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Abstract

Complex networks are graphs that represent systems of interconnected components, dis-
tinguished by non-trivial structural features that set them apart from regular or random
graphs. They model systems by assigning nodes to each entity of the system, connected
by their interactions (edges), and usually exhibiting emergent patterns and properties that
are not easily inferred from individual components. Two important types of networks in
biology are food webs and contact networks, with the former modelling “who eats whom”
in ecosystems and the latter modelling “who meets whom” in populations.

Food webs are a specific type of complex networks that model energy and matter exchange
in ecosystems. Understanding the patterns of these networks is important for identifying key
species, assessing ecosystem health and stability, and predicting the effects of environmental
disturbance. Contact networks represent one of the most important frameworks in fields
such as epidemiology, where the particular structural properties of these networks have
a significant impact on the dynamics of disease spread, making realistic models of these
networks necessary to predict and control these dynamics.

The objective of this thesis is twofold: first, to measure and analyze the patterns of
aquatic food webs, aiming to gain deeper insights into their structural and functional prop-
erties; second, to propose a network model to incorporate group mixing for constructing

more realistic contact networks.
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Chapter 1

Introduction

The purpose of this chapter is to introduce the reader to the problems addressed in this
thesis, their significance and applications, the state of the art, the contributions of this
work.

The main focus of this thesis is to analyze the structural organization of complex net-
works in ecological and epidemiological contexts, while also introducing a novel modeling
framework to address challenges in network generation. Complex networks are graphs with
non-trivial topological features and emergent properties, such as heterogeneous degree dis-
tributions, high clustering coefficients, community structures, and small-world effects. These
characteristics distinguish them from regular or random graphs and are fundamental to un-
derstanding the dynamics and behaviors of many real-world systems [145, 152, 1].

In the study of food webs, this thesis aims to investigate the structural properties that
govern aquatic ecosystems. Food webs are networks where nodes represent species and pools
of organic matter and edges signify trophic interactions—essentially, “who eats whom” [190].
Although these networks are important for understanding ecosystem organization and re-
silience, existing datasets for aquatic food webs are often confined to a small number of
ecosystem models. This scarcity limits systematic analyses, undermining understanding of
ecosystem dynamics and resilience. Addressing these gaps is needed for multiple reasons:
analyzing food web structures offers insight into global structural patterns common across
ecosystems [34] and informs assessments of ecosystem resilience and responses to pertur-
bations [66, 67], particularly in the face of global challenges such as climate change and
biodiversity loss [135, 55].

In the domain of contact networks, this thesis addresses the challenge of defining realistic
network models that capture known structural properties of human interactions. Contact
networks, which represent physical proximity such as face-to-face interactions [14], provide

a framework for understanding disease transmission dynamics. However, collecting compre-
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CHAPTER 1. INTRODUCTION

hensive data on large-scale contact networks remains challenging: while surveys and wearable
sensors provide valuable information, their utility is often constrained by scale, noise, and
high costs [68]. To address these limitations, realistic models are important for capturing
the characteristics of contact networks that influence epidemic dynamics—such as hetero-
geneous degree distributions, high clustering coefficients, and community structure. These
models enable accurate simulations of outbreak scenarios and support effective public health
interventions.

This thesis makes two contributions. First, it provides a detailed analysis of the structural
features of aquatic food webs by analyzing 173 networks, including their organization, critical
nodes, and three-species interaction patterns. Second, it proposes a synthetic modeling
framework for contact networks that overcomes limitations in existing approaches, generating
realistic graphs that align with observed social interaction patterns. The source code and
datasets employed for both the food web analysis and synthetic network generation of this

research are publicly accessible via two dedicated GitHub repositories.

1.1 Problem Definition and Motivation

Despite their important role in understanding ecosystem stability and biodiversity, the de-
tailed structural characteristics of aquatic food webs are still underexplored. In this thesis,
we focus on three interrelated challenges: analyzing core-periphery structures, identifying
critical nodes, and examining the representation patterns of three-node motifs. The core-
periphery structure is the partition of a network into two distinct sets: a densely connected
core and a sparsely connected periphery, it reveals species’ distinct roles, nutrient trans-
fer pathways, and has been linked to ecosystem stability and persistence in the context
of other ecological networks, such as pollinators [139, 119]. Critical nodes are the species
whose removal severely disrupts network connectivity [154]. Their identification is essential
for maintaining ecosystem resilience, especially in the face of threats such as habitat de-
struction, invasive species, climate change, and pollution [196]. Three-node motifs, which
represent recurring patterns of interactions between three species [140], bridge the gap be-
tween pairwise connections and the entire network, offering a meso-scale perspective that
complements controlled experimental studies [188]. Understanding these structural features
is vital for assessing ecosystem resilience, informing conservation strategies, and addressing
global challenges like climate change and biodiversity loss.

The second problem involves the generation of realistic synthetic contact networks. Con-
tact networks, which model face-to-face interactions between individuals, are critical for

understanding the dynamics of disease transmission [14, 185]. However, obtaining large-
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CHAPTER 1. INTRODUCTION

scale contact network data remains challenging due to cost, privacy concerns, and noise in
data collection methods such as surveys and wearable sensors [68]. This thesis addresses
this limitation by proposing a random network model capable of incorporating three con-
trollable topological properties: degree distribution, clustering, and community structure.
Degree distribution reflects the variation in individual interactions, with high-degree nodes
acting as potential super-spreaders in epidemic scenarios [153]. Clustering captures the
localized nature of social interactions, influencing how diseases spread within tightly con-
nected groups [28]. Community structure mirrors real-world stratifications, such as age or
geographic groups observed in urban populations, and determines how outbreaks propagate
within and across subpopulations [84]. These features are essential for simulating realistic
outbreak scenarios, guiding public health interventions and supporting broader applications,
such as in sociology, transportation, and modeling interaction networks like needle-sharing
or sexual contacts [88]. By integrating these topological features into a single framework,
the proposed model overcomes the limitations of existing approaches, providing a versatile
tool for studying diverse network dynamics.

Both problems addressed in this thesis are united by their importance in tackling contem-
porary challenges. The analysis of aquatic food webs aids decision-makers in implementing
science-based conservation actions, ensuring the sustainability of ecosystems that support
human and ecological well-being. Similarly, realistic synthetic contact networks enable ac-
curate simulations of epidemic outbreaks, informing interventions to mitigate their impacts

and contributing to broader applications in network science.

1.2 Previous Research and Limitations

1.2.1 Aquatic Food Webs

Structural properties of food webs

Research on food web topology has revealed fundamental universal patterns, including a
quantifiable scaling relationship between network connectance and species count, and a log-
arithmic correlation between network diameter and species abundance [65, 66, 34, 198, 122].
These empirical regularities suggest the existence of common organizational principles under-
lying ecosystem structure, providing a theoretical foundation for the development of robust
models of trophic interactions.

Food webs exhibit a broad range of connectance values, defined as the fraction of all

possible links that are realized (L/S?). Typically it ranges between 0.03 and 0.3 across
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CHAPTER 1. INTRODUCTION

different communities [18]. Higher connectance tends to correlate with greater stability,
as densely interconnected webs are more robust to species loss as demonstrated by Jennifer
Dunne and colleagues [66]. Many food webs exhibit small-world characteristics, meaning that
most species are reachable from any other species through a small number of intermediate
connections. One of these characteristics is short path lengths, which facilitate quick energy
or nutrient transfer between species. However, clustering coefficients tend to be low, which
may result from the limited size of these networks [206]. Unlike other networks, food webs
generally do not display a power-law degree distribution and instead show an exponential
or uniform distribution [214]. This pattern is attributed to the limited size and higher
connectance of food webs, preventing the highly skewed distributions often seen in larger,
sparser networks [206].

In addition to food webs, the analysis of other ecological networks has been of great
interest to biologists in the past. For example it has been shown that the dynamics within
ecological networks can exhibit core-periphery structures, as seen in plant-pollinator sys-
tems [139, 51, 179]. The core-periphery structure of an ecological network, which parti-
tions the network into a densely connected core and a sparsely connected periphery, has
been widely recognized as a framework for understanding species roles and ecosystem dy-
namics [51]. This structure highlights the functional differentiation within ecosystems,
highlighting the roles species play in maintaining stability and facilitating nutrient trans-
fer [216, 15, 170]. Miele et al. [139] explored this concept in a plant-pollinator network,
showing that core species—those with many interactions—play a critical role in maintaining
network cohesion, while peripheral species provide functional redundancy and adaptability.
Such structures ensure that networks remain robust even when subjected to species loss or
environmental changes.

Although core-periphery structures have been thoroughly investigated in mutualistic and
pollinator networks, their application and analysis in food web contexts remain understudied.
This represents a significant research gap, as these structural patterns have demonstrated
considerable importance for understanding network architecture and the dynamics of stabil-

ity within food web ecosystems.

Robustness of food webs due to extinction and critical nodes

The structure of a food web provides critical insights into its robustness against species
loss [66, 65]. Critical species play a role in maintaining ecosystem stability and resilience
through their presence. Their identification is particularly relevant given the increasing pres-
sures on aquatic ecosystems, including habitat destruction, invasive species, climate change,

and pollution [16, 12, 2]. For example, recent research highlights how ocean acidification and
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CHAPTER 1. INTRODUCTION

warming disrupt plankton communities, with cascading effects on the entire food web [39];
while Baum et al. [17] emphasized how the decline of top predators can destabilize entire
marine communities. These cases demonstrate the importance of using network analysis to
understand and predict the consequences of environmental changes on aquatic food webs.
This relationship extends to other types of ecological networks. Such knowledge is essential
for guiding conservation efforts and mitigating the effects of biodiversity loss, particularly
in the face of accelerating environmental changes driven by human activity and climate
change [118, 167]. Sheykhali et al. in [179] investigated how mutualistic bipartite ecologi-
cal networks—comprising resource (e.g., plant) and consumer (e.g., pollinator)—respond to
species extinction through adaptation or rewiring of interactions. Using random and targeted
extinction scenarios (that is, selecting the resource to remove proportionally to its degree),
the authors examined the effects of rewiring based on resource affinity (that is, the extinct
resource is replaced by another resource selected proportionally to the number of common
consumers shared with it). They found that the robustness of the networks are strongly
influenced by targeted species removal, especially when paired with affinity-driven rewiring.
Notably, modularity and stability tend to increase as networks reorganize to buffer against
co-extinctions, suggesting that resource-affinity rewiring helps preserve network structure by
enhancing compartmentalization and limiting the spread of disruptions across the network.
Pocock et al. [160] conducted a study on a 125-ha farm in Somerset, UK, where they sampled
various types of ecological networks within the same ecosystem, including food webs, polli-
nation networks, and host-parasitoid webs. Their findings revealed that networks involving
pollinators were notably fragile. Additionally, they observed that the robustness of different
network types did not strongly covary, indicating that ecological restoration efforts aimed at
supporting one functional group may not necessarily benefit others.

When it comes to food webs, common strategies for testing robustness and identifying the
sequence of the most critical species include: (1) targeting the most connected species; (2)
randomly selecting species; (3) selecting the most connected species but excluding primary
producers; and (4) targeting the least connected species [66, 67]. In these studies, robustness
is typically defined as the fraction of species that must be removed to cause a total species
loss (primary removals plus secondary extinctions) of > 50% of the original web. The main
findings indicate that food webs are generally more resilient to random species loss than to
the targeted removal of highly connected species. Furthermore, robustness tends to increase
with higher connectance defined as the ratio between the nodes of a food web over the total
amount of links, suggesting that food webs with denser connections among species are less
susceptible to species loss.

Allesina et al. [5] proposed a method where nodes are removed gradually based on their
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degree in a generalized dominator graph. In this graph, resource nodes serve as roots, and
edges represent feeding interactions. This approach shifts the focus from individual species
to their roles within the network.

Previous studies on food webs have investigated whether network robustness is influenced
by factors beyond local properties. Their findings revealed that neither species richness nor
omnivory (species feeding across multiple trophic levels) significantly correlate with food
web robustness. However, when identifying the most critical node sequence, the procedures

primarily rely on local properties, particularly node degree.

Three-nodes motifs

A motif is a small recurring pattern of interactions among a defined number of species. In
food webs, for instance, there are 13 unique motifs involving three interacting species [140,
188]. The study of three-node motifs provides a meso-scale perspective on ecosystem dynam-
ics, bridging the gap between pairwise interactions and the overall network structure [162].
These recurring patterns, such as exploitative and apparent competition [91], serve as fun-
damental building blocks for food webs, enabling researchers to investigate the factors con-
tributing to dynamical stability [187]. Additionally, the analysis of three-node motifs com-
plements controlled experimental approaches, such as mesocosm studies [188], by offering a
scalable framework for extrapolating findings to more complex ecological systems.

Motif roles capture both direct and indirect ecological interactions, enabling a deeper un-
derstanding of the roles of the species within ecosystems beyond traditional metrics such as
degree or trophic level [45]. Their effectiveness comes from their ability to analyze network-
wide interaction patterns, including complex dynamics like trophic loops and intraguild
predation [131]. Studies have revealed universal topological patterns in empirical food webs,
independent of their size and connectivity. Milo et al. in [140], building on Williams and
Martinez’s approach in [207], developed a method to detect "network motifs” - recurring,
significant interconnection patterns. Their analysis of three- and four-node subgraphs across
various networks revealed that while food webs exhibit unique three-node motif patterns,
they share four-node motif characteristics with neuronal and electronic networks. The autors
suggest that these motifs likely emerge from evolutionary constraints on network develop-
ment. Stouffer et al. [188] analyze a broader set of food webs by examining the representation
of three-node motifs, which measures how frequently a motif appears in a network when ran-
domized under specific constraints. They identified two main types of food webs: one that is
rich in intraguild predation and has low levels of competition, and another with the opposite
representation. The authors suggest that this observed pattern may stem from biological

factors and conclude that it “would be interesting to explore further the ecological or environ-
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mental reasons why these two food webs exhibit over-representation of isolated exploitative
competition and isolated generalist predation”. Additionally, motif roles have been applied
to understand the stability o by linking the frequency of specific motifs to network stabil-
ity [187]. Klaise et al. [104] developed a food web model that can replicate these distinct
representation patterns. By adjusting a single parameter, the trophic coherence, their model
can generate food webs that belong to one of the two motif families,.

The study of motif representation often complements the analysis of community modules,
which are minimal yet realistic models describing groups of three interacting species [188].
Community modules aim to reveal how ecological patterns are shaped by both the structural
organization of ecosystems and species interactions. For example, in freshwater ecosystems,
omnivores—frequently involved in intraguild predation—adjust their foraging behavior to
target the most abundant resources. This behavioral flexibility enables them to persist un-
der varying environmental conditions, particularly as system productivity fluctuates [210].
Moreover, they offer valuable insights into changes in population dynamics and their effects
on stability. For example, intraguild predation, a common motif, interacts with competition
to shape population dynamics [161, 204]. A notable case occurs when threadfin shad are
introduced to boost largemouth bass populations. While shad initially serve as prey for
adult bass, they also compete with juvenile bass and bluegills for plankton. This compe-
tition reduces juvenile bass survival and growth, leading to fewer individuals reaching the
piscivorous adult stage. Consequently, the smaller adult bass population preys on the shad,
demonstrating how competition and predation within a module directly influence ecosystem
stability [120].

Despite their utility, community modules alone cannot fully capture the dynamics of
entire food webs. For instance, intraguild predation persists only under specific ecological
conditions [187], even though it frequently appears in natural food webs. This highlights the
importance of integrating external ecological factors into the analysis of community modules.
Resource availability [92] and habitat complexity [99], for instance, significantly shape species

interactions and converge in stabilizing or destabilizing these modules.

Beyond Network Analysis: Information Theory Meets Ecology

Traditional network analysis primarily focuses on structural characteristics, such as connec-
tivity, degree distribution, and community detection. However, information theory offers a
set of complementary tools that can enhance the analysis of food webs by focusing on the
dynamics of interactions within these networks.

Information theory provides a powerful framework for analyzing food webs by quantifying

the uncertainty and complexity of species interactions. For example, Robert Ulanowicz lever-
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aged these concepts to examine ecosystem development and health, offering a systematic way
to assess the balance between order and adaptability in energy flows within ecosystems [194].
These indices enable researchers to evaluate an ecosystem’s resilience and adaptability in re-
sponse to external pressures, such as climate change, provided that data from multiple time
periods is available.

Applying information theory to time-series data on species abundances and interactions
offers a powerful way to capture how the roles of species within food webs evolve over time
and under changing environmental conditions. This dynamic perspective allows researchers
to understand the transient states of ecosystems—such as during recovery from disturbances
or adaptation to new environmental regimes [176].

These measures are particularly valuable for informing policy-makers and businesses on
regulating activities related to fishing and resource exploitation. An illustrative example
comes from [159], where methods to improve restoration policies are discussed as critical
for addressing the fisheries crisis. The author suggests that whole-ecosystem indices, when
combined with biodiversity metrics, can be used to assess an ecosystem’s resilience. By
employing simulation models, the historical state of an ecosystem can be estimated, allowing
for predictions of future scenarios. These simulations help guide management decisions,
aiming to balance economic objectives, such as net present value (NPV), with maintaining

ecosystem health as indicated by biodiversity.

Beyond Food Webs: Ecological Networks

Research on the structure of food webs is just one example of a broad interdisciplinary
research agenda on the structure of all types of networks, both biotic and abiotic. Food webs
describe the biological organization in ecological communities, in particular they model how
a diverse array of species interact through feeding relationships. However, understanding
ecosystems requires a more comprehensive approach that goes beyond trophic interactions
to include various types of ecological networks. These networks encompass a wide range
of relationships such as mutualistic interactions, competition, and even the role of abiotic
factors like nutrient flows.

For instance, ecological networks have been expanded to include non-trophic interac-
tions, such as competition for resources or mutualistic relationships between species like
pollinators and plants. This broader framework helps in understanding how these interac-
tions collectively shape the dynamics and stability of ecosystems [31]. Mutualistic networks,
such as those involving plant-pollinator relationships, have been shown to possess structural
properties that confer robustness against disturbances. The architecture of these networks,

characterized by nestedness and high connectivity, has been identified as a critical factor in
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maintaining their stability, as observed by Thébault and Fontaine [189]. Their work high-
lights that while mutualistic networks benefit from nested structures to maintain stability,
trophic networks often rely on compartmentalization to buffer against disturbances.

In addition, the study of spatially structured ecological networks, that couple localized
resources (food) and habitats, highlights the importance of spatial separation and disper-
sal among species in influencing network structure and stability, highlighting how localized

interactions and movements shape broader ecological patterns [168].

Applications of food webs analysis

Memmott [134] identified different areas where food webs and other ecological networks
such as pollinators, host-parassitoids and mutualistic webs have emerged as applied tools,
demonstrating their versatility and importance in addressing ecological challenges. Food
webs serve as essential tools in ecological restoration, guiding the rebuilding of damaged
ecosystems. Beyond just tracking species presence, restoration projects must consider func-
tional relationships and interactions between species [69]. Since direct structural comparisons
between sites are challenging due to varying species composition [209], ecological networks
provide valuable insights into community structure, function, and resilience during ecosystem
recovery.

Alien species represent the second greatest threat to global biodiversity after habitat
loss [173]. While most research examines their impact at single trophic levels, food webs
reveal complex indirect effects like apparent competition [93] that traditional survey methods
miss. The interconnected nature of ecosystems means that losing native species to alien
invasions can trigger cascading extinctions affecting parasitoids, parasites, and pathogens -
groups that significantly influence community structure [35].

Habitat management often involves removing alien plants to protect native species. How-
ever, this practice’s benefits are largely untested. Research by Carvalheiro et al. [35] on Trinia
glauca revealed that its ant pollinators also fed on alien plants. Their network simulations,
which allowed for host shifting, demonstrated that removing alien plants could inadvertently
harm T. glauca by disrupting its pollinator populations, suggesting that alien plant removal
strategies require careful consideration of potential indirect effects on native species.

Climate change threatens species not only through direct habitat loss [80] and disrupted
ecological partnerships, but also through mass disruption of ecological interactions. Mem-
mott et al. [135] demonstrated this by studying plant-pollinator networks, finding that
climate-induced shifts in flowering and pollinator activity timing could reduce floral resources
for 17% to 50% of pollinator species. Their analysis of a network involving 1419 pollinators

and 429 plant species suggested that these phenological mismatches could trigger cascading
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extinctions, affecting both pollinators and their dependant plants.

1.2.2 Contact Networks

Structural properties of contact networks

Studies on large-scale contact patterns, such as POLYMOD [143] and SOCRATES [205],
have demonstrated that face-to-face interactions in a population are often stratified into
communities featuring dense in-group connections with sparse intergroup ties. This effect,
often called group mizing, reflects age-based, occupational, or geographical divisions within
populations. Many real-world social networks often display a form of group mixing, driven
by individuals’ natural inclination to socialize with others who share similar interests or
attributes, as highlighted by McPherson et al. [133]. Other studies of social networks, which
model various types of interactions between individuals (e.g., friendships or professional
collaborations [145]), serve as proxies for understanding contact networks. These studies
reveal two key feature: heterogeneity, which refers to the uneven distribution of connections
across nodes in the network, and high clustering coefficient, which measures the proportion
of fully connected triplets in a network, indicating the prevalence of tightly-knit groups.
These structural features—heterogeneous degree distribution, community structure, and
high clustering—profoundly influence the dynamics of epidemic spread. Heterogeneous de-
gree distributions imply that a small number of highly connected nodes (hubs) can dispro-
portionately influence the spread of a disease, acting as super-spreaders and facilitating rapid
transmission across the network [153]. Conversely, individuals with fewer connections are less
likely to contribute significantly to disease propagation. Group stratification suggests that
diseases initially propagate rapidly within tightly connected in-groups but require intergroup
ties to spread to the broader population. This dynamic can slow the overall progression of
an epidemic, creating natural barriers that may delay its spread [14]. High clustering coeffi-
cient indicates a higher prevalence of redundant connections, which can diminish the spread
within tightly connected groups, as infections are less likely to exploit redundant ties when

other direct pathways exist [24].

1.2.3 Contemporary methods for recreating contact patterns

Accurate modeling of contact patterns is crucial for understanding disease transmission
and designing effective epidemiological interventions. These patterns form the backbone
of network epidemiology, offering insights into the dynamics of infectious diseases within

populations. Modern methodologies leverage advancements in computational techniques,
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real-world data, and theoretical modeling to recreate contact networks. This section reviews
three primary approaches—data-driven methods, agent-based models, and synthetic network
generation—highlighting their methodologies, advantages, and limitations.

Data-driven methods rely on empirical datasets, such as school attendance records, work-
place rosters, and mobility data, to infer contact patterns. For example, Mossong et al. [143]
constructed age-specific contact matrices across Europe using survey data, while Prem et
al. [165] applied Bayesian hierarchical modeling to integrate datasets with varying levels
of granularity. Statistical techniques such as exponential random graph models (ERGMs)
and latent space models allow researchers to reconstruct network structures from observed
interactions [95]. Hens et al. [89] mined social mixing patterns from Belgian population
surveys, providing critical insights for epidemiological models. Despite offering high realism
and context-specific applicability, these methods are often limited by data availability and
ethical concerns surrounding the use of sensitive information.

Agent-based models (ABMs) simulate populations computationally, where agents repre-
sent individuals with attributes such as age, occupation, and health status. These models
draw input parameters from census data, epidemiological surveys, and demographic studies,
incorporating features like transmission probabilities and mobility patterns [137, 9, 48]. Vali-
dated against historical outbreaks or synthetic benchmarks, ABMs align simulated dynamics
with real-world observations. Ferguson et al. [72] utilized an ABM to evaluate the impact of
interventions like school closures and vaccination during influenza outbreaks in the US and
UK. Similarly, Fumanelli et al. [75] leveraged demographic data to infer social networks for
disease simulations, while lozzi et al. [97] combined ABMs with serological data to validate
transmission estimates. Although ABMs excel in capturing behavioral and temporal het-
erogeneities, their computational demands and sensitivity to assumptions pose significant
challenges.

Synthetic network generation focuses on creating artificial networks that replicate the
structural properties of observed systems, emphasizing metrics like degree distributions, clus-
tering coefficients, and assortativity. Classical models, including Erdés-Rényi and Barabasi-
Albert, produce networks with random and scale-free properties, respectively [10]. Configura-
tion models preserve observed degree distributions while randomizing other connections, bal-
ancing realism and flexibility [146]. Hierarchical approaches, which incorporate community
detection algorithms and clustering techniques, introduce realistic clustering patterns [84].
These methods enable ”what-if” scenarios for testing interventions in hypothetical popula-
tions. For instance, Salathé and Jones [172] assessed targeted vaccination strategies using
synthetic networks, while Mistry et al. [141] constructed high-resolution networks from mo-

bility and demographic data to model disease dynamics. Meyers et al. [138] demonstrated the
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predictive power of synthetic networks by applying percolation theory to epidemic spread in
directed contact graphs. Despite their scalability and adaptability, synthetic network models
often oversimplify complex social behaviors due to limited empirical grounding.

Each methodology addresses unique research needs. Data-driven methods excel in real-
ism but are constrained by data availability and ethical considerations. Agent-based mod-
els provide unmatched flexibility for scenario testing but require careful parameterization
and significant computational resources. Synthetic network generation offers scalability and
adaptability, thus being an important tool for sensitivity analyses and hypothetical inter-
ventions, though its reliance on assumptions can limit applicability.

The approach adopted in this thesis falls under the category of synthetic network gener-
ation. By integrating structural properties such as group mixing and clustering, which can
also be inferred from empirical data [87], this work bridges gaps between theoretical modeling
and real-world applications. Hybrid methodologies, as demonstrated in prior studies [38],
enhance the realism and robustness of synthetic models, paving the way for innovative ap-

plications in network epidemiology.

1.3 Thesis Contribution

This thesis contributes to the study of complex networks in ecological and epidemiological
contexts by addressing critical limitations in current research and developing innovative
methodologies to overcome them.

In the field of aquatic food webs, a longstanding challenge lies in the scarcity of large
datasets and the absence of systematic analyses of structural properties. This thesis ad-
dresses these gaps by analyzing 173 aquatic food webs, the largest dataset examined in this
domain to the best of our knowledge. The analysis explores three core structural features.
First, it examines the core-periphery structure, extending previous research to food webs
and providing insights into the roles of the species, energy and matter transfer pathways,
and the general organization of these ecosystems. Second, it identifies critical nodes, i.e.,
species whose removal disproportionately impacts network connectivity. This study intro-
duces a network-level perspective to node removal analysis and develops a novel robustness
metric to systematically compare the stability of different food webs. Finally, it conducts an
in-depth examination of three-node motifs, exploring their distribution across aquatic ecosys-
tem types and their ecological significance. Together, these analyses offer a comprehensive
understanding of the structural properties governing food webs and their implications for
ecosystem resilience.

In the domain of contact networks, this thesis introduces a novel framework for generating
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synthetic networks with controllable topological properties. The proposed model incorpo-
rates degree heterogeneity, high clustering, and community structure into a unified approach,
addressing key limitations of existing random geometric and entropy-based models. By pro-
viding precise control over group mixing and structural attributes, the framework enables the
realistic simulation of interaction networks. Its adaptability is validated through applications
to real-world scenarios, showcasing its ability to replicate observed network properties while
remaining versatile across diverse contexts. Furthermore, this framework extends existing
models by demonstrating that meso-scale properties can emerge independently of underlying
geometric assumptions, thereby clarifying an unresolved aspect in latent geometry networks.
This advancement not only broadens the applicability of synthetic network models in ar-
eas such as epidemiology and sociology, but also enhances the theoretical understanding
of network structure. These contributions extend beyond epidemiological modeling, offering
valuable tools for studying other interaction networks, such as those modeling needle-sharing
or sexual contact patterns.

Through its dual focus on advancing the analysis of aquatic food webs and developing
versatile synthetic models for contact networks, this work delivers actionable insights that
support biodiversity conservation, public health strategies, and broader applications in the

study of complex systems.
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Background

The purpose of this chapter is to provide context on the key areas of research explored in this
thesis, focusing primarily on networks and their applications in ecology and contact networks.
We will present an overview of network theory, discuss its use in ecological community
research as well as in contact networks, and provide the classes of mathematical methods
that we will employ in this thesis, highlighting their importance in overcoming the limitation
in the literature.

To begin, we define what a network is and introduce key metrics used to study its
structure and behavior.

At its most fundamental level, a network consists of a set of points connected in pairs
by lines [145]. In network terminology, these points are called nodes (or vertices), while the
lines are called edges. The versatility of network theory lies in its power to abstract and
represent various forms of interactions, providing a unified framework for describing complex
systems. In recent decades, research on networks has expanded rapidly, largely due to the
effectiveness of graph theory and statistical mechanics in modeling and analyzing a diverse

range of systems and their topologies.

2.1 Networks

2.1.1 Mathematical Definitions

A network is mathematically represented as a graph GG, defined as an ordered pair G = (V, E).
Here, V is the set of nodes (or vertices), and F is the set of edges (or links), where each edge
is a pair of nodes, such that £ C V x V. Nodes correspond to entities or objects within the

system, while edges represent the interactions or relationships between them.
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The interpretation of nodes and edges varies with context. For example, in contact net-
works, nodes can represent individuals engaged in various social activities (e.g., at school [186],
during a conference [185], or in urban areas [38]), and edges may indicate forms of contact,
such as face-to-face interactions [81], strong ties like kinship or friendship [87], or even sexual
relationships [88]. Conversely, in ecological networks, nodes often represent species (e.g., in
food webs [65] or plant-pollinator networks [139]), while edges describe relationships such as
biomass transfer.

Edges in a network may be directed or undirected. Mathematically, an undirected edge
is an unordered pair (u,v) € E, where u and v are vertices in V. Undirected edges represent
bidirectional relationships, indicating mutual connections between two nodes. For instance,
in social networks, a friendship can be modeled as an undirected edge since both individu-
als equally acknowledge the relationship. Directed edges is represented as an ordered pair
(u,v) # (v, u). represent unidirectional relationships, such as information flow or hierarchical
structures, where the relationship is not reciprocated.

Edges can also carry weights, numerical values that quantify specific aspects of the re-
lationship, such as strength, capacity, or frequency. For instance, in contact networks, the
weight might represent the cumulative duration of face-to-face interactions between two
individuals over a defined period.

The inclusion of directionality and weight significantly enhances the modeling capabilities
of networks. In ecological studies, for example, food webs represent feeding relationships
within ecosystems. Here, nodes correspond to species, groups of organisms, or non-living
organic pools consumed by detrivores [65]. Edges are directed, pointing from prey to predator
to signify the flow of energy and nutrients. These edges can also be weighted to reflect the
rate of predation or biomass transfer, providing detailed insights into ecosystem dynamics.

In a network, two nodes are said to be adjacent if they are connected by an edge. For
undirected graphs, adjacency is mutual, meaning that if u is adjacent to v, then v is also
adjacent to u. In directed graphs, adjacency is defined in terms of the direction of the edge:
node u is adjacent to node v if there is a directed edge (u,v), i.e., an edge leaving u and
coming to v.

An edge is said to be incident to a node if it connects to that node. In directed graphs,
we further distinguish edges as entering (incoming edges) or leaving (outgoing edges) a node.
For a directed edge (u, v), node u is called the tail, and node v is called the head of the edge.

An adjacency matriz a is a square matrix used to represent a network, where the element
a;; indicates the presence or weight of an edge between nodes ¢ and j. For unweighted graphs,
a;; = 1 if an edge exists and 0 otherwise. In undirected graphs, the matrix is symmetric

(a;; = a;;) while in directed graph is, in general, asymmetric, capturing directionality. An
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adjacency list, by contrast, organizes the graph by maintaining a list for each node, detailing
all the nodes to which it connects.

The concept of degree in a network quantifies the number of connections associated with
a node. In directed graphs, this can be further divided into in-degree (number of incoming

edges) and out-degree (number of outgoing edges).

Degree The degree of a node v in an undirected network refers to the number of edges
incident to the node. It is commonly denoted as deg(v) or deg,. For adjacency matrix
representations, the degree can be computed by summing the values in the v-th row (or
equivalently column) of the matrix. For example, in contact networks, the degree of a node
represents the number of individuals a person interacts with. High-degree nodes, often re-

ferred to as ”super-spreaders,” play a significant role in the dynamics of disease transmission.

In-degree The in-degree of a node v in a directed network is the number of edges entering
that node. It is denoted as deg;,(v). For adjacency matrix representations, this measure
corresponds to the sum of the values in the v-th column of the matrix. In food webs, the
in-degree of a species represents the number of prey species consumed by a predator. Nodes

with high in-degree are often generalist predators, preying on a wide variety of species.

Out-degree The out-degree of a node v in a directed network is the number of edges
leaving that node. It is denoted as degy,(v). In adjacency matrix terms, it is calculated
by summing the values in the v-th row of the matrix. In food webs, the out-degree of a
species represents the number of predators that consume it. Species with high out-degree

are typically more vulnerable as they are consumed by multiple predators.

2.1.2 Quantitative Network Analysis

While a complete map of the connections of a network [145] provided by the adjacency
matrix or the adjacency list yields comprehensive structural information, interpreting this
raw data can be challenging, just like trying to understand a city by looking at a detailed
street map without knowing the significance of landmarks or traffic patterns. While the map
shows every road and intersection, it provides limited information about how people move
through the city, which streets experience the highest traffic, or where key hubs of activity
are located. Similarly, the complete structure of a network does not immediately disclose
the critical nodes, clusters, or patterns of interaction that influence its overall dynamics. Vi-
sual representations may offer qualitative insights for small networks; however, they quickly

become impractical and less informative as networks grow in size and complexity.
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To overcome this limitation, researchers have developed quantitative measures that distill
complex structural data into manageable numerical values. Many of these measures origi-
nated in social network analysis (see, for example, [175]), a field developed to enhance our
understanding of social structures. In this thesis, we will apply these metrics to study biolog-
ical networks, focusing on food webs and contact networks, in order to uncover key structural

patterns and interactions that influence ecosystem dynamics and population behavior.

Clustering Coefficient of a Node A triangle in an undirected network is a set of three
nodes that are all pairwise connected by edges. In other words, if nodes u, v, and w form a
triangle, then the edges (u,v), (v,w), and (w,u) all exist in the network.

The local clustering coefficient of a node v, typically denoted as C,,, quantifies the extent
to which the neighbors of v are also connected to each other. Mathematically, it is defined as
the ratio of the number of triangles that include v to the total number of possible triangles
through v. The total number of possible triangles is given by (degz(”)), where deg(v) is the
degree of node v.

For instance, in a social network, a high clustering coefficient suggests that many of your

friends are also friends with each other.

Motifs Motifs are small, recurring patterns of interactions that highlight the meso-scale
structure of a network [140]. In food webs, motifs are fundamental building blocks that cap-
ture processes extending beyond simple pairwise interactions. They include configurations
such as apparent competition, intraguild predation, and exploitative competition [161, 90,
131].

Connected Components In an undirected network, a connected subgraph is a subset
of nodes and edges belonging to G such that there exists at least one path between any
pair of nodes within the subset. A connected component is a mazimal connected subgraph,
meaning that it is not possible to add any additional nodes or edges from the network without
violating the connectivity property. In simpler terms, a connected component is a subgraph
in which all nodes are connected, and no additional nodes from outside the subgraph can be

included without breaking the connection.

Strongly Connected Components Similarly, a strongly connected subgraph in a directed
network is a subset of nodes where every node is reachable from every other node within
the subgraph. In other words, for any pair of nodes u and v in the subgraph, there exists a

directed path from u to v and a directed path from v to u. A strongly connected component
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(SCC) is defined as a mazimal strongly connected subgraph, meaning that no additional
edges or vertices from G can be included in the subgraph without breaking its property of

being strongly connected.

2.1.3 Metrics Organized by Scale

Network metrics can be further categorized based on the scale of the information they pro-
vide. Returning to the map analogy, these scales help distinguish between local landmarks,

neighborhood structures, and the city-wide layout.

Microscopic Measurements These metrics focus on individual nodes or edges as isolated
entities within the network. For instance, the degree of a node in an undirected graph

quantifies the number of its direct neighbors, providing insight into local connectivity.

Mesoscopic Measurements Mesoscopic metrics emphasize the organization of groups of
nodes or edges. For example, clustering fully connected three nodes triples in undirected
networks and three-node motifs in directed networks reveal local interaction patterns beyond

pairwise relationships.

Macroscopic Measurements Macroscopic metrics describe the overall structure of the
network. An example is the giant component, which represents the proportion of nodes in
the largest connected subgraph.

In directed networks, the giant component corresponds to the largest strongly connected
component, where every node is reachable from every other node within the subgraph.

In undirected networks, the giant component is the largest connected subgraph where
any two nodes are linked by a path.

In figure Figure 2.1 we give an illustration of the metrics organised according to this

scale.

2.1.4 Patterns and Properties in Real-World Networks

With various network investigation methods introduced, we now examine common patterns
in real-world networks. This section reviews studies that investigate common patterns in
real-world networks, emphasizing their influence on system behavior and the resilience of
networked systems. In undirected networks, the giant component typically includes a signif-
icant proportion of the nodes, though the exact fraction varies depending on the structure

and context of the network. In networks like the Internet, the giant component underpins
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Figure 2.1: Illustration of network metrics categorized by scale: microscopic (first row),
mesoscopic (second row), and macroscopic (third row). Each row highlights example metrics
and their respective role in network analysis.



CHAPTER 2. BACKGROUND

robustness by maintaining connectivity, even under random failures, but its fragmentation
can lead to catastrophic system breakdowns. The giant component has been studied ex-
tensively to understand network fragmentation and the effects of node removal on overall
connectivity [145].

In directed networks, the bow-tie structure, observed in systems like the World Wide Web,
consists of a strongly connected core from which peripheral components radiate. This struc-
ture supports efficient information flow while isolating failures to the periphery, enhancing
network robustness [29].

The small-world effect, where any two nodes are connected by short paths, promotes rapid
information or resource dissemination across networks [203]. In real-world networks, this
effect is often driven by high-degree nodes, or hubs, which create shortcuts across otherwise
distant regions. These hubs also give rise to a scale-free degree distribution, a hallmark of
resilience in networks. While scale-free networks can withstand random failures effectively,
their dependence on hubs makes them particularly vulnerable to targeted attacks [62].

Another fundamental mesoscale pattern observed in many real-world networks is commu-
nity structure. Communities (or modules) are sets of nodes that are more densely connected
to each other than they are to nodes in other parts of the network [73]. Clustering algorithms
and community detection methods are designed to identify these subgroups. The significance
of these extracted modules lies in their composition: they consist of cohesive sets of nodes
and the dense collection of edges linking these nodes, often representing functional units such
as ecological guilds, social circles, or regulatory modules.

We conclude by highlighting a key distinction between social networks—mnetworks where
nodes can represent individuals, organizations, companies or other entities, and edges cap-
ture some form of interaction or relationship [145]—and non-social networks. Social networks
typically exhibit a positive correlation in the degrees of connected nodes, a property known
as assortative mizing. This means that highly connected nodes are more likely to be linked
to other highly connected nodes. In contrast, non-social networks often display disassorta-
tive mizing, where highly connected nodes are preferentially connected to nodes with lower
degrees. Furthermore, social networks are characterized by high clustering or transitivity,
reflecting the tendency of an individual’s neighbors to also be connected to each other. In
non-social networks, however, clustering is often no greater than what would be expected by

chance, given the observed degree distribution [148].
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Figure 2.2: The Chesapeake Bay Mesohaline [7] food web, with nodes positioned by trophic
level. Blue: living species; orange: non-living deposits of organic matter.

2.2 Food Webs

The purpose of this section is to define food webs and provide a review of their role in
ecosystem research. Food webs are a subset of ecological networks, which offer valuable
insights into the complex interactions among species in an ecosystem. These networks should
be placed within the more general context of ecological networks. Ecological networks provide
valuable insights into the complex interactions among species within an ecosystem (see, e.g.,
[52, 58, 109]).

Over the past few decades, traditional network-based methods have gained popularity in
ecological research offering tools to study ecosystem dynamics, such as biodiversity evolution
and population changes, and their responses to external disturbances. Understanding the
interplay between diverse organisms is important for clarifying the roles of individual species,
particularly in the context of perturbations or species invasions [57, 85]. Given the ecological
emergencies posed by climate change and human activities [12, 61, 196], it is essential to study
trophic interactions at both species and ecosystem levels to predict and mitigate biodiversity
loss [190]. Network analysis methods offer powerful tools to address these challenges [145].
Research in this context focusses on mainly three types of networks, based on the interactions
they describe: food webs [64], host-parasitoid webs [179, 189], and mutualistic webs, such as
plant-pollinator networks [139, 136, 54].

Food webs describe the networks of trophic interactions within ecological communi-
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ties [65] modeling species and non-living organic matter compound as nodes, with inter-
actions represented by directed edges that indicate who eats whom [65].

Food web analysis is a valuable framework for addressing environmental challenges, such
as the potential collapse of global fisheries and the impacts of climate change. This approach
has proven effective in detecting shifts in food web structures resulting from climate change,
informing policy and management strategies aimed at mitigating negative effects on fisheries

and other ecosystem services [193, 157, 132].

2.2.1 Food Webs Model Ecological Communities

In their simplest form, food webs model predation relationships in an ecological community:.
Consequently, a node represents a trophic species (i.e., a set of taxa sharing same predators
and preys) while an edge indicates a direct predation relationship from prey to predator.
Therefore, in this basic form we might think of food webs as those networks that answer the
question “who eats whom” in an ecological community [65].

However, a more complete description of an ecosystem involves the use of some nodes
that describe pools of non-living organic material, from which detrivores and other creatures
derive biomass that is put back into the ecosystem in a simpler form. In this context,
a link from a living organism directed to a detrital component describe a flow of energy
and matter that comes from the living tissues of an organisms into a pool of non-living
matter [65, 142, 181]. By including these nodes, the edges take on a slightly different meaning:
they not only indicate predation relationships but, more generally, how a certain medium
(typically carbon) flows in an ecological community, similar to how a transport network
works.

These trasfers of organic matter provide energy and nutrients necessary to sustain the
metabolism of heterotrophs, organisms that cannot produce their own food. To include the
energy that fuel autotroph - organisms that can convert abiotic sources of energy into energy
stored in organic compounds - some models of food web include external inputs and their
effective mass transfers. In this thesis, we will neglect these kinds of interactions, focusing

only on those nodes that model actual pool of organic matter, either living or non-living.

2.2.2 Modeling and Validating Food Webs

The most typical approach to model a food web is to take a “census” of species in an ecosys-
tem and then determine the network of diets [65] and on-field observation are enough to

quantify the species in an ecological community and their feeding relationships. To quantify
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the diets, traditionally the measures come from stomach content analysis as shown in Fig-
ure 2.3.

A more recent method relies on stable isotope analysis [158], the use of remotely operated
vehicles [41] and the use of DNA in feces and gut contents [182].

Figure 2.3: Stomach content analysis. Figure from Quantifying Food Webs [112] is dis-
tributed under CC-BY licence.

A key question arises: how can these models be validated? This challenge introduces
numerous interesting issues about effective ecosystem sampling that go beyond the scope of
this thesis. Generally, model limitations fall into two categories: uncertainties originating
from the data used during model construction, such as the quality and quantity of the data;
and uncertainties related to model structure, which include decisions about the number of
species, the level of taxonomic aggregation, and the specific marine domain being modeled
(e.g., benthos, pelagos, or the entire continuum) [110].

Furthermore, empirical observations often reflect biases introduced by the compilers of
food webs [123]. Such biases may result in food webs with low resolution, exclusion of
certain species, or incomplete information on species biomass and dietary quantities [65].
These challenges highlight the importance of using diverse datasets in comparative studies

to mitigate individual authors’ biases [3].
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2.3 Contact Networks

Figure 2.4: A network representing the interactions between students and teachers [186]
Nodes form clusters that reflect the community structure of the network. Yellow nodes
represent teachers, while blue and grey nodes represent students, divided by age groups.

Contact networks represent interactions among individuals within a population. These
interactions often involve physical proximity or direct contact, such as face-to-face meetings
or shared spaces [100, 116].

Although contact networks are not inherently biological, they serve as powerful tools for
modeling biological processes. This is particularly true in epidemiology, where patterns of
interaction between individuals critically influence disease transmission dynamics. For ex-
ample, in a school environment, a contact network can represent interactions among students
and teachers, providing valuable insights into the spread of infectious diseases within such a
population [186].

To connect the conceptual framework of contact networks to their epidemiological ap-
plications, we examine the mathematical models that leverage these networks to analyze
disease transmission patterns. Network-based models represent individuals as nodes in a
graph, enabling the study of how social interaction structures influence disease propaga-
tion [88, 38, 146, 102]. While these theoretical models provide significant insights, their

practical application relies on the quality and scale of data collected from real-world inter-
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actions.

Despite advances in data collection techniques, such as wearable sensors and contact
tracing, tracking interactions across large or dynamic populations presents challenges. These
include incomplete data capture, recall biases in self-reported surveys, and the logistical and
financial constraints of large-scale monitoring [68].

In this section, we define contact networks, explore methods for their collection and
analysis, and highlight the key topological characteristics that influence disease transmission.
To address the challenges of large-scale data collection, we also introduce a model designed
to replicate prominent features of real-world contact networks, such as degree distribution,

high clustering coefficients, and community structure.

2.3.1 Contact networks model human activity

Contact networks provide a framework for representing human interactions based on physical
proximity. Nodes in these networks represent individuals, while edges indicate instances of
close contact. These edges are typically undirected and may include weights to represent the
cumulative duration or frequency of interactions over a specified time period.

Over the past two decades, several methods have been developed to collect data for
constructing contact networks. A prominent approach involves using Radio-Frequency Iden-
tification (RFID) badges [70], which detect face-to-face proximity between individuals within
a range of 1-1.5 meters. These devices exchange radio packets only when individuals are in
close range and facing each other, as the human body acts as a shield to the carrier frequency.
Encounter data collected by these devices is transmitted to an RFID reader and aggregated
on a server for analysis. Figure 2.5 of the operation of this device is shown in the figure.

Other methods include tracking wireless devices [202], contact diaries and interviews [163],
and video surveillance [116]. While these approaches vary in scope and precision, they col-
lectively aim to capture the structure of human interactions and generate reliable data for
modeling (see e.g., [143, 205]). While these methods capture fine-grained intra-individual
contacts, mixing pattern studies focus on understanding population-level contact struc-
tures, particularly age-stratified interactions. Seminal examples include the POLYMOD
study [143], which surveyed social contact patterns across eight European countries, and the
SOCRATES project [205], which extended this work with updated datasets and methodolo-
gies.

Another valuable source of network data comes from recorded human movements. Unlike
interaction-based networks, these networks typically use locations as nodes, with edges rep-

resenting the volume of movement between locations [156]. These edges are often weighted
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Figure 2.5: A schematic representation of RFID-based proximity tracking: Person A’s RFID
device detects the proximity of Person B’s device when they are within a range of 1-1.5
meters. Both devices transmit data to an RFID reader, which records the interaction,
including time and participants, on a central server.

and directional, reflecting the asymmetry of real-world travel patterns. Examples include
Airline Transportation Networks [48] - which track the global movement of passengers and
Commuter Networks [111], capturing daily travel to and from workplaces.

The resulting data can be organized in two primary ways: as cumulative networks, where
all contacts within a specific time frame are aggregated [186], or as temporal networks,
where the network evolves over time, capturing changes in nodes and edges at different
moments [212]. This thesis focuses exclusively on static networks, where nodes and edges

are fixed, representing the cumulative aggregation of contacts over a defined time span.

Challenges in Collecting Contact Network Data

Collecting empirical data on direct interactions between individuals presents significant chal-
lenges. Surveys and diaries offer rich contextual details, such as the duration and nature
of contacts, but are often biased due to inaccurate recall and are expensive to administer.
Wearable sensors provide an objective alternative, detecting close-range proximity [124] and
enabling large-scale, temporally resolved studies. However, these methods are typically re-
stricted to groups of a few hundred individuals [124, 74, 186], limiting their scalability and
making it impractical to accurately map contact networks for populations numbering in the

tens of thousands.
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A common solution is to rely on synthetic population models [71, 87] designed to replicate
key topological features of real-world networks. However, the degree of realism required
depends on which network features significantly influence the dynamics of disease spread.
In the next section, we introduce the mathematical framework for modeling outbreaks on
networks and identify the topological features most critical to understanding and predicting

epidemic dynamics.

2.3.2 Epidemic Dynamics Across Network Structures

This section provides a foundational understanding of traditional epidemic modeling ap-
proaches, focusing on compartmental models like SIR. It introduces basic epidemiological
models and explores their dependence on network topological features such as degree dis-
tribution, clustering, and community structure. By doing so, the section aims to make the
thesis accessible to readers with diverse backgrounds while highlighting the limitations of
traditional models. This serves to motivate the transition to more advanced network-based
approaches discussed later, emphasizing their reliance on topological properties of networks
in shaping epidemic dynamics.

With contact networks and their collection methods established, we now explore their
application in epidemiology. Compartmental models, such as SIR, form the foundation of in-
fectious disease modeling by dividing populations into groups—susceptible (S), infected (I),
and recovered (R)—and describing transitions between these compartments using differential
equations and agent-based modeling.

Although these models offer valuable insights into how infections spread across a net-
work, the primary purpose of network epidemiology is not to predict a single, definitive
outcome. Predictions can paradoxically alter human behavior and public policy the mo-
ment they become widely known, thereby reshaping the very dynamics the models aim to
forecast. Instead, the strength of network-based epidemic models lies in their ability to gen-
erate scenarios that account for the complexity of contagion dynamics and the heterogeneity
of contact patterns within a population. By simulating possible trajectories under varying
assumptions, researchers and policymakers can better anticipate potential challenges, evalu-
ate intervention strategies, and devise adaptive responses that reflect real-world complexities.
Achieving these scenarios requires two interconnected components: a realistic model of trans-
mission and recovery dynamics, and an accurate representation of contact patterns within

the population.
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Compartmental Models

Compartmental models are an important framework in the context of mathematical epi-
demiology, offering a systematic approach to studying how infectious diseases spread through
populations. In this framework, the population is divided into compartments based on dis-
ease states—such as susceptible (5), infected (I), and recovered (R). Transitions between
compartments are driven by rates that encapsulate biological and social processes, such as
transmission, recovery, and social interactions.

What makes compartmental models particularly powerful is their versatility. At their
simplest, they assume a well-mized population, where all individuals interact uniformly—a
simplifying assumption that may not hold in heterogeneous real-world settings. However,
their framework can be expanded to reflect real-world complexities, incorporating hetero-
geneities such as age groups, spatial distributions, or contact networks [14]. This adaptabil-
ity allows these models to simulate disease dynamics across diverse scenarios, making them
indispensable for understanding and predicting outbreaks.

A variety of compartmental models have been developed to address specific epidemiolog-

ical questions:

e SIR Model: Individuals transition through the states of Susceptible (.5), Infected (1),

and Recovered (R), often assuming immunity after recovery.

e SEIR Model: Adds an Ezposed (E) compartment to account for the latency period

during which individuals are infected but not yet infectious.

e SIS Model: Models diseases that do not confer immunity (e.g., common colds), with

individuals cycling between Susceptible (S) and Infected (I) states.

e MSEIR Model: Extends the SEIR framework by including maternal immunity in

newborns.

Among these frameworks, the SIR model stands out for its simplicity and its ability to
capture essential aspects of epidemic dynamics. As such, it serves as the foundation for the

discussion that follows.

SIR in Mean-Field Approximation In its simplest form, the SIR model divides the
population into three compartments: Susceptible individuals who can become infected,
Infected individuals who can transmit the disease, and Recovered individuals who have
developed immunity. The dynamics of these compartments are driven by two primary pro-

cesses: transmission, where susceptible individuals contract the disease through interactions
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with infected individuals, and recovery, where infected individuals either recover or gain
immunity. These interactions and transitions are governed by specific rates and are math-
ematically expressed as a system of ordinary differential equations. The dynamics of these
compartments are governed by transmission and recovery rates, described mathematically

by the following system of ordinary differential equations:

s _ _ 381
dt N

dR __

E*fy[a

where:
e S(t),I(t), R(t) represent the number of individuals in each compartment at time t.
e N =5(t)+ I(t) + R(t): the total population, assumed constant.

e [ is the transmission rate, indicating the likelihood of infection during contact between

a susceptible and an infected individual.

e v is the recovery rate, representing the fraction of infected individuals who recover per

unit time.

This model assumes homogeneous (or well-mixed) interactions, whereby every individual
is equally likely to contact every other individual. In Equation 2.1, the fraction of infected
individuals 7(¢)/N multiplies the fraction of susceptible individuals S(¢)/N, generating new
infections at a rate proportional to 6(%) (%) x N. Under this approximation, one obtains

the threshold condition

where Ry < 1 prevents the spread of infection and Ry > 1 drives an epidemic.
A convenient way to see why Ry = g acts as the threshold is through a stability analysis
near the disease-free equilibrium (DFE). At the DFE, I = 0 and R = 0, implying S = N.

Linearizing around I =~ 0 and S ~ N:

al N-I
a 57—7] = (B-1

o If3—~v>0 (% > 1), dI/dt is positive for small I, so the infection grows and can

invade the population.

o Iff—~v<0 (g < 1), dI/dt is negative for small I, so the infection tends to die out.
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Thus, we define the basic reproduction number as

When Ry < 1, the epidemic cannot sustain itself and eventually dies out. Conversely,
when Ry > 1, a single infectious individual introduced into a fully susceptible population
can, on average, infect more than one other person, leading to the spread of the epidemic.
In Figure 2.6, we illustrated these distinct regimes through numerical integration for varying
values of Ry.

This parameter can be estimated from real epidemic data [218]. For instance, during the
COVID-19 outbreak in Italy, Ry was estimated between 2.43 and 3.10 in March 2020 [53],
with public health measures helping to reduce this value [83].

Infection Dynamics for Varying Ro in the SIR Model Final epidemic size for varying R in the SIR Model
0.5
—— Rp = 5.00 1.04
Ry = 2.00
044 Ro =1.25
E : Ro = 0.80 0.8 1
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jg ﬁ No epidemic
2021 LY
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Time Basic reproduction number Rg
(a) Solution of the SIR model under the (b) Asymptotic number of infected individ-
homogeneous mixing assumption for the in- uals as a function of the basic reproduction
fected population, I(t), over time for varying number Ry.

basic reproduction numbers (Rp). The total
population size is N = 1000, with a single
initially infected individual.

Figure 2.6: Epidemic dynamics and final epidemic size as functions of the basic reproduction
number R, under the homogeneous mixing assumption. The size of the infected population
as a function of Ry highlights the threshold behavior at Ry = 1, below which the infection
dies out and above which the epidemic affects a significant portion of the population.

This type of differential equation system, often referred to as mean-field equations, is

straightforward but ignores any underlying contact heterogeneity or network structure.

Heterogeneous Mixing Equations Many real-world systems exhibit variability in the

number of contacts that each individual has. This variability can be captured by classifying
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individuals according to their degree k (i.e., the number of contacts). Although still an
approximation of real epidemic dynamics, adding degree information is highly instructive
because it illuminates the effect of the degree distribution on the spread of infection.

Let p(k) denote the probability that a randomly chosen individual has degree k. In the
heterogeneous mean-field (or degree-based) SIR model, we track Si(t), Ix(t), and Ry(t): the
fractions of degree-k nodes in each compartment at time ¢, where Sy, + I, + Ry = 1 for each
k. The total fraction of the population that has degree k is p(k).

The infection and recovery dynamics are then

dS},

v = k-

o BSkkO,
dl,

— = kO —~1
7 BSLkO — I,
dR;,

S

dt v 1Lk,

where

o) = Y %pw) I ()

represents the fraction of edges leading to infected nodes in the neighborhood of a susceptible
node of degree k [11]. This term quantifies the average probability that a neighbor of a degree-
k vertex is infected. Under a fully homogeneous assumption, this probability would simply
be the overall density of infected individuals. However, in a heterogeneous network, ©(t)
is more complex since it must account for the variability in node degrees and the influence
of those degrees on how infection spreads [14]. Here, we consider a simpler case in which
degree correlations are absent. An infected node of degree k’ can transmit infection through

its remaining &' — 1 links, and (k) is the average degree over all individuals.

Epidemic Threshold for Heterogeneous Mixing At the disease-free equilibrium
(DFE), we have
1P —o, sPF — 1 RPFE 0 for all k.

To determine whether a small perturbation away from this DFE grows or decays, one can
linearize the equations around I, = 0 and set Si(0) = 1 — I}(0) [14]. In this linear regime,
it is possible to integrate the equations for Si(t) and Rg(t), obtaining

Sk(t) = efﬁkqﬁ(t),

Re(t) =4 /0 L)
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where

o) = [ O@dr = = 3 (k= 1)al0) Rule)

Infinite-Time Limit of R.(t) A common approach to identifying the threshold is to
analyze the limiting behavior of Ry (t) as t — oo. If there is no outbreak, then Ry(t) remains
zero for all practical times; otherwise, Ry (t) grows above zero. This is convenient because
in the limit ¢ — oo we expect no active infections (I(oc0) = 0), and thus

tliglo Ri(t) = tliglo(l B Sk(t))'

To simplify notation, let lim; o frx(t) = fr(00) and lim; o ¢(t) = poo. We define the total
epidemic prevalence as ro = >, p(k)Ry(00). We obtain:

= > plk) (1 —e ko).

To find ¢, consider its derivative:

%@:%?k—l)pwma) = L= g 0l = D= D p(R) e

k

where we used [ (t) = 1 — Si(t) — Ry(t), and p is a parameter reflecting how ¢ evolves
alongside recovery and infection terms. In the limit ¢ — oo, I(c0) = 0 and hence ‘13% =0.

This yields . .
o = 1 — — — —¢ k—1 k 7ﬁk¢°°.
[ W Zk:( )p(k)e

Asymptotic Solution via Graphical Analysis One solution is ¢, = 0, which im-

plies 7o = 0 (no outbreak). A nonzero solution ¢, > 0 (hence o, > 0) exists if

d 1 1 ko
T LTy~ T k- DpR) e

e
¢oo:0

which can be verified using a standard graphical argument! and leads to

o Sk 1)p0) >

1See, for example, Fig. 9.5 in [14].
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defining the threshold condition:

bk (2.2)

po (k) — (k)

This result shows that, in degree-heterogeneous populations, the epidemic threshold de-
pends crucially on both the first and second moments of the degree distribution. The factor
(k?)— (k) becomes larger for networks with higher degree variance, which lowers the threshold
and makes outbreaks more likely. Consequently, even a small fraction of highly connected
“hubs” can facilitate widespread contagion, underscoring the profound effect that degree

heterogeneity and thus the topology of a network can have on epidemic dynamics.

Quenched Mean-Field Equations (Network-Based) When the explicit structure of
a contact network is known, the epidemic dynamics can be modeled at a more granular level
by assigning each node its own set of equations. In this approach, often referred to as the
quenched mean-field (QMF) model, the adjacency matrix A = {a;;} encodes the network
structure, where a;; = 1 if there is an edge (contact) between nodes i and j, and a;; = 0
otherwise. The state of each node is described by the probabilities S;(t), I;(t), and R;(t),
representing the likelihood that node 7 is susceptible, infected, or recovered, respectively.

The governing equations for these probabilities are given by:

as;
dt = _Bsizaijjja
J
dl;
dt :5Sizaij[j -1
J
dR;
=~1,
it~

with the normalization condition S;+ 1,4+ R; = 1 for all nodes ¢. In this formulation, the infec-
tion risk for a node depends explicitly on its neighbors, as encoded by the adjacency matrix.
Once the network topology is known and the epidemic dynamics are defined, this system of

differential equations can be solved numerically using standard integration techniques.

Epidemic Threshold for Quenched Mean-Field In the case of the SIS compart-
mental model, Wang et al. [201] demonstrated that the epidemic threshold depends on the
inverse of the largest eigenvalue of the adjacency matrix, Aya.x. This result highlights the
critical role of network structure in determining the onset of epidemics. Further insights

were provided by Chung et al. [42], who derived an expression for A., in finite networks
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with power-law degree distributions. Their findings show that for networks where node
degrees follow a power-law distribution, the largest eigenvalue scales proportionally to the
ratio %, where (k?) and (k) are the second and first moments of the degree distribution,
respectively. This scaling relationship aligns with the epidemic threshold predicted by the
heterogeneous mean-field approximation [36], thereby bridging the gap between mean-field

models and network-specific formulations.

Agent-Based SIR Model In parallel with the QMF approach, a fully agent-based
model captures the epidemic process by simulating each individual (or node) in one of three
possible states: susceptible (), infected (I), or recovered (R). At any point in time, the
transition of a state of an agent depends on its infected neighbors as well as the infection (3)
and recovery () rates. Specifically, a susceptible agent becomes infected with probability
proportional to S whenever it encounters an infected neighbor, and infected agents transition
to the recovered state at rate . Unlike the QMF system of differential equations, this method
does not require solving an ODE system; instead, it relies on stochastic or rule-based updates
of discrete agents, which can more closely reflect individual-level heterogeneity and real-world
transmission patterns.

To facilitate flexible experimentation with different compartmental models and transition
rules, we have developed a fully customizable agent-based platform named FEpiDict, avail-
able on GitHub at https://github.com/davidetorre92/EpiDict. In EpiDict, users can specify
the compartmental structure (e.g., SIR, SEIR) and define custom transitions by editing a
dictionary that governs infection, recovery, and other relevant processes. The diagram in Fig-
ure 2.7 illustrates the per-agent transition rates between the S, I, and R compartments. In
an agent-based approach, each agent updates its state based on interactions with infected

neighbors at the specified infection rate 3, as well as a recovery rate ~.

Y
—>

Figure 2.7: A schematic of the agent-based SIR model. Each agent is in one of three states:
susceptible (S), infected (I), or recovered (R). Infection occurs with rate [, triggered by
contact with infected neighbors, and recovery occurs with rate .

These three SIR formulations—(i) mean-field ODEs, (ii) heterogeneous mizing degree-based
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Figure 2.8: Different approximation schemes for the SIR model in network epidemiology,
illustrating the increasing granularity from mean-field to quenched mean-field approaches.

equations, and (iii) quenched mean-field node-level equations—demonstrate the role of pop-
ulation structure and network topology in shaping the epidemic threshold. The classical
mean-field approach yields a straightforward threshold, Ry = /7, assuming uniform mix-
ing. In contrast, degree heterogeneity reveals a threshold dependent on the ratio %,
reflecting the impact of variable connectivity. Finally, full adjacency knowledge introduces a
threshold governed by the largest eigenvalue of the contact networks. The mathematical for-
mulations of epidemic models provide foundational insights into how diseases spread across
populations and show the importance of the underlying network topology to determine the
dynamics of this process. However, understanding the practical implications requires evalu-
ating key quantities, such as the epidemic threshold and the temporal evolution of infections,
which are influenced by network topology. In the next section we illustrate these quantities,

and show how simulations can inform epidemic preparedness and response strategies.

Epidemic Threshold, Evolution, and Reproduction Number

Simulating the spread of infectious diseases enables researchers and public health officials
to analyze key aspects of epidemic dynamics and assess a population’s susceptibility to out-
breaks. Beyond the basic reproduction number [38], several metrics provide critical insights
into the progression and control of epidemics, including;:

(i) the time evolution of infected and recovered individuals, represented as I(t) and R(t).

These trajectories provide essential information on the epidemic’s growth rate, peak infection
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levels, and duration, which are vital for resource allocation, such as hospital beds and medical
supplies;

(ii) the epidemic threshold, a critical parameter that combines the characteristics of the
pathogen and the network topology. This threshold determines whether an outbreak dies
out or sustains itself. In computational epidemiology, it is mathematically defined based
on conditions such as the largest eigenvalue of the contact network’s adjacency matrix [40].
Real-world applications often interpret the threshold as the point at which interventions,
such as vaccination campaigns or mobility restrictions, must be urgently implemented to
prevent further spread;

(iii) the effective reproduction number [108], R(t), which quantifies the average number
of secondary infections caused by an infectious individual at time ¢. Unlike the basic repro-
duction number, R(t) evolves dynamically as the epidemic progresses and interventions or
behavioral changes alter transmission patterns. Tracking R(t) provides real-time feedback
on the effectiveness of public health measures;

(iv) the attack rate [108, 38|, which measures the proportion of the population that
becomes infected over the course of the epidemic. This metric is particularly relevant for
assessing the overall impact of an outbreak and planning long-term recovery strategies;

(v) the case fatality rate (CFR) and infection fatality rate (IFR) [108], which quantify
the lethality of the disease by measuring the proportion of deaths among confirmed cases
and among all infections, respectively. These metrics are essential for understanding the
severity of the disease and prioritizing vulnerable populations;

(vi) the serial interval and generation time [108], which characterize the timing between
successive cases in the transmission chain. These temporal metrics help refine models of
disease spread and improve predictions of future case trajectories.

The ability to calculate and interpret these metrics depends heavily on the structure of
the population’s contact network. Features such as degree distribution, clustering, and as-
sortativity play a pivotal role in shaping the dynamics of disease transmission. By combining
these measurements with real-world data, researchers can better inform public health poli-
cies, optimize intervention strategies, and predict the trajectory of an outbreak with greater

precision.

2.3.3 The Impact of Network Topology on Epidemic Dynamics

The topology of a contact network profoundly influences the spread and dynamics of infec-
tious diseases by shaping interaction patterns and determining how pathogens propagate. In

the context of compartmental models, we have demonstrated that the variability and average
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of the degree distribution a crucial role in the evolution of epidemics. This section further
explores the topological features of contact networks, illustrating their relevance in modeling

epidemic dynamics and predicting outbreak outcomes.

Degree Distribution The degree distribution quantifies the likelihood of nodes in a net-
work having a specific number of connections. Contact networks exhibit diverse degree distri-
butions, ranging from scale-free networks, dominated by a few highly connected nodes [113],
to broader distributions [217], and occasionally resembling Erdés—Rényi (ER) random net-
works [116]. Empirical studies of human social interactions have identified a character-
istic upper bound on degree, known as the Dunbar number—approximately 150 connec-
tions—reflecting cognitive constraints on maintaining stable social relationships [63]. The
degree distribution significantly impacts epidemic thresholds, particularly through metrics
like (k(k — 1))/(k), which influence the basic reproduction number Rj.

Clustering and the Global Clustering Coefficient The global clustering coefficient
measures the tendency of nodes to form tightly-knit groups or triangles, providing insights

into the local density of connections. It is mathematically defined as:

number of triangles
c=3X &

number of connected triples’

High clustering is prevalent in environments like workplaces and schools, where individuals
form tightly connected subgroups [116, 186, 185]. While clustering reduces the spread of
disease beyond the first few generations by limiting new contacts [101, 103], outbreaks can
become more intense within tightly clustered communities once the pathogen penetrates

these boundaries.

Degree Assortativity Degree assortativity reflects the tendency of nodes to connect with
others of similar degree. Networks with positive assortativity often exhibit a rich-club ef-
fect, where highly connected nodes preferentially link to one another [127]. In contact net-
works, this structure can amplify Rq by creating densely connected hubs that facilitate rapid
pathogen transmission [88, 81]. Consequently, degree-assortative networks are more vulner-

able to outbreaks, as these interconnected hubs act as efficient conduits for disease spread.

Community Structure Community structure and group mizing describe the partition-
ing of a network into cohesive subgroups or communities, characterized by denser intra-
community connections relative to inter-community links. Newman and Park [148] demon-

strated how community structure shapes clustering coefficients and degree correlations in
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social networks. Many contact networks exhibit strong community structures, driven by
individuals’ natural propensity to form groups based on shared attributes or interests [133].

The concept of community structure is evident in friendship networks, where dense
intra-community ties coexist with sparse inter-community connections. Granovetter’s “The
Strength of Weak Ties” [86] highlighted how weak ties—connections between individuals
in different communities—serve as critical bridges for information flow and, by extension,
disease transmission. Community organization can be quantitatively characterized using the
edge mixing matrix K, where K;; enumerates edges between communities I and J, with
intra-community edges (I = J) counted twice to reflect bidirectionality [21].

Age-stratified mixing patterns, extensively studied in POLYMOD [143] and SOCRATES [205],
provide further insights into community structure. For example, school-aged children often
form highly clustered networks characterized by intense intra-group interactions, while inter-
generational contacts, though less frequent, act as bridges for transmitting diseases between
age cohorts. This hierarchical organization profoundly influences epidemic dynamics, deter-

mining how pathogens spread across and within communities.

2.3.4 Generation of synthetic network ensambles

Having explored the impact of key topological properties of networks on epidemic dynamics,
we now turn to frameworks that enable the generation of network ensembles incorporating
these properties. Since reconstructing the complete structure of real-world networks is often
infeasible, these frameworks provide a powerful alternative by producing probabilistic rep-
resentations that capture essential topological characteristics. Two such approaches are the
maximum entropy method and latent geometry networks. The maximum entropy framework
allows for the generation of ensembles based on predefined macroscopic constraints, such as
degree distribution or group mixing, ensuring that the generated networks remain unbiased
within those constraints. In contrast, latent geometry networks model contact patterns by
embedding nodes in a geometric space, where proximity governs connectivity. Together,
these methods offer complementary tools for generating realistic network scenarios, pro-
viding a robust framework for constructing contact networks useful in developing outbreak

scenarios within an epidemiological context.

Maximum entropy framework

In this section we introduce the methodology that will enable us to define a network model
with the topological characteristics we have discussed so far. To introduce this method, it is

good to start with an analogy.
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Consider the scenario of preparing for a trip with incomplete information about the
weather at your destination. You know it is autumn, the location is coastal, and there is a
possibility of rain. In this context of uncertainty, the objective is to pack efficiently without
overloading your luggage. To achieve this, you rely on the available information: selecting
layered clothing suitable for cooler temperatures, including a raincoat to account for potential
rainfall, and choosing versatile footwear appropriate for both wet and dry conditions. This
approach exemplifies a balance between practicality and uncertainty, ensuring that your
preparations align with the limited information while maintaining adaptability to a range of
potential weather scenarios.

This simple decision-making process illustrates the essence of the Maximum Entropy
Method. When dealing with systems where information is incomplete, the Maximum En-
tropy principle provides a systematic way to make the best possible predictions or inference
is based on the constraints we know, while avoiding unwarranted assumptions. In this exam-
ple, the constraints are the weather clues, and the principle ensures you don’t overcommit to
a specific scenario (e.g., packing only for rain or only for sunshine). Instead, you maximize
your adaptability within the boundaries of your knowledge.

The Maximum Entropy Method is rooted in information theory and is widely used in
scientific and engineering disciplines for problems involving uncertainty [184]. Its fundamen-
tal idea is to select a probability distribution that maximizes the entropy—a measure of
uncertainty or randomness—while satisfying known constraints. By doing so, the method
ensures the least biased estimate possible, honoring the given information while refraining
from incorporating assumptions not supported by the data.

The analogy of packing for a trip mirrors how the method is applied in practice. For
instance, in statistical mechanics, the Maximum Entropy principle provides a framework to
infer the distribution of microscopic states of a system given macroscopic constraints, such
as energy or particle density [166]. Similarly, in network science, it can be used to generate
ensemble networks that satisfy specific topological properties, like degree distributions, while
avoiding unjustified assumptions about other structural characteristics [183]. The principle’s
versatility has also made it invaluable in fields as diverse as machine learning [94], natural
language processing [20], and biology [56].

In this section, we introduce the general framework and outline how to derive the proba-
bility distributions for the G(n, M) and G(n, p) models from the maximum entropy principle,

subject to appropriate constraints.

General Setup Consider a set G of all possible graphs on n vertices (labeled 1,2,...,n).
Each graph G € G may be represented by its adjacency matrix {z;;}, where z;; = 1 if
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there is an edge between nodes 7 and j, and x;; = 0 otherwise. For simplicity, we consider
undirected, simple graphs, so x;; = x; and z; = 0.

We seek a probability distribution P(G) over G that maximizes the Shannon entropy:

ZP )In P(G

Geg

subject to constraints on one or more network statistics.

The general problem can be framed as:

max S(P ZP )In P(G
Geg

subject to:

Z P(G) =1 (normalization constraint)
Geg

and possibly constraints of the form

> P@)Iee) =c,

Geg

where C'(G) is some network statistic (e.g., number of edges) and C* is the desired (fixed or
expected) value.
To solve this constrained optimization problem, we use the method of Lagrange multi-

pliers. Define the Lagrangian:
L(P.a,{\}) = - P(G)InP(G +a<1—ZP( >+Z)\ (0* > PG )
Geg Geg Geg

where o and {\;} are Lagrange multipliers enforcing the constraints.

Taking the functional derivative with respect to P(G), we get:

oc
oP(G)

~InP(G) = 1= ) NCi(G) -

Application: Derivation for the G(n, M) Model (Hard Constraint) In the G(n, M)
model, also known as the Erdés—Rényi-Gilbert G(n, M) model, we impose a hard constraint
on the total number of edges. Let E(G) denote the number of edges in G. Our constraints

are:
Y P(G@)=1 and P(G)>0 < E(G)=M,
Geg
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In other words, we restrict the support of P(G) to only those graphs with exactly M edges.

Solving the entropy maximization problem for P(G) yields:
~InP(G)=1+a = P(G)=e '
Notice that the right side of the equation doesn’t depend on G. Using the constraint on the
normalization we get:
1

C%P(G)zl - G;;e__azl — 6__a:|{G:E(G):M}|

By noticing that the number of graphs with n vertices and M edges is ((]\%) ), the only way to
maximize entropy given this strict condition is to distribute the probability mass uniformly

across all graphs with M edges:

1 if B(G) = M,
P(G) = () “

0, otherwise.

To see this from the Lagrangian perspective, consider that the maximum entropy solution
will not prefer any particular graph with M edges over another, since all satisfy the constraint
identically and no other constraints differentiate them. Hence, the final solution is uniform.
This scenario is analogous to the microcanonical ensemble in statistical mechanics, where

the “energy” (here, the number of edges) is fixed exactly.

Application: Derivation for the G(n,p) Model (Soft Constraint) For the G(n,p)
model, we enforce a soft constraint on the number of edges. Instead of fixing E(G) = M

exactly, we require only that the expected number of edges equals M:

Y P(G)E(G) =M,
Geg

while still requiring

Y PG)=1.
Geg

Solving for P(G) yields:

— hl P(G) == 1 + (6] + Z )\ZCZ<G> > P(G) — 67170‘721' )\iCi(G)_
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Define the normalization constant:

Z — el+oz — Z efzi )\iCi(G),
Geg

so that
e~ i MiCi(G)

Z

The values of the Lagrange multipliers {\;} and the partition function Z are determined

P(G) =

by the specified constraints C.
Here, all graphs are technically possible, but their probability decays exponentially with
the number of edges, controlled by the Lagrange multiplier \. To find Z, sum over all

possible graphs. There are (g) possible edges, each of which can be present or absent. Thus:

7= MO _ (%) ((g))em ~ (14 e,

Geg E=0

Hence:
o~ ME(G)

(1+ e—*)(g)'

This probability factorizes over edges because the presence/absence of each edge can be

P(G) =

considered independently:
e—Azij

P& = H 14+e

{i<g}

Set p = H% Then:

P(G) = p" (1 = p) D)7,
The expectation constraint )., P(G)E(G) = M determines A and hence p:

M

EIE(G)]| = .
B(G)] p( 5

Thus, the final form is:

B(G) (3)-E(G)
=) (-8)""

which matches the G(n, p) model with p = M/(5). This solution corresponds to the canonical

ensemble in statistical mechanics, where the “energy” (number of edges) is specified only in
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expectation, allowing for fluctuations.

Analytical limitations Maximum entropy models are a powerful tool for generating prob-
abilistic ensembles of networks that satisfy predefined macroscopic constraints. By maximiz-
ing the entropy of the network ensemble while adhering to these constraints, such models
ensure unbiased representations of the specified properties. However, their applicability is
limited by certain analytical and practical challenges.

One significant limitation arises when the constraints are difficult to handle analytically.
For instance, consider the problem of generating a network ensemble where the average

global clustering coefficient is fixed. The corresponding constraint can be expressed as:

=5

where ¢;, the clustering coefficient of node i, is defined as:

215
ki(k; — 1)

with T; representing the number of triangles node ¢ participates in, and k; being the degree

C;, =

of node 7. The number of triangles incident to a node 4 is evaluated with T; = 1/2 (A3);,
where A3 is the cube of the adjacency matrix. Substituting this definition into the constraint

yields:

1 A3);
=%y

This non-linear expression introduces significant analytical complexity, as the cluster-
ing coefficient depends not only on local properties like degree but also on higher-order
correlations between nodes (e.g., shared neighbors). Incorporating such constraints into a
maximum entropy framework is challenging, as it requires solving a system of equations that
intertwines local and global network properties.

In practice, networks generated using maximum entropy methods, such as the fitness-
corrected block model or the degree-corrected block model [21], tend to exhibit low clustering
coefficients, which may not accurately reflect the structural properties of many real-world
networks.

To address the challenge of generating networks with tunable clustering coefficients or
other non-linear topological properties, it becomes necessary to move beyond the maximum
entropy framework. Alternative approaches, such as latent geometry models, offer a promis-

ing solution by embedding nodes in a geometric space where clustering emerges naturally
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as a function of proximity. These methods, discussed in the next section, provide a flexible
framework for constructing networks with realistic clustering and other desirable features,

bridging the gap left by maximum entropy models.

Network with Latent Geometry

In this section, we introduce an alternative class of network models in which vertices lie in
an underlying latent space and edges are more likely to form between nodes that are close
in that latent geometry. Much like the Maximum Entropy viewpoint, these models leverage
incomplete information (unknown latent coordinates) and simple constraints (closeness in
geometric space) to produce flexible, probabilistic rules of edge formation.

Imagine you are organizing a social event where every guest has a “personal space”
preference. These preferences are invisible but dictate how comfortable guests feel talking
to each other. Two people whose personal space requirements align well (i.e., they have
similar “latent coordinates”) are more likely to interact, whereas those whose preferences
differ significantly may stay apart.

This analogy mirrors the essence of latent-geometry network models. Instead of personal
preferences, each node has a position in a latent geometric space (for instance, on a circle S' or
in a hyperbolic disk H?). The probability of an edge between any two nodes depends predom-
inantly on their distance in that latent space. This approach balances specificity—capturing
structured, often community-like connectivity—against generality, by avoiding assumptions
about explicit communities or top-down grouping. Like the raincoat analogy in the Max-
imum Entropy framework, we do not over-commit to a single structure (such as tightly
predefined clusters); instead, geometry guides the likelihood of connections while allowing

network-wide heterogeneity to emerge naturally.

The S' Model The S' model [178] is one of the simplest frameworks for constructing
networks in latent geometric spaces. Each node 7 is assigned two attributes: a hidden degree
ki, representing its popularity or intrinsic attractiveness, and an angular coordinate 6;, which
defines its position on a one-dimensional sphere (i.e., a circle). The radius of the circle is set
to R = %, where N is the number of nodes. This choice normalizes the density of nodes on
the circle to 1 without loss of generality [177].

The probability of a connection between any two nodes ¢ and j is given by:

1 1

IRV 1+<&)B’

KGR

Pij
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where d;; = RA(6;,60;) is the angular distance between the nodes on the circle, and A(6;, 6;) =
m — |m —|6; — 6,|| ensures periodicity. The parameters p and 5 control the average degree
and clustering coefficient of the generated network, respectively.

It is useful to highlight a property of S' and other geometric network models: these
models inherently promote high clustering coefficients compared to other random network
models. This is a direct consequence of the triangular inequality: nodes that are close to each
other in the latent space are more likely to share common neighbors, resulting in densely
connected triads.

The connection probability follows a form akin to a gravity law, where the likelihood
of an edge increases with the product of the hidden degrees (k;r;) and decreases with the
angular distance (d;;). In this framework, nodes with higher x-values (greater popularity)
are more likely to connect, even if they are angularly distant, whereas nodes with lower
popularity are more likely to connect only when angularly close.

A key property of the S! model is its ability to generate networks with tunable clustering.
The parameter 3, referred to as the inverse temperature, dictates the clustering behavior. For
[ < 1, the networks are unclustered, while for 5 > 1, the networks exhibit finite clustering
in the thermodynamic limit. This structural phase transition at # = 1 marks a critical point

where the topology of the resulting networks shifts dramatically [178].

The H? Model The H? model [107] is a purely geometric extension of the S! model, where
the popularity and similarity dimensions are integrated into a single distance metric in the
hyperbolic plane. This distance governs the likelihood of connections between nodes, with
hyperbolically closer nodes being more likely to connect. The hyperbolic plane’s unique
properties, such as exponential growth of circumference and area with radius, make it an
ideal framework for modeling small-world, scale-free, and clustered networks.

In this model, the hyperbolic distance between two points, 7 and j, with radial coordinates

r;, r; and angular separation Ad;;, is computed using the hyperbolic law of cosines:
cosh z;; = coshr; coshr; — sinh r; sinh r; cos Af;.

For large r; and r;, this simplifies to:

AHZ-]-

Ty =1 +7r;+2In 5
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The connection probability between nodes is determined by a Fermi-Dirac function:

1

B 1 + e3@y—Ru2)’

Dij

where 3 controls clustering, and Ry is the disk’s radius, which scales with the number of
nodes N as Rpz ocIn V.
Nodes are distributed within the hyperbolic disk according to a density function:

sinh r

plr) = cosh Rz — 1’

ensuring homogeneity. High-degree nodes are placed near the disk’s center, while low-degree
nodes are closer to its periphery. This radial placement, combined with angular similarity,
governs the network’s topology.

Overall, the H? model offers a powerful geometric framework for understanding the struc-
tural and functional properties of complex networks, including their navigability and clus-
tering, while maintaining analytical tractability. Importantly, hyperbolic embeddings often
capture hierarchical community structures: nodes near the origin (r; &~ 0) are highly con-
nected “hubs,” and the angular dimension encodes more fine-grained “similarities.” As a
result, H? networks can closely mimic real-world topologies, exhibiting strong clustering and

broad degree distributions.

Quasi-Isometry of S' and H? Although S! and H? might seem fundamentally different
(flat circle vs. curved hyperbolic disk), they are, in fact, quasi-isometric in many parameter
regimes [177]. Concretely, the S! model with certain radial scalings and a scale-free distri-
bution of the fitnesses {k;} can approximate much of the behavior of a hyperbolic disk of
appropriate curvature. Conversely, a small radius hyperbolic model can appear very simi-
lar to a circle-based embedding. Formally, there exist mappings between H? and S! x R*
that preserve distances up to bounded multiplicative factors. Hence, one can often translate

results and inferences from one model to the other.

Soft Communities Latent geometry-based models, such as the S' and H? frameworks,
provide a robust foundation for studying complex networks. These models embed nodes in
a hidden geometric space, where the probability of connections depends on the geometric
distance between nodes. A key feature of these frameworks is the spontaneous emergence
of community-like structures, which arise naturally from the spatial arrangement of nodes

without requiring explicit clustering mechanisms [105].
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ter (depicted by node size), influencing their reflecting similarity and popularity, respec-
likelihood of forming connections. tively.

Figure 2.9: Comparison of the S! and H? models. Both frameworks rely on latent geometric
spaces to define the probability of edge formation, governed by node similarity and popularity
metrics.

Traditionally, community structure in networks is identified through clustering and com-
munity detection algorithms that aim to partition or cover the graph into explicit subgroups
(see, e.g., the comprehensive review by Fortunato [73]). These methods are generally based
on the principle that communities are defined as sets of nodes with a higher density of in-
ternal connections compared to connections leading outside the group. Techniques such as
hierarchical clustering, partitional clustering, and spectral clustering [219] work by defining
similarity measures between nodes or groups, optimizing quality functions (like modular-
ity [147]), or leveraging matrix properties to group nodes based on the network’s structure.
The outcome of these approaches is typically a discrete assignment of nodes to specific, often
non-overlapping, modules, effectively enforcing a rigid partition of the network.

Unlike traditional approaches that enforce rigid partitions, these emergent communities
reflect the intrinsic topology dictated by parameters such as degree distribution, clustering
coefficients, and spatial constraints.

Nodes with similar angular positions or shorter hyperbolic distances tend to cluster into

densely connected subgroups, mimicking real-world phenomena where entities with shared
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characteristics naturally group together. These communities are often referred to as soft
communities [220]. In the S' and H? models, such communities correspond to angular
sectors characterized by high local clustering. These structures emerge as a byproduct of
probabilistic connection rules rather than explicit design.

Empirical analyses highlight the robustness of these emergent communities. High modu-
larity scores are consistently observed across various community detection algorithms, includ-
ing Louvain, Infomap, and asynchronous label propagation. Furthermore, metrics like the
angular separation index (ASI), specifically designed for hyperbolic networks, demonstrate
that these communities occupy distinct angular regions with minimal overlap [105].

Garcia et al. [79] demonstrated that adopting a growing network paradigm, where link
formation is governed by a competition between similarity and popularity, allows for the
generation of networks with targeted topological features and soft communities. In this
framework, nodes are sequentially added to the network, and connections are established
based on a trade-off between proximity in a latent space (similarity) and the degree of
existing nodes (popularity). In this dual mechanism hidden variables are now dependent
and captures the hierarchical and modular structures often observed in real-world networks.

By sampling angular coordinates from non-uniform distributions, the sizes of communi-
ties can be effectively controlled, as shown by Muscoloni et al. [144]. For instance, denser
regions in the angular space correspond to larger communities, whereas sparsely populated re-
gions define smaller ones. This flexibility is particularly advantageous for modeling networks
with heterogeneous community structures where group sizes vary significantly. However, in
this method, communities are defined implicitly through their average angular coordinate,
with the result that edges predominantly form within groups or between neighboring groups
in the linear ordering of the angular space. This limitation stems from the nature of the
angular distance metric, which inherently biases connections towards closer angular coordi-
nates. Consequently, while the model effectively generates networks with localized clustering
and modularity, it struggles to capture long-range inter-community edges often observed in
empirical networks.

Despite their advantages, latent geometric frameworks lack general solutions for enforcing
arbitrary mixing patterns. Recent studies have identified a dimensionality problem in these
models [59]: while soft communities can be created by aggregating nodes within similarity
space in D dimensions, the interplay between space dimensionality and community structure
remains significant, and it is not yet clear whether increasing the size of the latent space can
effectively control community structures. Addressing this limitation is important to advance
the applicability of latent geometry-based models in scenarios where precise community

control is needed.
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Exploring Aquatic Food Webs

Food webs, a specific type of ecological networks, model the flow of energy and matter in an
ecosystem. In this section of the thesis, we analyze the structural properties of 173 aquatic
food webs from freshwater, marine, and coastal ecosystems. This work was presented at the
Computational Intelligence Methods for Bioinformatics and Biostatistics (CIBB 2023) [192],
where further details are available. ~ We investigate key network features such as core-
periphery structure, which sheds light on the energy and matter flow from primary producers
to apex predators. Additionally, we assess the robustness of these networks by examining
their responses to species removal, identifying critical species that maintain the integrity of
the ecosystem. We further explore the motif representation of these webs to reveal patterns
of interaction at a mesoscopic scale, providing insights into the stability and resilience of eco-
logical modules such as intraguild predation and competition. To the best of our knowledge,
this represents the largest network analysis of aquatic food webs. The code and dataset used

in this study are available at https://github.com/davidetorre92/AquaNet.

3.1 Foundational Concepts in Food Web Analysis

This section outlines concepts and terminologies foundational to the analysis of food webs.
Nodes in the networks of the dataset of this study represent either living species or non-living
pools of organic material. The edges are associated with trophic links and describe the flow
of energy and matter between nodes.

These definitions are integral to the subsequent discussion of this chapter, where they are
applied in the context of specific research questions and analyses. The following paragraphs

provide a comprehensive examination of each term employed in this study.
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Taxa richness Taxa richness refers to the number of nodes (.S) in a food web [190]. These
nodes extend beyond individual biological species: they include taxonomic groups at varying
levels of aggregation, from single species to entire kingdoms (e.g., mites or invertebrates);
mixed groups or communities (such as zooplankton or bacterial communities); specific life
stages of organisms (e.g., juvenile or adult bass); parts of organisms (such as leaves or roots);
and non-living organic components (like detritus; particulate organic carbon, POC; or dis-
solved organic carbon, DOC). While the term "taxa” traditionally refers to classifications
of living organisms, its broader application here includes both living and non-living nodes
for consistency with established definitions in food web studies (see e.g., [190] Box 1). To
minimize confusion, we distinguish between living nodes, representing living organisms, and
non-living nodes, representing non-living organic components. This distinction becomes par-
ticularly important in specific analyses, such as the identification of critical node sequences
or the study of three-node motifs, where the focus is typically restricted to living nodes. Re-
taining the term ”taxa richness” while clearly defining its broader scope ensures consistency

with the literature while accommodating the unique composition of the dataset.

Stock Density Stock density refers to the quantity of a specific medium, such as carbon
or nitrogen, present within an ecological network, expressed per unit area or volume (e.g.,
mgC - m~2, milligrams of carbon per square meter) [195]. In food web models, this measure
includes the biomass of living organisms as well as the mass of non-living components, such

as detritus or particulate organic matter.

Number of Trophic Links The number of trophic links (L) represents the exchange of
matter or energy within an ecosystem [190]. It corresponds to the total number of directed
edges between nodes in a food web, representing pathways through which matter and energy
flow within an ecological community. In our study, these interactions include grazing, defined
as the transfer of matter from primary producers (e.g., plants or algae) to herbivores through
the grazer pathway; predation, describing the consumption of one organism by another at
higher trophic levels; and cannibalism, where individuals of the same species prey on one
another. The food web also accounts for decomposition, where matter flows from organic de-
tritus to decomposers and detritivores, driving the recycling of nutrients; autochthonous flow
of matter into detritus pools arising from the natural death of organisms and unassimilated
prey [142]; and flow of matter and energy between non-living nodes due to abiotic factors
such deposit of suspended matter [142]. In contemporary food web models, trophic links of-
ten quantify the flow of matter or nutrients between species. This flow is typically expressed

3 -1

as a rate of stock density transfer over time, measured in units such as mg-C - m™ - yr
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(milligrams of carbon per square meter per year).

Matrix of interactions In our dataset, detailed information on the stock density of nodes
and their flow is not always available. To address this, we adopt two matrices: the binary
interaction matrix a, where a;; = 1 denotes the presence of a link from 7 to j, and the
weighted interaction matrix w, where w;; quantifies the magnitude of the interaction (e.g.,
biomass flow). In cases where weight data is unavailable, we assume w;; = a;; for all pairs

(1,7), treating the interaction as unweighted.

Connectance A measure of network complexity, representing the fraction of realized

trophic links (actual interactions) out of all possible links between species [65]:

C=1L/S (3.1)

Trophic Level The trophic level of a species defines its position within a food web [191].
Primary producers, such as plants and other basal resources [208], occupy the lowest trophic
level, as they do not consume any other species. At the other end of the spectrum, top
predators, which lack predators themselves, represent the highest trophic level in the web.

The concept of trophic level was first introduced by Lindeman in 1942 [115], who defined
it in discrete terms: basal species occupy the first trophic level, herbivores the second, and
successive levels are assigned to higher-order consumers in integer increments. This approach,
based on the transfer of energy and matter through successive trophic levels, provided the
foundation for much of modern ecosystem ecology and emphasized the role of energy flow
as the driving mechanism behind food web dynamics.

While Lindeman’s definition remains influential, more refined methods have been devel-
oped to accommodate the complexity of real-world food webs. In this thesis, we adopt the

prey-averaged trophic level [208]:

TL; =1+

1
s ST, 52)

which iteratively calculates the trophic level T'L; of a species i as the weighted average of
the trophic levels of its prey (j), plus 1. Basal species and non-living nodes, by definition,
are assigned a trophic level of 1 [208].

This prey-averaged method provides a finer resolution compared to Lindeman’s discrete

approach, capturing complexities such as mixed diets and omnivory. It is particularly suitable
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for our dataset, as many of the food webs lack link-strength information, and the prey-
averaged method can be applied to food webs with binary interactions [208]. By using this
definition, we capture the nuanced trophic dynamics inherent in real-world ecosystems while

preserving compatibility with datasets of varying levels of detail.

Three-node motifs A three-node motif is a connected subgraph M of a graph G with
three nodes and a specific edge arrangement. For directed graphs, there are 13 unique
configurations of three-node motifs. Among these 13 possible interactions, four have been
extensively studied in past decades.

Tri-trophic chain can be represented as M = {(u,v), (v,w)}, where u — v — w. It
represents a simple linear food chain among three species, where the top predator (w) preys
upon an intermediate species (v), which, in turn, consumes the basal species (u).

Intraguild predation can be represented as M = {(u,v), (v,w), (u,w)}, where u — v — w
and u — w. It occurs when a top predator (w) consumes both an intermediate predator (v)
and a basal prey species (u).

Apparent competition can be represented as M = {(u, w), (v, w), (u,w)}, where u — w <«
v. It occurs when two prey species (v and v) are hunted by a shared predator (w). In this
scenario, an increase in one prey species can inadvertently increase predation pressure on
the other, as the shared predator’s population may rise due to the abundance of food.

Ezploitative competition can be represented as M = {(u,v), (u,w), (u,w)}, where v <
u — w. It is a motif where two predator species (v and w) compete for the same basal prey
(u) without directly interacting with each other. The predators indirectly affect one another
by consuming shared resources.

These three-node motifs, as depicted in Figure 3.1.

3.2 Data collection

For this study, we collected a dataset of 173 aquatic food webs. Of these, 18 were sourced
from the igraphdata library [50], 12 were manually extracted from [47], and 2 were directly
obtained from published papers [123, 96]. The remaining 141 food webs were downloaded
from the Ecopath With Ecosim repository [49] using the API available at https://ecobase.
ecopath.org/.

All food webs are provided in XML graphml format and are accessible at https://
github.com/davidetorre92/AquaNet/. A summary of the most representative metrics for
these webs is available in Table 3.1

We categorized the food webs into six ecosystem types: lagoons/coasts, gulfs, lakes/ponds,
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Figure 3.1: Example of three-node motifs in the Chesapeake Bay Mesohaline [7] food web
model.

open sea, rivers/streams, and swamps/marshes. The ecosystem type for each food web was

inferred from the model’s name or by checking in the original paper that introduced the
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web, the specific type of ecosystem it represents. For example, the model named Gulf of
Mexico (1950) was categorized under the gulf ecosystem, while Charca de Maspalomas was
assigned to lagoons, and the two Cypress models (wet and dry seasons) were categorized
as swamps. This classification resulted in 96 open sea ecosystems, 43 coast ecosystems, 11
gulfs, 11 rivers, 6 lakes, and 6 swamps in our dataset.

In the food webs manually extracted from [47, 123, 96], no information was available
regarding the flow from living nodes directed to non-living nodes, that is the flow of energy
and matter resulting from the natural death of organisms and unassimilated prey. To ensure
consistency with food webs derived from these sources, we established links from living
nodes to non-living nodes where appropriate. However, to align with models available in [50]
and [49], we examined whether all living nodes were indeed connected to the non-living
nodes. Upon investigation, we found that living nodes representing birds, as well as those
for primary producers such as phytoplankton, bacteria, and plants, didn’t have any links
connected towards the non-living nodes. Based on this observation, we chose not to include
these links, thereby maintaining consistency with the rest of the dataset while respecting the

structural nuances of the original sources.

Metric Mean Std Dev Min Max
Taxa richness (.5) 41.77 23.12 18 182
Number of trophic links (L) 424.94 448.04 55 2614
Connectance L/S? 2.01 x 107" | 7.55 x 1072 | 2.63 x 1072 | 3.85 x 107"
Basal species 4.2 7.86 1 90
Non-living nodes 1.50 0.9 1 7
Largest strongly connected compo- 0.87 0.12 0.33 1.0
nent proportion

Max trophic level 4.41 0.48 3.14 5.67

Table 3.1: Food webs metrics in the dataset.

3.3 Core-periphery structure

The core-periphery structure is a basic pattern in a network, marked by two distinct com-
ponents: a “core” with closely linked nodes, and a “periphery” where nodes are loosely con-
nected, both to the core and to each other [76]. In ecological networks, the core-periphery
structure is linked to the concept of nestedness (see, e.g., [139]). This arrangement plays
an important role in the network adaptability, enabling them to cope with environmental
variations and internal disturbances. To identify this structure in aquatic food webs, we

classified core nodes as those in the largest strongly connected component of the graph, with
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Figure 3.2: Global map depicting the approximate locations of 173 food webs. Markers
found in a continental zone indicate a food web that relates to one of the coasts of that
region.

all other nodes designated as the periphery. Allesina et al. in [4] analyzed the flow of energy
in food webs by studying the strongly connected components. Following a standard termi-
nology (see, e.g., [30]), the periphery can be further decomposed into five distinct subsets:
the IN-periphery, consisting of all nodes that can reach the core but cannot be reached from
the core; the OUT-periphery, consisting of nodes that are reachable from the core but can-
not reach the core; the Tubes structure, that consists of nodes that do not interact with the
core and that connect the IN-periphery to the OUT-periphery; the Tendrils-IN structure,
consisting of nodes that are reachable from the IN-periphery, but do not interact with the
core; the Tendrils-OUT structure, consisting of nodes that reach the OUT-periphery but
do not interact with the core; and all the remaining nodes, which are not connected with
the previous nodes and are thus referred to as other nodes. Figure 3.3 presents a schematic
representation of this type of structure with the aforementioned definitions.

We computed the core-periphery structure for all the food webs in our dataset. In Fig-

ure 3.4, we present for each food web the proportion of nodes in the core and each peripheral
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Figure 3.3: A sketch of the core-periphery structure. Core nodes belong to the giant strongly
connected component, while other nodes belong to the periphery.

structure. Our analysis shows that the networks in our dataset share a very similar structure:
a large core in which compartments are highly interconnected and a smaller IN-periphery
that carries energy and matter to the core nodes. More than 75% of the analyzed food webs
have a core that contains over 85% of their nodes. However, there is variability in the size
of the core. A small subset of food webs, specifically 2.9%, present a core that includes only
40 — 50% of the nodes.

The nodes in the IN-periphery correspond mainly to producers which supply with their
energy and matter the strongly connected component. Producers derive their energy from
sources like photosynthesis and feed energy and matter into the system through herbivores.
In our food webs, producers are defined as nodes at the lowest trophic level with an in-degree
equal to zero (i.e., they do not receive energy from other species) and an out-degree greater
than zero. Besides producers, the IN-periphery includes plankton communities (in various
aggregations), small fishes, and invertebrates, which export energy and nutrients to species
with higher trophic levels. Occasionally, this structure also contains non-living nodes (e.g.,
Sediment POC in the Upper Chesapeake Bay model, DOC in the St. Marks River model,
and Fishery Offal in the Northern Californian Current model). These nodes are coupled
with living organisms that recycle nutrients most of times into the core. On the other hand,
nodes in the OUT-periphery represent consumers that feed directly on the core of the food
web. These nodes are limited in number (24 in the dataset) and mainly consist of birds (such
as gulls, kingfishers, and various raptors), turtles, jellyfish, and large fish such as whales,
sharks, and killer whales.

As for the other peripherical structures, we recall that Tendrils-IN, Tendrils-OUT and

Tubes contain species that neither reach the core nor are reached from the core and do not

69



CHAPTER 3. EXPLORING AQUATIC FOOD WEBS

100% -

80% A

60% A

40% A

Structure component percentage

20% - HEl Core

I In
Out
Tendrils-In

0% -
0 25 50 75 100 125 150 175
Food web index

Figure 3.4: Proportion of core periphery relative to the food web size. The x-axis indicates
the index of the food web, while the y-axis indicates the proportion of the nodes belonging
to the the relative structure component. The food webs in the dataset are sorted according
to their core size proportion.

seem to have a strong overall influence on the network. In our datasets only 3 food webs
contain Tendrils-IN structure and none of the them contains Tubes and Tendrils-OUT. The
three food webs that contain Tendrils-IN along with the species that form these structure,
are as follows: in the Lower Chesapeake Bay, rotifers feeding on phytoplankton; in the Tasek
Bera swamp of Malaysia, swallows feeding on various organisms of the IN-periphery; and in
the Salt meadow, New Zealand, redpolls, feeding on seeds.

Our datasets include 22 networks with information spanning various contexts. For some
networks, data has been collected over multiple years, while for others, we have data covering
both the wet and dry seasons. We analyzed the differences in species composition, links,
and the composition of core and periphery in these networks to test if this structure remains
constant over time. In the six food webs modeling the same ecosystems across two different
seasons—Cypress, Mangrove Estuary, and Florida Bay—we found that while the species
remained consistent between the dry and wet seasons, there were minor differences in the
links. However, the overall core and periphery structure remained unchanged. The same

applies to the remaining 16 networks modelling ecosystems in different years.
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3.3.1 Horizontal and vertical diversity of core and periphery

Biodiversity is another crucial factor affecting the functionality and stability of food webs [126].
The biodiversity of food webs is composed of horizontal (i.e., within trophic levels) and verti-
cal diversity (i.e., the number of trophic levels) [199] and they are believed to have opposing
effects on stability. Vertical diversity tends to reduce stability in simple food chains by
lengthening recovery times, suggesting why natural food webs have few trophic levels [171].
Whereas, horizontal generality, which usually considers the measure of generality and vul-
nerability of the species, is believed to influence positively the stability of the network [174].
Indeed, generalists, with their broad diets, can provide robustness to a food web by filling eco-
logical gaps when certain species are removed or environmental conditions change [46, 149].

We define now formally these concepts. Consider a food web represented by its adjacency
matrix a, that is a;; = 1 if the is a directed edge from i to j, and a,;; = 0 otherwise. Given
a species 7, the amount 25:1 aj;, is an indicator of the generality of ¢ and measures the
breadth of its diet, that is, the set of relationships that a consumer has with its prey. The
vulnerability of ¢, is the amount Z;q:l a;j, and measures the number of consumers that prey
upon this species. Note that in graph-theoretical terms, the generality of a node corresponds
to its in-degree, while the vulnerability corresponds to its out-degree. To be able to compare
these quantities across different networks, they are usually normalized by the average number
of links per species L/S. Formally, to measure the generality and vulnerability of a species i
in the food web G we use the following definitions provided in [207]: Gen; = £ Zle aj; and
Vul, = %Zle a;j. A species ¢ is a generalist if Gen; > 1 and non-generalist otherwise, and
vulnerable if Vul; > 1 and non-vulnerable otherwise.

To better understand the food web robustness we explore the vertical and horizontal di-
versity of the core and periphery of food networks. In examining the horizontal diversity, we
focus on how generalist and vulnerable species are distributed across the cores and periph-
eries of each food web. Figure 3.5a illustrates that in the core of food webs, the proportions
of generalist and vulnerable species are quite similar, with generalists making up an aver-
age of 42.4% and vulnerable species 39.8%. Conversely, Figure 3.5b reveals that, with few
exceptions, food web peripheries predominantly consist of vulnerable nodes. Specifically,
on average, peripheries contain 1.8% generalist species and 48.1% vulnerable nodes. We
reported here the proportions of species categorized as generalists and vulnerable, consider-
ing only the living nodes. An alternative approach would involve calculating the generality
and vulnerability of species in a subgraph of the food web that includes only living nodes,
excluding non-living nodes and their interactions. This adjustment shifts the proportions

slightly: generalist compartments in the core rise to 48.6% (from the previously observed
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42.4%), vulnerable species in the core increase to 40.5% (from 39.8%), while generalists in
the periphery rise to 2.5% (from 1.8%) and vulnerable species reach 52.3% (up from 48.0%).
These findings align with previous observations, although excluding non-living nodes may
slightly affect the observed distribution of generalist and vulnerable species across core and

peripheral network structures.
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(a) Proportion of generalist (mean = 42.4%)  (b) Proportion of generalist (mean = 1.8%) and
and vulnerable (mean = 39.8%) living nodes in  vulnerable (mean = 48.1%) living nodes in the
the core of food webs. peripheries of food webs.

Figure 3.5: Comparison of generalist and vulnerable species in the core (left) and periphery
(right) of food webs. The ‘+’ sign indicates the mean value across the dataset. The percent-
ages represent the average proportion of each species type across all analyzed food webs.

Regarding vertical diversity in each food web, we calculated the maximum trophic level
across the entire food web, as well as within its core and periphery. Figure 3.6 presents the
distribution of these maximum trophic levels. The figure clearly shows that species with the
highest trophic levels are predominantly found in the core, while those with lower trophic
levels belong to the periphery. A compelling explanation for this observed pattern can be
found in the structural composition of the peripheries - the subgraphs existing outside the
core network. These peripheral regions are predominantly constituted by the IN-periphery,
where organisms functioning as primary energy and matter suppliers to the core are situated.
Due to their fundamental position in the food web, these species necessarily maintain lower
trophic levels. The statistical outliers observed in our analysis, characterized by notably
elevated trophic levels, are primarily associated with the OUT-periphery. This distinct

region includes all those species that facilitate the export of energy and matter from the core
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Figure 3.6: Distribution of trophic level across the entire network, core, and periphery
subgroups of the food web. The symbol ‘+’ denotes the mean trophic level for each group.
Outliers are represented as individual points.

network, thus naturally occupying higher trophic level in the food web.

3.3.2 Flow of energy and matter

In this section, we classify the diet composition of each species in the various peripheries of
the food web. We explore the core and periphery of aquatic food webs by systematically
classifying the links between and within the structures. To achieve this, we classified all the
links in the 173 food webs according to two criteria: the structures they connect (core, IN-
periphery, OUT-periphery, or Tendrils-IN) and the type of node (living or non-living nodes)
that serves as the source and target. To provide a sense of scale, our dataset contains a total
of 73,514 links across all 173 food webs.

The data is organized in Table 3.2, where columns represent links between structures and
rows represent links between types. Links between living nodes (L — L) represent energy
exchanges through strategies such as predation and herbivory. Links from living to non-living
nodes (L — D) describe a flow of energy and matter that comes from the living tissues of
an organisms into a pool of non-living matter modeling the transfer of matter from living
species to detrital pools after the death of organisms or from unassimilated prey [142, 65].
Links from detrital to living nodes (D — L) represent the consumption of non-living organic

material by living organisms including detritivores, which are the organisms that recycle
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nutrients into the ecosystem. Finally, links between non-living nodes (D — D) represent
further decomposition within the detrital pool caused by abiotic factors such as deposition

of suspended organic matter into sediment.

Links |IN—+IN IN—-C IN—TIN C—C C—=0UT OUT —OUT IN — OUT | Total
L—L 1020 6483 6 54774 142 7 13 62445
L—D 59 968 0 6970 0 0 0 7997
D— L 29 216 0 2743 3 0 0 2991
D—D ) 26 0 50 0 0 0 81
Total 1113 7693 6 64537 145 7 13 73514

Table 3.2: Link classification by food web structure, and matter and energy exchange inter-
action. Legend: C': core, IN: IN-periphery, OUT: OUT-periphery, TIN: Tendrils-IN. L
living nodes, D non-living nodes, e.g., detriti.

Regarding the links connecting species within the IN-periphery, we found that these links
typically connect species at lower trophic levels to those at higher trophic levels, as defined
in Equation 3.2. Links connecting the IN-periphery to the core total 7,693, with 6,483
(84.27% out of all the links from the IN-periphery to the core) being L — L links. This
indicates that energy and nutrients predominantly flow between the IN-periphery and the
core through herbivory and predation. Another significant contributor to the energy and
matter flow between these two structures are the (L — D) process from the IN-periphery
to the core, with 968 interactions (12.58% out of all the links between IN-periphery and
core), and D — L links, accounting for 216 interactions (2.81%). The remaining interactions
involve exchanges between non-living nodes. The links within the core are 64, 537, accounting
for 87.79% of the total dataset. Among these, 54,774 (84.87% out of all the links within
the core) are L — L interactions, 6,970 (10.80% out of all the links within the core) are
D — L; 2,743 (4.25% out of all the links within the core) are L — D, and 50 (0.08% out
of all the links within the core) are D — D. Notably, of all 7,997 L — D links, 6,970
are within the core, indicating that most flow of matter due to death of organisms or from
unassimilated prey occur in the core. From the core to the OUT-periphery there are mostly
L — L relations, and between the OUT-periphery there are only L — L relations.

These measurements help to understand the organization of food webs: the core not
only hosts the majority of species within a food web but also serves as the primary site for
predation and the recycling of organic matter.

If we could trace a volume of matter from producers to OUT-periphery species, it would
start in the IN-periphery, moving through this structure via herbivores and into the core
through predation. Within the core, the volume of matter undergoes various transformations,
with some of it being recycled by decomposers. Finally, it is exported by OUT-periphery
predators, exiting the ecosystem cycle [181, 37]. The sketch in Figure 3.7 provides a depiction
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Figure 3.7: A sketch of the core periphery structure and the energy flow. The structures are
coloured purple for the core, blue for the IN-periphery, yellow for the OUT-periphery and

green for the Tendrils-In. Nodes with an orange fill, represent non-living nodes (e.g., detriti,
debris, DOC). living nodes are indicated with a capital L.

of the core-periphery structure of aquatic food webs and their peripheries.

3.4 Identification of critical nodes

Aquatic ecosystems experience loss of population and species, most of the times with un-
known consequence in terms of resource use (that is, how organisms in an ecosystem use
available resources such as light, nutrients, water, and food), primary production (that is,
energy from the sun is converted into organic matter by autotrophic organisms), secondary
production (that is, generation of biomass by heterotrophic organisms) [211]. The cause of
these changes include direct human interventions such as fishing [211] or seabed mining [117],
or from climate change [164], or other events such as the invasion of an alien species into
an ecosystem [13]. Understanding and predicting the relationship between the topological
structure of ecological networks and extinction patterns or cascading effects is important at
this time because it helps guide conservation efforts and mitigate the impacts of biodiversity
loss in the face of accelerating environmental changes [167]. In this section we evaluate the
impact of living nodes on the stability of each food web.

Since in general this problem is hard (see, e.g., [154]), this evaluation is done empirically,
by assessing how much the removal of a node (corresponding to the disappearance of a
species in the ecological network) may disrupt the structure of the network. The removal of
a node from a food web corresponds to multiple scenarios: it may represent the extinction
of a species, its migration, or a change in its function within the ecosystem [197, 180]. This

can lead to cascading effects, such as the loss of a key predator or prey altering the structure
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and function of the entire ecosystem. The impact may vary depending on the role of the
removed node, potentially causing shifts in species abundance, changes in nutrient cycling,
or even the collapse of the food web’s [197]. This leads to the following natural notion
of robustness of the network: if removing a few nodes has no noticeable impact, then the
network structure is robust. On the other hand, if removing a few nodes quickly affects the
underlying structure of the network, then the network is more fragile. Currently, the most
used criteria are based on: (1) the most connected species; (2) randomly chosen species;
(3) the most connected species excluding primary producers; and (4) the least connected
species [66, 67, 149, 19]. In these studies the robustness is defined as the fraction of species
that had to be removed in order to result in total species loss (i.e. primary species removals
plus secondary extinctions) of > 50% of the species in the original web. Similarly, Allesina
et al. in [5] proposed another method in which nodes are gradually removed according
to their degree in the generalized multiple dominators graph in which the resource nodes
represent are the root of the dominator graph and an edge between two nodes represents a
domination relationship. Our approach differs from that seen in the past because we look
for which species have a disruptive effect globally on the entire network, rather than picking
a sequence based upon the local features of a node. To identify the presence of such species,
we search for that sequence of nodes that results in the highest minimization of the reachable

pair fraction upon their removal. This quantity is defined as [25]:
r(G) := R(G)/S? (3.3)

where R(G) are the reachable pairs of the graph G, i.e., the number of pairs (u,v) such
that there exists a directed path from u to v, and S is the number of nodes of the graph
G. This quantity is normalized after dividing by the number of all possible pairs of nodes,
S2. A path from u to v indicates that a fraction of the energy originating at u can reach v
(see, for example, [195], section 3 on Indirect Effects). The reachable pair fraction defined
in Equation 3.3 is capable of capturing cascading effects across trophic levels in a food
web: when a species is removed, the disruption can propagate indirectly through multiple
trophic levels, affecting species that are not directly connected to it. This metric, therefore,
quantifies the extent of these potential cascading effects by measuring how the network

withstands species loss.

3.4.1 Notion of robustness

In the context of mutualistic ecological networks, Sheykhali et al. [179] provided a notion of

robustness by measuring the area under the curve of the relative size of the largest connected
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component vs. the fraction of nodes that have been removed in the web. Inspired by
this idea, we established a notion of robustness by measuring the area under the r(G) vs.
the fraction of removed nodes. Consider a sequence of nodes in a network, denoted as
CSeqc = {s1,...,5i,...,5|55|}- We define

1 i
PG = 15, ;T(G( )) (3.4)

where G is the graph obtained after removing from G the edges incident to the vertices
{s1,...,5;}. We set G = G. Notice that, in this context, we are looking for a sequence of
critical nodes of living nodes. Therefore, S in Equation 3.4 is the number of living nodes of
the graph G and the sequence of nodes C'Seqq is a set of nodes containing all living nodes
of the graph G.

3.4.2 Description of the algorithm for computing the robustness

To determine the robustness pg of a food web G, we need to find the sequence of most critical
nodes. More specifically, given a food web G = (S, L), the goal is to find a sequence of living
nodes, CSeqq, whose removal minimizes p(G). We proceed in a greedy manner. Starting
from an empty sequence of nodes C'Seqq, for each living node s of G, we measure r(GW)
where G is obtained from G by removing all the links that are incident to s. We add to
CSeqq, the node that minimizes the quantity r(G™). In case of ties, i.e., if there is more
than one node minimizing r(G")), we choose the node with the lowest trophic level defined
in Equation 3.2. This choice reflects our focus on identifying nodes critical for maintaining
bottom-up energy flows in the network, as species with lower trophic levels often act as
primary pathways for energy transfer from basal resources to higher levels. We continue this
process until there are no more links incident to the nodes representing living nodes. Once
the sequence is set, we compute pg accordingly using Equation 3.4.

We computed the robustness of all the food webs in our dataset. Table 3.3 presents the
networks arranged in decreasing order of robustness. Furthermore, for each network, we
provide the first three nodes found in the sequence, corresponding to the top three most
critical nodes according to our algorithm.

We investigated whether the robustness p¢ is correlated to other measures of the food web
such as the size of the network, the fraction of the core calculated in the previous section, and
also with the connectance, defined as the proportion of possible links (S5?) that are realized
(L) [65]: C = L/S?. The measure of robustness of a food web appears to be positively

correlated (Pearson correlation = 0.60) with the proportion of nodes belonging to the core,
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Rank Food Web [s¢, 5§, s5] P

1 Sand Beach, South | Gastrosaccus, Callianassa, Donax; 0.369615
Africa bacteria; Cumacea

2 Sitios Novos Camarao; Cladocera; Copepoda 0.335623
Reservoir (2011)

3 Terminos Lagoon Meiofauna; Polychaetes; Zooplankton 0.321184
(1980)

171 Chesapeake Bay bacteria in sediment poc; zooplankton; 0.063669
Mesohaline blue crab

172 St. Marks River Benthic bact; Bacterio plankton; 0.061475
(Florida) Micro protozoa

173 Salt Meadow, New | amphipods; collembola; mites 0.043401
Zealand

Table 3.3: The food webs are sorted in non-increasing order of robustness, with the highest
values corresponding to the top rows. The first column corresponds to the rank in the
ordering. The third column contains the sequence of the most critical nodes.

and the connectance (Pearson correlation = 0.59). This measure is not directly correlated
with other simple food web metrics, such as the taxa richness (Pearson correlation = —0.22),
the number of trophic links (Pearson correlation = 0.01), the maximum trophic level (Pearson
correlation = —0.27). This finding is in agreement with Dunne et al. in [66]: our definition
of robustness pg increases with the connectance of the network. However, the authors’
strategy for node removal involved starting with the species that had the highest number
of trophic links to other species and then measuring the number of secondary extinctions.
In contrast, our approach measures a global connectivity metric of the network, as defined
in Equation 3.4. The resulting sequence of nodes differs from a simple sorting based on
in-degree or out-degree alone. To quantify this difference, we calculated the Kendall rank
correlation coefficient index between the sequence of nodes obtained by our method and those
ordered by out-degree for each network (i.e., the species with highest number of trophic links
to other species). Averaging these values yielded 3.38 x 1072, indicating a lack of correlation
between the node sequences.

Moreover, the critical nodes identified by our algorithm for computing the robustness of
food webs also appear to be biologically significant for their stability. In the Sand beach,
South Africa food web, shrimp-like species and clams significantly contribute to the biota,
as demonstrated by their rich concentration, serving as vital food sources for many fish
species [32]. In the St. Mark River food web, benthic microbial communities are crucial for

sustaining connectivity by driving organic matter decomposition, nutrient regeneration, and

78



CHAPTER 3. EXPLORING AQUATIC FOOD WEBS

influencing dissolved oxygen levels [150]. Similarly on the Salt meadow, New Zealand, food
web, small arthropods like amphipods, collembola and mites which occupy both aquatic
and terrestrial habitats, have a significant role in the ecosystem, as either detritivores or
herbivores [155, 121].

Importantly, the method illustrated here has a tendency to detect communities of bacteria
and plankton as the most critical nodes. This phenomenon can be attributed to the role these
nodes play in the transformation of resources from non-living components, such as detrital
matter, particulate organic matter, and dissolved nutrients, into bioavailable forms accessible
to living organisms, thereby maintaining the integrity of the trophic structure [180, 213].
The disruption of edges connected to these nodes has cascading effects on the recycling
mechanisms, effectively severing the pathways through which resources are reintroduced
into the ecosystem.

The importance of microbial communities in aquatic ecosystems has been extensively
documented, and it has been identified that factors adversely affecting microbial populations
and bacterial function in general include ocean acidification, effects related to the penetration
of ultraviolet radiation into the water column, climate warming, and increased COy levels
[180]. A similar argument applies to larger size plankton communities: plankton abundance
varies strongly with human activities, ecosystem temperature, rainfall abundance, and water
level in the ecosystem [213]. As a result, a change in the population of microbites or to their
functionality in an ecosystem due to external factors is far from unlikely, and the results of

this study can prove what the consequences might be for the entire ecosystem.

3.5 Representation of three-node motifs

We further investigated the structural pattern of the aquatic food webs by considering three
nodes food web motifs, i.e., connected subgraphs containing interactions of three nodes [140,
188].

The relative frequencies of these motifs provide insights into the network’s structure. In
ecological networks, motifs are considered the fundamental building blocks of communities
because they represent typical species interactions [140, 104, 26]. The primary strength of
using motif roles lies in their ability to incorporate both direct and indirect interactions,
offering a more nuanced understanding of species’ ecological roles compared to simpler mea-
sures like degree or trophic level [45]. While degree focuses on immediate interactions, motif
roles capture the broader context of how species interact within the network, considering
effects like intraguild predation [131]. This makes motif roles particularly useful in complex

ecological dynamics and for assessing a species’ niche in a more holistic manner, exploring
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effects beyond two-species interactions [43]. Analyzing their distribution (i.e., the quantity
of each motif type within the network) allows us to connect two traditional approaches: the
study of dynamics in simple modules and the analysis of aggregated metrics that describe the
community as a whole: motifs are meso-scale structures that have been shown to affect the
population size and dynamics of the food web as well as their stability, the role of omnivory
and the predator-prey body-mass ratio [58, 44, 27]. More specifically, we quantified the over-
and under-representation of 13 distinct motifs when neglecting cannibalism and non-living

nodes. The complete set of three-node motifs is shown in Figure 3.8.

e At i

Tri-trophic chain Intraguild predation Apparent competition Exploitative competition

o
“F el

Figure 3.8: Connected three-node motifs representing different types of interactions in food
webs. ”S” motifs correspond to single-link interactions, while ”D” motifs represent structures
with double links. Only motifs named in existing literature (S, S, Sy, S5) are assigned
specific names. Arrows indicate the direction of energy or nutrient flow between nodes.

A short description of motifs follows. S; represent a tri-trophic chain [130] in which
a top predator eats a single consumer, which in turn eats a single resource; S, intraguild
predation [60], where the species at the top of the chain feeds on both the middle and bottom
species; S3 represent a loop [169] in which it is not possible to define a hierarchy between
species; Sy is the apparent competition where two resources are fed by the same predator;
and Sy is the exploitative competition where a resource is shared by two consumers [82].
Note that the term intraguild predation typically refers to predation between competitors of
different species. However, since nodes in the food webs can represent the same species at

different developmental stages (e.g., juvenile, adult), we will extend the use of the Sy motif
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and the term intraguild predation to include this pattern of predation, whether it occurs
within the same species or between different species.

The degree to which each motif is over- or under-represented in the food web, relative
to what is expected by chance in a reference null model [8], has been linked to the dynamic
properties of the community, and over-represented motifs constitute the basic building blocks
of the food web [27] and are linked to the overall stability of food webs and their persistence
[187, 27]. To quantify the over- and under-representation of such motifs, we employed a
method defined in [188], which consists of evaluating the quantity:

Z = Nigea — (Ni) (3.5)

i

where N ,¢q is the number of the i-th motif in a given network, (V;) and o; are the average
number of the ¢ motif and its standard deviation measured on an ensemble of 50 random
networks. These networks were generated from the original graph via the swap method
described in [188], which preserves the in-degree and out-degree of each node as well as the
number of single and double links. To generate each random network, we performed 100 x Lg
swaps where Lg indicates the links between living organisms of the graph GG. Given a food
web G, say that a motif ¢ is under-represented in G if z; < 0 and over-represented if z; > 0.

To compare the representation of the motifs in the food webs of our dataset, we evaluated
the profile of the z-score of each motif in each food web [140, 188]:

Pi zzz/\/szf) (3.6)

The distribution of the profile of the z-score is shown in Figure 3.9. These pattern
of representation can be explained quite comprehensively through comparison to a static
food-web model, the niche model [188]. We followed the analysis of Stouffer et al. [188]
and investigated the relationship between the representation of the Sy motifs (intraguild
predation), and S, and S5 motifs (apparent and exploitative competition, respectively). In
agreement to the results of [188], aquatic food webs display a strong relationship between
the representation of motif Sy, S, and S5. More specifically, when in a food web the motif
S, is over-represented then the motifs S, and S are under-represented, whereas an under-
representation of motif Sy corresponds to an over-representation of motifs Sy and Ss. Thus,
we consider two groups of food webs: those in which S, is under-represented and those in
which it is over-represented. We will refer to this division of networks based on intraguild
predation as two distinct families of networks. In Figure 3.10 we report the correlation

patterns between motifs representation, and in Figure 3.11 we plot the profile distribution
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Figure 3.9: Z-score profiles for each motif across all food webs.

of the z-score based in this categorisation. In our dataset we measured that intraguild
predation (S;) is over-represented in most cases, (77% of the dataset). This is also is in
agreement with [187] where it has been showed that intraguild competition motif (as well as
tri-trophic food chain) is positively correlated with food-web persistence, while exploitative
and apparent competition is negatively correlated with food web persistence. Polis in [161]
suggests a mechanism in which a population interferes to a competitor species (that is, a
species feeding on the same resource) via predation. This mechanism may be an explaination

to the anti-correlation between intraguild predation and competition.

3.5.1 Intraguild predation representation accross different ecosys-

tem types

In this section, we investigate why some food webs show an over-representation of Sy (in-
traguild predation) and an under- representation of Sy and Ss, (apparent and exploitative
competition, respectively) while others display the opposite pattern.

In our dataset of 173 aquatic food webs, 134 (77.46%) exhibit an over-representation
of intraguild predation, while 39 (22.54%) show an under-representation of the same motif.
We evaluated the Pearson correlation coefficient between the the Z-score of the S motif

representation (intraguild predation), and the other metrics used in this study. These metrics
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Figure 3.10: Pearson correlations of the z-scores of different motifs.
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Figure 3.11: Z-score profiles for motifs in food webs with under-representation (blue boxes)
and over-representation (red boxes) of intraguild predation (motif Ss).

include robustness (p¢), taxa richness (S), number of trophic links (L), connectance (C), the
size of the giant strongly connected component, and maximum trophic level. The results are
reported in Table 3.4. In all cases, the correlation coefficients (r) were below 0.3, indicating
weak relationships, and no statistically significant correlations were observed (p > 0.05). To
investigate whether this pattern varies across different aquatic ecosystems, we categorized
the food webs into six ecosystem types with the method mentioned in section 3.2. Given
this classification, we examined whether motif representation varied across ecosystem types.
The results are reported in Table 3.5. Surprisingly, we observed that the pattern of over-
representation of intraguild predation does not hold in lakes and rivers, two freshwater
ecosystem types.

Given the lack of direct correlations between the food web metrics analyzed in this
paper and the representation of intraguild predation, and acknowledging that ecosystems
can shift from being intraguild-predation-dominated to competition-dominated depending
on system productivity [60, 210], we propose that smaller ecosystems with limited resources
may naturally favor smaller species that are highly specialized in their feeding habits. Klaise
et al. [104] demonstrated that trophic coherence is higher in food webs with under-represented
intraguild predation motifs and lower in those with over-represented intraguild predation.

They suggest that a higher proportion of basal species (primary producers) leads to more

84



CHAPTER 3. EXPLORING AQUATIC FOOD WEBS

coherent food webs, characterized by a low incoherence parameter. A similar conclusion
is drawn in [82], where the authors show that with increasing plant species richness, tri-
trophic chains and both apparent and exploitative competition motifs became more highly
represented. However, in our dataset, we observed no direct correlation between the ratio of
basal species and the Z-score, or the Z-score profile, of the networks.

Another reason for which we observe this division into two families, might be partly due
to how the network was compiled. The distinction between ecosystems rich in intraguild
predation and those rich in competition could be an artifact of the network’s low resolution
[191]. For example, as shown in Figure 3 of [162], if we were to simplify the network by
collapsing multiple species into single nodes—such as grouping bass into one node and com-
bining phytoplankton, small zooplankton, and large zooplankton into a single ”plankton”
node—we would observe a decrease in the number of intraguild predation interactions. This
suggests that some differences may be due to the level of detail captured in the network

rather than actual ecological dynamics.

Metric Correlation Coefficient with zg,
Robustness (pg) 1.38 x 107!

Taza Richness (S) 6.80 x 1072

Number of Trophic Links (L) 1.50 x 107!
Connectance (C') 1.77 x 1071

Giant Strongly Connected Component 1.02 x 1071

(GSCC)

Maximum Trophic Level 3.00 x 107*

Table 3.4: Pearson correlation coefficients between the Z-score of the S; motif (intraguild
predation) and various food web metrics. The GSCC represents the relative size of the giant
strongly connected component—the Core.

Ecosystem Type Sy Over- Sy Under- Total
Represented Represented
Marine 81 (84%) 15 (16%) 96
Coast 34 (79%) 9 (21%) 43
Gulf 10 (91%) 1 (9%) 11
River 3 (27%) 8 (73%) 11
Swamp 4 (67%) 2 (33%) 6
Lake 1 (17%) 5 (83%) 6
Total 134 (77%) 39 (23%) 173

Table 3.5: Counts (percentages) of ecosystem types by S, representation.
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Chapter 4

A Model for Contact Networks with

Known Community Structure

Accurate contact network models are crucial for studying phenomena such as infectious
disease spread [200], epidemic containment [125], and zoonotic spillover [114]. These net-
works capture complex interaction patterns and provide a robust framework for addressing
biological challenges.

The influence of network structure on dynamic processes is well-known [103, 101, 102],
yet designing models that incorporate all topological features of real-world networks remains
challenging. Geometric models excel in controlling degree distribution and clustering, but
lack parameters for controlling group mixing, limiting their ability to replicate community
structures observed in real-world networks [79, 144].

To address this, we propose the Hidden-degree Geometric Block Model (HGBM),
a generalization of the S' model. HGBM introduces (i) hidden fitness normalized by commu-
nity connectivity, and (ii) consistent latent features to preserve centrality with the specified
community structure. Simulations demonstrate that HGBM uniquely achieves tunable com-

munity structures, degree distribution, and high clustering.

4.1 Models and methods

In subsubsection 2.3.4, we introduced the S!/H? models in the framework of networks with
latent geometry. One of their limitations is that they struggle to replicate the meso-scale
organization characteristic of real-world networks and communities, where communities of
densely connected nodes are a common feature. To date, no generalization of these models

fully supports arbitrary mixing patterns within and between communities.
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In that context, we introduced the concept of soft community structures that naturally
emerge when nodes cluster together in the same region of the S! and H? space. Garcia et
al. in [79] showed that by adopting a growing network paradigm, where link formation is
driven by a competition between similarity and popularity, it is possible to generate networks
with targeted topological features and soft communities. By sampling angular coordinates
from non-uniform distributions, the size of each community can be effectively controlled [144].
However, this method defines communities based on their average angular coordinate, defined
as the mean angular position of a group of nodes within a circular or spherical latent space
region (see e.g. [23] Box 1).

The generalization of the S* and H? models to D-dimensional latent spaces extends the
geometric framework by embedding nodes in higher-dimensional hyperspheres or hyperbolic
spaces. In this D-dimensional setting, nodes are distributed according to specific density
functions, but the probability of the existance of edge between two nodes depends on the
distance in this D-dimensional space [33]. Evidence suggests that using higher-dimensional
latent spaces could mitigate these limitations [59] : higher-dimensional models introduce a
significant qualitative improvement over their lower-dimensional counterparts by reducing
the restrictive influence of similarity on connection probabilities. In higher dimensions, the
number of nearest neighbors for angular clusters representing communities increases, which
allows for more flexible and realistic community structures. However, increasing dimen-
sionality comes at the cost of reducing the maximum achievable clustering coefficients in
geometric models [78].

Thus, developing a purely geometric generalization of the S! and H? models that supports
flexible community structures while maintaining key features—such as high clustering coef-
ficients and heterogeneous degree distributions—remains an open and significant challenge.

In this section, we define the geometric spaces and constraints necessary to generate the
S' model [22] and extend it to incorporate community structure. It will be useful to first
outline the formulation of the S' model using the maximum entropy principle, followed by

a generalization of this framework to embed group mixing within the latent geometry.

4.1.1 The S' model

In the S! model, nodes are embedded in a one-dimensional sphere—a that is, each node is
equiped with an angular position on the circle with radius R [107, 98] . Within this space,
N nodes are uniformly distributed with a fixed density, normalized to one for simplicity,
ensuring that (V = 27R). Each node is assigned a hidden degree r, a continuous real-

valued parameter which is proportional to its expected degree, allowing the model to capture
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heterogeneous degree distributions.

The angular position 6 of a node on the circle can be correlated with x, and both variables
can follow an arbitrary joint distribution p(k, ). By appropriately selecting p(k, #), the S
model is capable of reproducing a wide range of degree—degree correlation patterns and
clustering spectra, making it a versatile framework for modeling complex networks [106].

Once all nodes are assigned a tuple (k, ), each pair of nodes is connected with probability:

1

T 1+ (L) -y

Dij

Where z;; is the angular distance defined as x;; = RA(6;,6;). We derived this expression
through the principle of maximum entropy in in the subsection below where we clarify all
the details and definitions.

The probability of an edge existing between nodes ¢ and j can be understood as a balance
between two primary factors: the distance x;; - where smaller distances increase the likelihood
of an edge - and the hidden variables of the nodes x; and x; - where a higher product of these
fitness values increases the edge probability. The parameters 5 and p control the clustering
and the average degree, respectively [22]. This model’s flexibility in tuning the clustering
coefficient via § makes it particularly valuable for generating graphs with a desired degree

distribution p(k), zero-degree assortativity, and tunable clustering.

Derivation of the Probability Distribution from Max Entropy Principles

In this section, we provide the detailed derivation that leads from the maximum entropy
principle under the given constraints to the probability distribution in Equation 4.1. We
start from the constraints on expected energy and expected degrees and apply the method
of Lagrange multipliers to obtain the maximum-entropy distribution with the same method-
ology in subsubsection 2.3.4. In that case we applied the principle of maximum entropy to
obtain a definition of the probability of extraction of a graph G from the constraints on the
number of edges. In this case we can use similar constraints, adding information about the
distribution of nodes in the latent space S*. This will allow us to obtain an equation for the
probability on the edge between node ¢ and j rather than the probability on the graph G.

We consider a probability distribution P(G) over all possible graphs G on n vertices.
The graphs are determined by adjacency matrices (a;;), where a;; = 1 if there is an edge
between 7 and j, and a;; = 0 otherwise. We assume undirected graphs with no self-loops, so
a;; = aj; and a; = 0.

We define the following constraints. The first is on the normalization of the distribution
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P(G):

Y PG)=1 (4.2)
G

Let E(G) = }_,_; €ija;;(G) denote the total energy of graph G, where &;; = £(x;;) is a given

function of the distance z;; on the ring. We impose:
Y P(G)E(G) = E*. (4.3)
€
For each vertex i, let deg;(G) = ), a;;(G) denote the degree of node i in G. We impose:

> P(G)deg,(G) =K}, Vi, (4.4)

Our goal is to find the P(G) that maximizes the Shannon entropy

Z P(G)In P(G (4.5)
subject to the constraints in Eqgs. (4.2)-(4.4).
Maximizing Entropy via Lagrange Multipliers We introduce a Lagrange multiplier
a for the normalization constraint, a Lagrange multiplier § for the energy constraint, and

a set of Lagrange multipliers {);} for the degree constraints. The constrained optimization

problem is then formulated through the Lagrangian:
L(P,a,{\},B) Z P(G)In P(G) + a(l -y P(G))
a
+ZA(K —ZP ) deg; (G )+B(E* ZP )).

To find the maximum, we take the functional derivative of £ with respect to P(G) and

(4.6)

set it to zero:

ap(G):—lnP —1—2/\degz — BE(G) —a =0, (4.7)

Solve for P(G):

—InP(G) =1+ a+ ) \deg(G) + BE(G). (4.8)
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This gives:
P(G) = e T s (@)-BE(G), (4.9)

Define Z = e!™ as a normalization constant (often called the partition function in
analogy with statistical mechanics). Then:
e~ 22 Aideg;(G)—BE(G)

P(G) = ~ . (4.10)

Expressing the constraints in terms of edges Recall that:
deg,(G) =) ay(G) and E(G) = e;a;(G).
J 1<j
Substitute these into Eq. (4.10):

e~ ZL i Zj aij (G)—ﬂ Zi<j EijQij (G)
P(G) = p | (4.11)

We can rearrange the double sums. Notice that:

Z Z aii(G)A: = ) ai(G)(Ai + X))

1<j

because each edge (i, j) contributes to both deg;(G) and deg;(G), and for undirected graphs
we can symmetrize the sums.

Hence:
e~ 2i<j 2ij (G)(NitAj+Bei5)

P(G) = ~

(4.12)

Factorization into independent edges Since the graph is defined by independent binary

variables a;; € {0,1} for i < j, we can write P(G) as a product over edges:

P(G) = % Hexp[—aij(G)()\i + A+ ﬁgij)] (4.13)

1<J

This factorization suggests that each edge is formed independently with some probability
that depends on ¢, j, g5, and the Lagrange multipliers.
For a single pair (7, j), the marginal probability that a;; =1 is given by:

pij=Pla=1)= Y P(G).
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Since all edges factorize and each is a binary variable with only two possible states a;; = 0

or 1, we can write:
e~ (RitAj+Beij)

Pii = o + e~ RitAj+Bey) (4.14)
This simplifies to:
1
(4.15)

Pij = 1+ eritAitBei;’
Thus, starting from the maximum entropy principle and imposing the constraints on ex-

pected energy and expected degrees, we have derived the logistic form of the link probability.

Suppressing degree correlations In this context, to suppress any nonstructural degree

correlations, one must take e;; = In(z;;) [22], so that p;; can be rewritten as

1

XA B
1+(I’ij€ B )

Linking the degree of the node to the Lagragian multiplier We are now interested

(4.16)

Pij =

in finding the relationship between \; and the expected degree of the node deg; in the graph
obtained via the probability matrix p;;. In this way, we can adjust the set {);} to obtain a
desired degree distribution.

If the nodes are placed uniformly at random on the S! ring, then p(6) = % and the density
of nodes on S' is § = 5=, Let the relative distance z;; = A(6;,0;) = (7 — |7 — |6; — 6]
be the absolute angular distance between the latent coordinates ¢; and 6;. Without loss of
generality, one can take §; = 2m so that A(6;,60;) = ;. By integrating over §; and \;, one

obtains

1 i
(pij | Ai) / d)\/ " o = —R67%<67%>I/3 (4.17)
0 R9€

where IB = m.l

Since deg; = » . aj;, and therefore (deg;) = >, pi;, one finds

= (deg; | Ai) = N{pij | \i) = 207 (e77)Z; (4.18)

!The r.h.s. of Equation 4.17 follows from fo Ty TR FeTE L = 22 and the fact that N — oo

means R — oo for fixed §. In Equation 4.17, p(A) is the density over A induced by p(k).
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and, by further integrating over \;, one gets <67%> = /(K)(20Z3)~1, so that

>

i K 1

e = 4.19
<Ii> \/ 2(515 ( )
Plugging (4.19) into (4.16), one finally finds
1 1
Dij = 5= —7 (4.20)
1+(W§”j1 ) 1+<&TZ§-M)
(k) 201g
where ;1 = s=1—. Equation 4.20 matches the final expression in Equation 4.1.

20Z(k)
In the following, it will be useful to rewrite Equation 4.1 in a slightly different way. Let

M = %ZZ ki = %(/{) be the expected number of edges in the graph, and let f; = 537 be the

normalized hidden degree of v;, a measure of the relative popularity of v; with respect to the

rest of the network. Note that f; can be interpreted as the probability that a random edge

is incident on v;, and that ). f; = 1. Since z;; = RA(6;,6;) and ¢ = %%, Equation 4.1 can

be rewritten as )

7
A(6:,0,)T
1+ ( 27er1-ij>

Equation 4.21 clarifies that, for fixed M, p;; decreases with the angular distance between v;

and v;, and increases with the popularity of the nodes.

It is worth noting that the S* model can be generalized from one to D dimensions by assigning
each node a position on the D-sphere, v;, such that 25:1 vi ; = R?. In this case, the angular

distance between two nodes ¢ and j is defined as:

x;; = RA(6;,0;) = Rarccos (<V}’%:]>) )

where (-, -) denotes the scalar product. This generalization extends the latent space embed-

ding to higher dimensions while preserving the geometric principles of the original model.

4.1.2 The Hidden-degree Geometric Block Model (HGBM)

After deriving S! and identifying its limitations in reconstructing community partitions from
original data, we introduce a geometric model with an imposed community structure.
The central idea is to divide the nodes into ¢ communities, denoted as {by,...,b,} and

enforce constraints not only on the degree of each node but also on the distribution of edges
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both within and between these communities. To streamline the notation, we adopt the
convention of using lowercase Latin letters to denote individual nodes and their corresponding
uppercase letters to represent the communities to which they belong. For instance, node ¢
is associated with community 7, node j with community J and so on.

The constraints are established as follows. First, we define a ¢ X ¢ matrix K, where
each element K7; represents the expected number of edges between communities I and J
for I # J, and twice that value for intra-community edges (I = J) (see, for example, [21]) .

In the constraints definition we will impose that the matrix K is respected. Second, we

redefine the constraints on the degree of each node, modifying the formulation originally
defined for S:

(degs) = ki = [; Z Kry (4.22)
7

In this definition, the hidden degree k; is expressed as the product of a hidden fitness f;
and the total number of edges leaving the community I to which node ¢ belongs, Y ; K;;. To
ensure that the edge distribution prescribed by the matrix K; is respected, it is necessary

to normalize the hidden fitness values such that ) .., fi = 1. This implies:

K
Zie] Ki

Defining constraints in this way achieves two key objectives. First, it replaces the concept

fi=

(4.23)

of hidden degree with hidden fitness, which is normalized based on the inter-community edge
distribution encoded in K. Second, the attributes of each node, such as hidden fitness and
hidden angular position, can be effectively precomputed to preserve patterns of centrality
while ensuring consistency with the specified community structure.

We present the result for the edge probability between nodes ¢ and j, with the detailed

calculation provided in subsubsection 4.1.2.

1
1+ (A(&'ﬁj)fﬁ > A

Pij = (4.24)
Ky fifj

Equation 4.24 has the same functional form of Equation 4.1. Here, § serves the same

purpose as previously described, acting as a tuning parameter for adjusting the clustering

coeflicient.
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Derivation of HGBM from Max Entropy Principles

In this section, we derive the probability distribution for the Hyperbolic Block Model (HGBM)
from the maximum entropy principle, subject to the given constraints on the expected energy,
the expected number of inter-block edges, and the expected degrees. We follow a procedure
similar to that used for the standard S model in subsubsection 4.1.1, ensuring that the final

probability factorizes into independent probabilities per link.

Setup and Constraints Consider a vertex set V of size N partitioned into ¢ disjoint blocks
(or communities) By, ..., B;,. We label blocks by uppercase indices I, J, ... and vertices by
lowercase indices i, 7, ..., where i € I means vertex v; belongs to block B;. Let N; = |By|
be the size of block By, and let K = {K,;} be a symmetric matrix encoding the expected
number of edges between blocks By and Bj.

Each vertex v; is assigned a latent angular coordinate 6; on the S! ring and a fitness f;

such that >, , fi = 1. Similar to the standard S! model, we impose three sets of constraints:

(E)p = L7, (4.25)
(Lr)p =Ky VI, J, (4.26)
(deg;)p = fi Z Ky Vi (4.27)
J
Here, E(G) = ZKJ. £ija;;(G) is the total energy of graph G, with ¢;; = ¢(z;;) a function

of the geometric distance z;; = RA(;,6,) on the ring of radius R. The quantities L;; =
> icr.jes @ij(G) count the number of edges between blocks I and J, and deg;(G) = >, a;;(G)

j
is the degree of vertex i.

Maximum Entropy Distribution and Lagrange Multipliers As before, we seek a

probability distribution P(G) that maximizes the Shannon entropy
S(P)=-Y_ P(G)nP(G)
a

subject to the constraints in Egs. (4.25)-(4.27) and the normalization ), P(G) = 1.

Introducing a Lagrange multiplier @ for normalization, a multiplier S for the energy
constraint (4.25), a set of multipliers {7n;,} for the block-edge constraints (4.26), and a set
{\;} for the degree constraints (4.27), the Lagrangian is:

94



CHAPTER 4. A MODEL FOR CONTACT NETWORKS WITH KNOWN
COMMUNITY STRUCTURE

L(P,a{\} Ans}, B) ==Y _P(G)lnP(G +a<1—ZP(G))+
G G (4.28)

+ Z X (fs Z K — ZP )deg,(G)) + B(E* — Y P(G)E(G)).

G

Taking the derivative with respect to P(G) and setting it to zero yields:

—InP(G) = 1= nrsL1s(G) Z Aideg;(G) — BE(G) —a = 0.
17

Solving for P(G), we obtain an exponential form. Since L;;(G) and deg,;(G) both depend
linearly on a;;(G), and E(G) is also a linear function in a;;(G), the resulting maximum-

entropy distribution factorizes over edges. This leads to the link probability:

1
1+ exp(Ai + )\j + ni,.J; + ﬂgij) .

Pij =

Following the same reasoning as in the standard S! model, one can show that choosing

ei; = In(x;;) is necessary to suppress non-structural degree correlations, yielding:

1

A +Aj+77]ijj B°
1+ (Iw B >

Determining the Lagrange Multipliers We assume that 6; are uniformly distributed

Dij =

on [0,27) so that p(f) = 5- and § = 55 is the node den81ty on the ring. For large N, each
block B; has N; nodes Wlth density 51 2 5k

Consider v; € By and v; € B;. For fixed \; and nrJ, we integrate over 0; (taking 0; = 27
so that A(6;,60;) = 6;) and over the distribution of A; to find:

and remains constant as N — oo.

Iﬁ _nry

. . ja A
<pz’j|)\i77]IJaZ€I7]€J>:ﬁ%e e (e R),
where 73 is a known integral factor arising from the asymptotic integration over angles.

Since Ly =) .c; e Gij, taking expectations and using the independence of edges:
I niJ A

Ky = <LIJ | 771J> = NINJ£6_7<6_3>2_
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. nry
From this, we solve for e™ 5

mh Ky 1
Iﬁ N[NJ <6*%>2'

nr

J
(& B =

Next, consider the expected degree of a node v; € By:

£ > Kpg={(deg; | \i,Kp,y,i €I) =Y Nylpy | M, Krjsi € 1,5 € J).
J 7

Substituting the expression for e~ %" back into the integrated probability leads to:

Ai

fiZKIi.] = <€__;>NLIZK[J

J € J

Aj
Isolating e 5 :

>

i

e B = fiN[<€7%>.

Ag
Final Probability Distribution Finally, substituting e % and e~ 7 back into the ex-

N

5-p» We obtain:

pression for p;;, and recalling z;; = RA(6;,0;) and 0 =

1
pij = .

B
A(0;,0;)1g
1+ ( WKIJ}ifj )

This final form mirrors the functional structure of the standard S! model’s probability

distribution. The difference is that the fitness scores f; are normalized per block, and the
total number of edge-stubs 2M in the simpler model is replaced here by K, reflecting the

block structure.

Adjusting the hidden degrees in a finite-size network

We demonstrate an important property of these models (both S* and HGBM): in the ther-
modynamic limit, where N — oo, the expected degree of a node matches its hidden degree
exactly, defined as k; = f; > ; K;;. However, this relationship breaks down in finite-size
networks, introducing discrepancies between the target degree distribution and the realized
degrees in the generated network.

Accurately reconstructing a network with a desired degree distribution or degree se-
quence—averaged over an ensemble of graphs—requires compensating for this finite-size

effect. To address this, the hidden degrees must be adjusted to account for the deviation be-
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tween the expected and target degrees. The solution usually adopted (see, for example, [77]
section A.2) is to adjust the hidden degree iteratively.

To begin, we calculate the expected degree of a node ¢ with hidden degree k;, denoted as
(deg;)(k;). This requires evaluating the probability of the existence of an edge between two

nodes with hidden degrees x; and «; in the communities I and J:

1 1
Rt )
In this integral, we set the angular position of the node with hidden degree x; to 27 without
loss of generality and use the relationship f; = &,/ Y, K1;.

The exact solution of this integral is:

"1 1 L1 S Ky S K
pij:/ ; Iy 1 K1g> ; Kig 5d9j:2F1(1’B’1+B7_( ﬂE;KIJHZK{ IJ>IB>
0 1+( K1 jKik; 0]) T1JNilvy
(4.30)

where o F7 is the hypergeometric function.

Given a set of hidden degrees, the expected degree for node ¢ can be written as:

1 1 Is> K>, Ky
deg) (ki) = 3 2 Fi (1, 5,1+ =, — G
< egl>(lil) 2 1( 7B7 ) ( F?[J/‘ﬂi/‘dj ) )

j ; (4.31)

To ensure the hidden degrees align with the desired degree distribution or sequence, we

iteratively adjust k; as follows:
ki = ki + (deg; — (deg;)(k;)) - U(0,1) (4.32)

Here, ¢4(0,1) is a random number uniformly distributed between 0 and 1. This scaling
factor prevents the adjustments from becoming trapped in local minima while progressively
aligning the hidden degrees with those values that allow the target degrees reconstruction.
To further optimize this procedure, nodes can be grouped into classes according to degree.
In this way, the evaluation in Equation 4.31 can be performed only once for each degree
class. To make this procedure effective, the integer part of the hidden degree x; must be
taken at each iteration.

The complete algorithm is summarized in Algorithm 1.
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4.1.3 Implementing HGBM

Now that we have defined the model, we describe here a computational procedure to sample
networks based on the probability between nodes (7, j) as defined in Equation 4.31.
First, we introduce the mizing matriz, a ¢ x ¢ matrix, A, such that K;; = M Ay;, where
M is the expected total number of edges. The mixing matrix specifies the proportion of
edges between communities I and J and is normalized such that ), ; A;; = 2. This concept
allows the user to specify the proportions of edges between communities rather than their
absolute values, which can be easily derived from a graph once the node partition is known.
Algorithm 2 generates a random network with a given community partition, mixing
matrix A, average degree (deg), degree distribution exponent «, minimum degree kg, and
inverted temperature [3.

Regarding the degree of a node 7, two approaches are available:

e Global degree distribution: The user specifies the average degree (deg), the power-
law exponent «, and the minimum degree xy. This generates an ensemble of networks
with a global degree distribution following the specified parameters. However, each
node ¢ will not have a fixed degree across realizations, as a new hidden fitness is

extracted for each generation.

e Node-specific degree sequence: The user provides a specific degree sequence for
the nodes. In this case, the generated ensemble ensures that the expected degree of

each node matches the input sequence.

In both situations, it is important to adjust the degrees using the Algorithm 1.
The detailed steps for generating such an ensemble of networks are outlined in Algo-
rithm 2.
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Algorithm 1 Iterative algorithm to adjust the hidden degrees k;

—_ =
— O

12:
13:

14:
15:
16:
17:

Input: Target degrees {deg;}, tolerance €, maximum iterations 7'
Output: Adjusted hidden degrees {x;}
Initialize hidden degrees: k; < deg;
Set iteration counter ¢ <— 0
repeat
Collect the hidden degree classes {r}
for each class k do
Compute the expected degree for class k, (deg)(r), using Equation 4.31
end for
for each node i do

Assign each node 7 its corresponding expected degree:
(deg;) = (deg)(k;), where k; =K

Compute error: A; < deg; — (deg;)(k;)
Update hidden degrees:

K (—HZ—FAZZ/{(O,l)

end for

Increment iteration counter: ¢ <— ¢ + 1
until Maximal error max(|A;|) <eort >T
Return: Adjusted hidden degrees {k;}
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Algorithm 2 Generate a HGBM ensemble of random networks

1: Read input parameters

2: if k; are specified then

3: Measure Kj; based on the community partition and the degrees x;
4: Ary + Kiy

5: end if

6: Normalize A: A7y < %

7: for each node i do

8: Assign community I according to community partition
9: Assign angle 6; ~ U(0, 27)

10: if k; are not specified then

11: if kg is not specified then

12: Ko < 2=2(deg)

13: end if

14: Assign hidden degree k; ~ PW(a, ko)

15: end if

16: Set the target degrees deg, < K;

17: Adjust the hidden degree k; as showed in Algorithm 1
18: Normalize fitness f; < ki/ Y .o Ki

19: end for

20: for each pair of nodes i # 7 do

21: Evaluate edge probability p;; using Equation 4.24

22: end for

23: return 0, x, and p;;

4.2 Results

In this section we report our campaign of simulations to validate our model. Our validation
strategy is divided into two main parts: first, we simulate an ensemble of synthetic networks
with a predefined community structure; second, we use a real contact network to validate
the results [186]. To evaluate these methods, we employ D-Mercator [98], a model-based
embedding method that produces multidimensional maps of real networks into the (D +
1)-hyperbolic space, where the similarity subspace is represented as a D-sphere. Using
this approach, we demonstrate that while D-Mercator successfully replicate key topological

features—such as degree distribution and clustering—they do not effectively capture the
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community structure.

4.2.1 HGBM is capable to reconstruct the desired mixing matrix

This section demonstrates that our model reproduces a graph with a power-law degree distri-
bution and a desired group mixing while maximizing the clustering coefficient. We generate
an ensemble of graphs using the HGBM with a combination of parameters, including the
community structure and inverse temperature.

The results are reported in Figure 4.1 and Table 4.1.

Options ‘ Assortativity Giant Component Clustering Coefficient

g =5.0Kratio: 6 /1 | —0.0863 £ 0.0350  0.9891 + 0.0026 0.6518 = 0.0510
f =10.0 K ratio: 6 / 1 | —0.0791 £ 0.0260  0.9863 %+ 0.0027 0.6760 £+ 0.0381
g =5.0Kratio: 3/1 | —0.0671 £+ 0.0267  0.9877 4+ 0.0033 0.6840 £ 0.0245
f =10.0 K ratio: 3 /1 | —0.0847 £ 0.0279  0.9855 + 0.0037 0.7257 £ 0.0282

Table 4.1: Global metrics of the network generated with different parameter settings.

For these examples, we generated graphs with 10,000 nodes partitioned into four com-
munities, each containing 2,500 nodes. The average degree was set to (deg) = 10 across
all tests, while the inverse temperature () and the mixing matrix were varied. For each
parameter set, the measures were averaged over 10 realizations.

We explored a total of four scenarios. In the first two (K ratio = 3 / 1), the diagonal of
the mixing matrix was three times the off-diagonal, with 5 set to 5 and 10, respectively. In
the remaining two scenarios (K ratio = 6 / 1), the diagonal was six times the off-diagonal,
again with J set to 5 and 10. This diversity reflects varying levels of community assortativity,
which is defined as the tendency of nodes within the same community to preferentially form
connections with one another rather than with nodes from different communities. This
phenomenon is commonly observed in real-world networks [215].

In Figure 4.1a we report the measurements of the degree distributions for all the 4
scenarios. They respect the values imposed as input: the average is about 10.0 for each
combination of parameters. In the 4 experiments, the exponent of the degree distribution
was measured with the Python powerlaw library and has values 2.54, 2.57, 2.49, 2.58, against
an expected value of 2.50. These values are in a range within 3.2% of the expected value.

Communities are also faithfully reproduced. Figure 4.1b and Figure 4.1c show the perfor-
mance of the mixing matrix reconstruction under different experimental conditions. In Fig-
ure 4.1b, reconstructed mixing matrix values are compared to real values. The points high-

light the average over the ensamble, while the boxes and the caps highlight one and two
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Figure 4.1: Topological validation of networks generated with different parameter settings.
We tested two mixing matrices and two 3 values, resulting in four simulation scenarios. The
K ratio represents the ratio of diagonal to off-diagonal elements in the edge matrix K. Ten
graphs were generated for each parameter combination.
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standard deviation respectively. In all the scenarios the values of the reconstructed mixing
matrix fall in the range of a single standard deviation. In Figure 4.1c, we present the same
results more compactly, showing the average K values for diagonal (blue) and off-diagonal
(orange) elements, with ‘x” markers for real values and dots with error bars for the average
and standard deviation. This figure highlights that links are reconstructed both within com-
munities (diagonal) and between communities (off-diagonal) with reasonable accuracy in all

scenarios.

4.2.2 Tt is not possible to reconstruct a mixing matrix in S”

In this section we want to test whether or not it is possible to distribute the nodes in a
way that respects the mixing matrix of a graph with four communities of equal size, each
strongly connected internally and equally connected to the other three communities.

To this end, we embedded one of the graphs obtained in the previous section, specifically
the 'K ratio = 6 / 1’ case with 8 = 10, using D-Mercator [98], a model-based embedding
method that maps networks into (D)-sphere, i.e. SP. We tested five different dimensions:
D ={1,2,3,5,10} to empirically examine how the embedding space dimension affects the
reconstruction of the mixing matrix K. For each dimension, we generated 10 embeddings.
In each case, the model inferred the inverted temperature 3, the parameter ;2 controlling the
average degree, the radius of the space, the reconstructed hidden degree k; for each node,
and each node’s position on the D-sphere. Once embedded, we measured angular distances
between nodes and calculated connection probabilities. The result are shown in Figure 4.2
and Table 4.2.

In figure Figure 4.2a we observe that D-Mercator accurately reconstructs the degree
distribution across all dimensions, with notable deviations only in the D = 2 case. Inter-
estingly, the embedding in D = 1 yields a good reconstruction of the degree distribution.
We speculate that this could be due to the fact that the original graph was generated in
a one-dimensional latent space, which may align more naturally with the D = 1 embed-
ding configuration. Similar observations can be made regarding the reconstruction of aver-
age neighbor degree (Figure 4.2d) and clustering (Figure 4.2¢). In each case, D-Mercator
achieves satisfactory reconstructions, with small variations depending on the embedding di-
mension. However, as shown in Figure 4.2b, D-Mercator fails to accurately reconstruct the
mixing matrix in any dimension. The figure displays the diagonal values (in blue) and off-
diagonal values (in orange) for each dimension. Dots with error bars represent the mean and
standard deviation, while ‘x” markers indicate the expected values from the HGBM output.

Notably, although D-Mercator consistently captures a higher value for the diagonal elements
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Options ‘ Assortativity Giant Component Clustering Coefficient

Original —0.0887 0.9886 0.6757
D=1 | —0.0880 £ 0.0001  0.9823 &£ 0.0007 0.6837 £0.0173
D =2 | —0.0808 £0.0007  0.7798 £ 0.4110 0.6616 4= 0.0085
D=3 | —-0.0879 £0.0020  0.7684 = 0.4050 0.5920 = 0.0086
D =5 | —0.0867 £ 0.0006 0.7763 £ 0.4091 0.4567 £ 0.0050

D =10 | —0.0909 £ 0.0002  0.6879 £ 0.4747 0.3257 £ 0.0022

Table 4.2: Global metrics of a synthetic network generated with our method in D-Mercator
with different dimensions D.

(indicating intra-community mixing), it fails to properly reconstruct the overall community
structure imposed by the initial graph generated by HGBM.

Intuitively, we would expect that a mixing matrix of this type would be impossible to
fully reconstruct in a one-dimensional space. With four equally sized communities, each with
strong internal connectivity and uniform connectivity with nodes from other communities, no
configuration in S! can satisfy these conditions for all communities simultaneously. Simply
put, if the communities are arranged in four sectors of the hyperbolic disk, intra-community
links can be properly constructed. However, the inter-community links are distorted due
to the fact that one community will inevitably be farther from the remaining two. This
asymmetry prevents us from fulfilling all pairwise constraints at once. Consequently, higher-
dimensional spaces (two or more dimensions) are likely required to balance the distances
between community centers and accurately reconstruct the mixing matrix, ensuring equal
connectivity across all communities.

By analyzing the results in Figure 4.2b, we concluded that even increasing the dimen-
sionality to D = 2, 3,5, 10 does not resolve the reconstruction issue. These findings suggest
that it is not trivial to decouple the concept of community from that of similarity, at least
within this framework. This leads us to speculate that, in general, there may not be a way to
distribute nodes on a D-sphere, regardless of its dimension, that satisfies all the constraints

imposed by the mixing matrix.

4.2.3 HGBM preserves the mixing matrix in real network ran-
domization

The goal of this section is showing that our model is capable of randomizing a real-world net-

work while preserving its mixing matrix, degree distribution, and clustering. To accurately

reconstruct the clustering, we used 3 as the only free parameter and tested six scenarios:

£ =2,2.5,5,10,50,100. Each value of $ was chosen to balance the clustering while ensuring
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the key structural properties of the network were maintained. In future work, we will ex-
tend this approach by reconstructing § with a maximum likelihood approach, here we will
reconstruct the clustering coefficient of the network empirically by testing several values of
B.

We selected one dataset from SocioPatterns [186], which provides face-to-face interaction
data of children and teaching staff in a school environment. The edges in this graph repre-
sent the cumulative durations (in seconds) of face-to-face interactions measured with RFID
technology described in subsection 2.3.1

The range of contact durations spans from 20 seconds to 9,300 seconds (2 hours and 35
minutes) and is measured over the course of a single school day. The HGBM model intro-
duced earlier does not support weighted graphs, necessitating a method for edge selection.
For our analysis, we selected only the top 25% of contacts by duration. This choice was
made to focus on the topological properties of the contact network most relevant to poten-
tial contagion scenarios. Including edges with cumulative contact durations as short as 20
seconds seemed unrealistic for modeling significant transmission events. By considering only
the longest 25% of contacts, we emphasize interactions most likely to drive the spread of an
outbreak, especially in scenarios where transmission requires sustained exposure.

The threshold of 25% was chosen to strike a balance between retaining a sufficient number
of edges for robust analysis and focusing on meaningful, high-risk interactions. Moreover,
given that the data covers only one school day, this threshold accounts for the potential
significance of these longer-duration contacts in the context of outbreaks that might take
several days to develop. Contacts of this duration are more likely to represent consistent
interactions that could contribute significantly to sustained transmission over time.

Out of the initial 236 nodes and 5, 899 edges, the resulting graph contains 236 nodes and
1,596 edges, with contact durations ranging from 160 seconds to 9,300 seconds. We report
the results in Figure 4.3 and Table 4.3.

To compare our result, we made five embeddings with D-Mercator with the same dataset
and proceed with a similar topological validation. For the embedding space we choose
D ={1,2,3,5,10}. Results of the network randomized with D-Mercator are shown in Fig-
ure 4.4 and Table 4.4. By comparing the results, we observe that while both methods are
capable of reproducing similar degree distributions and assortativity, D-Mercator struggles
to accurately reconstruct the mixing matrix compared to HGBM. The average relative error
for the mixing matrix is 47% for D = 1, 56% for D = 2, 70% for D = 3, 174% for D =5,
and 234% for D = 10. In contrast, the average relative error for HGBM remains consistently
around 7% for each value of 3.

Regarding the degree distribution, both methods perform well, with D-Mercator con-
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taining the error within acceptable limits, and HGBM slightly understimating the average
degree. A similar trend is observed for the clustering spectrum (i.e., the average clustering
coefficient given the degree class k) and the average nearest-neighbors degree, where both
methods yield comparable results.

For the clustering coefficient, HGBM with § = 5 is capable of reconstructing a value
similar to the original graph.

Regarding the giant component, D-Mercator and HGBM perform well, achieving a giant
component that includes up to 99% of the nodes.

A final observation concerns degree assortativity, which measures the correlation between
node degrees in a network. Our model, which uses a uniform distribution of latent angles,
should guarantee zero degree assortativity, in line with theoretical predictions from [22].
While HGBM exhibits positive assortativity, D-Mercator maintains degree assortativity val-

ues closer to zero for D = 5, demonstrating greater consistency in this respect.

Options Assortativity Giant Component Clustering Coefficient
Original 0.2394 1.0000 0.4736

g =2.0 0.0928 £ 0.0254  0.9942 4+ 0.0027 0.3468 4 0.0077

g =25 0.1237 £0.0330 0.9932 £+ 0.0021 0.4050 £ 0.0085

g =50 0.1274 £ 0.0369 0.9927 £+ 0.0047 0.4970 £+ 0.0057

g =100 0.1423 £0.0482 0.9954 £ 0.0030 0.5173 £ 0.0105

g =250.0 0.1220 +0.0245 0.9957 = 0.0026 0.5263 4+ 0.0141

£ =100.0 0.1210 4+ 0.0351

0.9920 £ 0.0041

0.5262 + 0.0104

Table 4.3: Global metrics of SocioPattern generated with HGBM presented here with dif-

ferent .

Table 4.4: Global metrics of SocioPattern generated with D-Mercator with different dimen-

sions, D.

Options  Assortativity Giant Component Clustering Coefficient
Original 0.2394 1.0000 0.4736

D=1 0.1273 +0.0058  0.9980 + 0.0004 0.4674 £+ 0.0031
D=2 0.1577 £ 0.0119  0.9982 + 0.0006 0.4650 £ 0.0080
D=3 0.1496 £+ 0.0094  0.9982 + 0.0005 0.4401 £ 0.0056
D=5 0.0059 £ 0.0540  0.9985 + 0.0020 0.3437 £ 0.0096

D =10 0.0251 +0.0221 0.9995 4 0.0005 0.2266 £ 0.0058
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shaded regions indicate standard deviations
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Chapter 5

Conclusions and Future Directions

5.1 Exploring Aquatic Food Webs

We analyzed the core-periphery structure of food webs, defined a method to obtain a critical
sequence of nodes and investigated the representation of three-node motifs. Energy and
matter flow predictably through the food web, beginning with the primary producers in the
IN-periphery, passing through the core, and, when present, reaching the OUT-periphery,
where they are exported from the ecosystem. This pattern is consistent with established
findings in food web ecology (see, e.g., [181, 37]). This flow not only sustains the species
within the core but also ensures nutrient recycling, primarily through detrivores such as
bacteria and plankton, which break down organic matter into simpler compounds recycled
to organisms at higher trophic levels. In the core of food webs, the proportions of gen-
eralist and vulnerable species are quite similar while peripheries predominantly consist of
vulnerable nodes. This is in accordance with what is observed in other ecological networks
where generalist nodes of the network predominantly inhabit the core of ecological networks,
emphasizing their crucial role in ecosystem stability [6, 151].

We found that the most critical nodes are often bacterial and planktonic communities,
and that the robustness of a food web is positively correlated with the proportion of nodes
belonging to the core and connectance (Equation 3.1), in agreement with [66]. It is impor-
tant to note, however, that critical nodes in a food web are not limited to those at lower
trophic levels. Many top predators play a roles in maintaining ecosystem stability and re-
silience through top-down control mechanisms, such as predation pressure that regulates prey
populations and prevents trophic cascades [17]. While our approach emphasizes bottom-up
energy flow as one important aspect of network robustness, this should not be conflated with

a comprehensive measure of ecosystem stability or vulnerability, as energy flow represents
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just one of many interacting mechanisms that govern food web dynamics.

We observed that the over-representation of the intraguild predation motif (Ss) implies
the under-representation of apparent and exploitative competition motifs (S; and Ss, re-
spectively). To explore this, we divided the food webs into two families based on the rep-
resentation of intraguild predation. Intraguild predation is generally more prevalent in our
dataset, supporting the suggestion that omnivory contributes to the stability of ecosystems
[128, 129, 27]. Polis [161] proposed a hypothetical progression from pure competition to in-
traguild predation as ecosystems evolve, driven by aggression to monopolize local resources,
which justifies why the over-representation of S5 is associated with the under-representation
of S, and S5 in our data. We observed that in lakes and rivers food web, intraguild predation
becomes under-represented, in contrast to what happens in other ecosystem types. Since
we observed no other direct relationship between the food web measurements reported in
this paper and the representation of intraguild predation, we proposed that ecosystems may
shift from being dominated by intraguild predation to pure competition based on system
productivity [60, 210] and that in lakes and rivers this motif is not sustained due to the
presence of smaller specialized species. However, to confirm this hypothesis, we will need to
include information on productivity levels in our food webs, and possibly repeat this analysis
on a dataset that includes a larger number of freshwater ecosystems. This study contributes
to the growing body of knowledge on food webs by providing an algorithmic framework to
explore the interplay between biodiversity, species roles within ecosystems, and ecosystem
stability.

Building upon the systematic structural characterization presented in this thesis, future
research could expand its scope by exploring a broader range of topological features. This
includes shifting focus beyond node-centric perspectives to emphasize the properties and
significance of edges, their interactions, and their roles in shaping network dynamics. Such
an approach would enhance the understanding of ecological implications derived from these
metrics. Specifically, quantifying the direct and indirect effects between network components,
such as between species in food webs, represents a valuable direction for further works. This
could involve leveraging matrix-based approaches like the dietary proportions matrix, where
element (7, j) represents the fraction that species ¢ comprises of the total intake by species
j. Raising this matrix to successive powers allows for the characterization of pathways of
increasing length connecting entities, while summing these powers (leading to the Leontief
structure matrix [195]) can quantify the total flow originating from one component that
ultimately contributes to another, considering all direct and indirect routes. More in general,
applying the measurements related with information theory explained in 1.2.1 can be a

valuable direction for further investigation. Such analyses provide powerful insights into the
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flow dynamics and distributed influence within the network. However, it is important to
note that the full application and interpretation of these matrix-based flow measures are
often most effective when detailed weighted interaction data, such as biomass flow between
species, is available — a factor that poses a limitation for their comprehensive use with purely
binary datasets and highlights the value of collecting rich, quantitative network data in
future empirical studies. Future research could investigate network robustness through edge
perturbation or removal. Analyzing the impact of removing individual or sets of trophic links
would provide insights into the importance of specific dietary relationships and characterize

links as functional or redundant based on their contribution to system stability [5].

5.2 A Model for Contact Networks with Known Com-

munity Structure

We introduced the Hidden-degree Geometric Block Model (HGBM), an extension of the S!
model that effectively incorporates group mixing. The HGBM builds on the intuition that
any partition of the vertex set into communities induces a partition of their hidden degrees
into hidden fitnesses to be normalized based on the connectivity of the pertaining community
and that the hidden features (degrees and angular positions) can be extracted once for all
to preserve the centrality of each node. HGBM introduce a community partition into the
framework of maximum-entropy models with hidden geometries.

To verify that the HGBM serves the purpose it was designed for, we performed a com-
parative analysis between our model and the state-of-art method D-Mercator to embed the
nodes of a graph into a D-sphere or a D + 1-hyperboloid [98]. By conducting a series of
simulations, we showed that the HGBM generates synthetic networks that concurrently ex-
hibit three main features often found in real-world networks: a specific group mixing, a
degree distribution, and a high clustering coefficient. Our work enables the integration of
hyperbolic latent spaces into data-driven network models, generating more realistic contact
networks while preserving empirical features like age-based or distance-based mixing [87].
Future work will focus on two directions: studying latent geometric models in higher di-
mensions, and investigating whether existing models reproduce additional real-world social
network properties such as degree assortativity.

A Python implementation of the HGBM and all experimental software is available at our

GitHub repository.
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