiative Embodied Intelligence of the European Commission, project no.
ICT-2007.8.5-231451 - EVRYON (EVolving morphologies for human-Robot sYmbiotic interactiON).
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Figure 6.1: CAD drawing of the robot under development within the framework
of the Evryon project: the design is guided by co-evolutionary simulations. For
the knee and hip flexion/extension modules, optimized versions of the presented
distributed SEAs are employed.
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Figure 6.2: CAD drawing of a representative morphology for a knee assistive robot
designed through co-evolutionary optimization method. The presented SEA is in-
cluded. 1: SEA, 2, 6: links, 3, 5: additional masses, 4: elastic joint, 7: passive
joint.

Tesi di dottorato in Ingegneria Biomedica, di Nevio Luigi Tagliamonte, 
discussa presso l’Università Campus Bio-Medico di Roma in data 20/03/2012. 
La disseminazione e la riproduzione di questo documento sono consentite per scopi di didattica e ricerca, 
a condizione che ne venga citata la fonte



154 CHAPTER 6. CONCLUSIONS

Figure 6.3: CAD drawing of an assistive knee orthosis integrating the presented
SEA.

for knee assistance during overground walking, as represented in Fig. 6.3.

For these applications further characterization tests will be performed, also con-

sidering in details coupled stability issues and verifying effectiveness of the system

within an actual human robot-interaction scenario.

Regarding the pVEJ device, an on-line damping control system will be intro-

duced by connecting the pressure regulator to a motor. Further experimental ac-

tivities could include the analysis of damping capability in the case of fluids with

higher viscosity, and a dynamical characterization of the system to evaluate inertial

properties and other sources of damping/elasticity. Therefore, since the prototype

has been mainly developed for demonstration purposes, a further optimization of

mass and weight can be pursued to improve integration in actual wearable robot

designs. Possible uses as passive series element of active joints can be foreseen.
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Appendix A

Kinematics of the InMotion3

wrist robot

In section 2.2.1 kinematic operators for the InMotion3 robot were used. Here

more details are reported, based on the kinematic scheme of Fig. 2.4.

Let pij indicate the 3×1 position vector of the origin of frame j from the origin of

frame i and Rij the 3×3 rotation matrix describing the orientation of frame j with

respect to frame i. The related homogeneous representation is given by the matrix:

gij =


 Rij pij

0 1


 (A.1)

In particular, for the three frames of Fig. 2.4:

go1 =




cos(t1) 0 sin(t1) 0

sin(t1) 0 − cos(t1) 0

0 1 0 (l + d)

0 0 0 1




(A.2)

g12 =




− sin(t2) 0 − cos(t2) a

cos(t2) 0 − sin(t2) 0

0 −1 0 0

0 0 0 1




(A.3)
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g2s =




cos(t3) − sin(t3) 0 b cos(t3)

sin(t3) cos(t3) 0 b sin(t3)

0 0 1 c

0 0 0 1




(A.4)

and

gos = go1(t1)g12(t2)g2s(t3) (A.5)

go2 = go1(t1)g12(t2) (A.6)

A.1 Direct kinematics

Based on (A.1), direct kinematics in terms of Ros matrix and pos vector (as

introduced in section 2.2.1) can be written as:

Ros[1, 1] = − sin(t1) sin(t3)− cos(t1) cos(t3) sin(t2)

Ros[1, 2] = cos(t1) sin(t2) sin(t3)− cos(t3) sin(t1)

Ros[1, 3] = − cos(t1) cos(t2)

Ros[2, 1] = cos(t1) sin(t3)− cos(t3) sin(t1) sin(t2)

Ros[2, 2] = cos(t1) cos(t3) + sin(t1) sin(t2) sin(t3)

Ros[2, 3] = − cos(t2) sin(t1)

Ros[3, 1] = cos(t2) cos(t3)

Ros[3, 2] = − cos(t2) sin(t3)

Ros[3, 3] = − sin(t2)

pos[1, 1] = a cos(t1)− c cos(t1) cos(t2)− b sin(t1) sin(t3)− b cos(t1) cos(t3) sin(t2)

pos[2, 1] = a sin(t1) + b cos(t1) sin(t3)− c cos(t2) sin(t1)− b cos(t3) sin(t1) sin(t2)

pos[3, 1] = d+ l − c sin(t2) + b cos(t2) cos(t3)
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A.2 Jacobian matrix

Jacobian matrix is calculated as reported in [138]:

J =


 zo ∧ (pos − po) z1 ∧ (pos − po1) z2 ∧ (pos − po2)

zo z1 z2


 (A.7)

in which

zo =
[

0 0 1
]T

(A.8)

z1 =
[
go1[1, 3] go1[2, 3] go1[3, 3]

]T
(A.9)

z2 =
[
go2[1, 3] go2[2, 3] go2[3, 3]

]T
(A.10)

po =
[

0 0 0
]T

(A.11)

po1 =
[
go1[1, 4] go1[2, 4] go1[3, 4]

]T
(A.12)

po2 =
[
go2[1, 4] go2[2, 4] go2[3, 4]

]T
(A.13)

The resulting elements of the matrix (A.7) are:
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J [1, 1] = c cos(t2) sin(t1)− b cos(t1) sin(t3)− a sin(t1) + b cos(t3) sin(t1) sin(t2)

J [1, 2] = cos(t1)[c sin(t2)− b cos(t2) cos(t3)]

J [1, 3] = cos(t2) sin(t1)[c sin(t2)− b cos(t2) cos(t3)]− sin(t2)[c cos(t2) sin(t1) +

− b cos(t1) sin(t3) + b cos(t3) sin(t1) sin(t2)]

J [2, 1] = a cos(t1)− c cos(t1) cos(t2)− b sin(t1) sin(t3)− b cos(t1) cos(t3) sin(t2)

J [2, 2] = sin(t1)[c sin(t2)− b cos(t2) cos(t3)]

J [2, 3] = sin(t2)[c cos(t1) cos(t2) + b sin(t1) sin(t3) + b cos(t1) cos(t3) sin(t2)] +

− cos(t1) cos(t2)[c sin(t2)− b cos(t2) cos(t3)]

J [3, 2] = sin(t1)[a sin(t1) + b cos(t1) sin(t3)− c cos(t2) sin(t1)− b cos(t3) sin(t1) sin(t2)] +

− cos(t1)[c cos(t1) cos(t2)− a cos(t1) + b sin(t1) sin(t3) + b cos(t1) cos(t3) sin(t2)]

J [3, 3] = cos(t1) cos(t2)[c cos(t2) sin(t1)− b cos(t1) sin(t3) + b cos(t3) sin(t1) sin(t2)] +

− cos(t2) sin(t1)[c cos(t1) cos(t2) + b sin(t1) sin(t3) + b cos(t1) cos(t3) sin(t2)]

J [4, 2] = sin(t1)

J [4, 3] = − cos(t1) cos(t2)

J [5, 2] = − cos(t1)

J [5, 3] = − cos(t2) sin(t1)

J [6, 1] = 1

J [6, 3] = − sin(t2)

J [3, 1] = J [4, 1] = J [5, 1] = J [6, 2] = 0

A.3 Adjoint matrix

According to (2.11) the elements of the adjoint matrix are:
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Adgos [1, 1] = − sin(t1) sin(t3)− cos(t1) cos(t3) sin(t2)

Adgos [1, 2] = cos(t1) sin(t2) sin(t3)− cos(t3) sin(t1),− cos(t1) cos(t2)

Adgos [1, 3] = − cos(t1) cos(t2)

Adgos [1, 5] = c sin(t2)− l − d− b cos(t2) cos(t3)

Adgos [1, 6] = a sin(t1) + b cos(t1) sin(t3)− c cos(t2) sin(t1)− b cos(t3) sin(t1) sin(t2)

Adgos [2, 1] = cos(t1) sin(t3)− cos(t3) sin(t1) sin(t2)

Adgos [2, 1] = cos(t1) cos(t3) + sin(t1) sin(t2) sin(t3)

Adgos [2, 3] = − cos(t2) sin(t1)

Adgos [2, 4] = d+ l − c sin(t2) + b cos(t2) cos(t3)

Adgos [2, 6] = c cos(t1) cos(t2)− a cos(t1) + b sin(t1) sin(t3) + b cos(t1) cos(t3) sin(t2)

Adgos [3, 1] = cos(t2) cos(t3)

Adgos [3, 2] = − cos(t2) sin(t3)

Adgos [3, 3] = − sin(t2)

Adgos [3, 4] = c cos(t2) sin(t1)− b cos(t1) sin(t3)− a sin(t1) + b cos(t3) sin(t1) sin(t2)

Adgos [3, 5] = a cos(t1)− c cos(t1) cos(t2)− b sin(t1) sin(t3)− b cos(t1) cos(t3) sin(t2)

Adgos [4, 4] = − sin(t1) sin(t3)− cos(t1) cos(t3) sin(t2)

Adgos [4, 5] = cos(t1) sin(t2) sin(t3)− cos(t3) sin(t1)

Adgos [4, 6] = − cos(t1) cos(t2)

Adgos [5, 4] = cos(t1) sin(t3)− cos(t3) sin(t1) sin(t2)

Adgos [5, 5] = cos(t1) cos(t3) + sin(t1) sin(t2) sin(t3)

Adgos [5, 6] = − cos(t2) sin(t1)

Adgos [6, 4] = cos(t2) cos(t3)

Adgos [6, 5] = − cos(t2) sin(t3)

Adgos [6, 6] = − sin(t2)

Adgos [1, 4] = Adgos [2, 5] = Adgos [3, 6] = Adgos [4, 1] = Adgos [4, 2] = Adgos [4, 3]

= Adgos [5, 1] = Adgos [5, 2] = Adgos [5, 3] = Adgos [6, 1] = Adgos [6, 2]

= Adgos [6, 3] = 0
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