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ABSTRACT This paper presents an analytical approach for calculating the mutual inductance between
superconducting pancake coils in Wireless Power Transfer (WPT) systems, leveraging the improved
series-form analytical expression derived from Parise et al. The method addresses the challenges of
misalignment and complex coil geometries typical in high-temperature superconducting (HTS) applications.
The results obtained from the analytical model are compared with numerical simulations and experimental
data from the work of Shi et al., demonstrating improved accuracy and computational efficiency. This work
provides a robust tool for the design and optimization of HTS WPT systems.

INDEX TERMS Wireless power transfer, mutual inductance, superconducting pancake coils, analytical
modeling, HTS technology.

I. INTRODUCTION
Wireless Power Transfer (WPT) systems have revolutionized
the way energy is transmitted over short distances, enabling
a wide range of applications from consumer electronics to
industrial automation and electric vehicles (EVs) [3], [4], [5],
[6], [7], [8]. The principle core of WPT relies on the concept
of electromagnetic induction, where energy is transferred
between two coils without the need for physical connections.
The efficiency of this energy transfer is predominantly
governed by the mutual inductance between the transmitting
(primary) and receiving (secondary) coils [9], [10], [11], [12].
Mutual inductance, defined as the ratio of the induced voltage
in the secondary coil to the rate of change of current in the
primary coil, is a crucial parameter in the design and opti-
mization ofWPT systems [13], [14], [15], [16], [17]. In recent
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years, the integration of high-temperature superconducting
(HTS) technology intoWPT systems has garnered significant
attention [18], [19], [20], [21], [22]. HTS coils, typically
made from materials such as Rare-earth Barium Copper
Oxide (ReBCO), offer near-zero resistive losses and can
carry much higher currents than conventional copper coils.
This makes HTS-based WPT systems particularly attractive
for applications requiring high power transfer efficiency and
long operational lifetimes, such as in the charging of electric
vehicles (EVs) and the powering ofmedical implants. Despite
these advantages, the design of HTS WPT systems presents
unique challenges, particularly in accurately modeling and
calculating the mutual inductance between superconducting
pancake coils under various operating conditions [23], [24],
[25], [26]. Superconducting pancake coils, due to their
geometry and the properties of superconducting materials,
exhibit distinct electromagnetic behaviors compared to con-
ventional copper coils. The nearly perfect diamagnetism of
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HTS materials, coupled with the specific coil configurations,
leads to complex interactions between the magnetic fields
of the primary and secondary coils. These interactions are
further complicated by practical considerations such as mis-
alignment between the coils, which can significantly affect
the system’s efficiency. Therefore, a precise and efficient
method for calculating mutual inductance, especially under
conditions of misalignment, is essential for the successful
deployment of HTS WPT systems. Traditional methods for
calculating mutual inductance, such as numerical simulations
using Finite Element Method (FEM) software, provide
accurate results but are often computationally expensive and
time-consuming. FEM simulations require detailed meshing
and iterative solving of Maxwell’s equations, making them
impractical for real-time system design and optimization.
Alternatively, empirical and semi-analytical methods offer
quicker solutions but often at the expense of accuracy,
particularly when dealing with non-coaxial or misaligned
coils [27]. To address these challenges, Parise et al. [1]
introduced an improved series-form analytical expression for
the mutual inductance between non-coaxial pancake coils.
This analytical model, derived from electromagnetic theory,
provides a closed-form solution that significantly reduces
computational time while maintaining high accuracy. The
expression is particularly effective in scenarios involving
lateral misalignment and varying axial distances between
coils, which are common in practical WPT applications. The
focus of this paper is to apply this improved analytical model
to the calculation ofmutual inductance betweenHTS pancake
coils used in WPT systems. By integrating the series-form
solution into the context of superconducting coils, we aim
to provide a robust tool that can be used for the design and
optimization of HTS WPT systems. This approach not only
improves the accuracy of mutual inductance calculations but
also enhances the computational efficiency,making it feasible
to perform real-time adjustments and iterative design pro-
cesses. In addition to the theoretical development, this study
also includes a comprehensive validation of the analytical
model against numerical simulations and experimental data.
The results demonstrate the model’s capability to accurately
predict mutual inductance in HTS WPT systems under
various conditions, including misalignment. By providing
a comparison with FEM simulations and experimental
measurements reported by Shi et al. [2], we establish the
reliability and practical utility of the proposed method.

II. HTS CABLE FEM SIMULATION
High-temperature superconducting (HTS) tapes are advanced
materials that hold significant potential across various electri-
cal engineering applications, ranging from energy generation
with superconducting generators to usage in distributed sys-
tems like superconducting transformers. An electromagnetic
analysis was conducted using COMSOL MultiPhysics® on
an HTS pancake coils (fig.1) whose data are reported in
the table 1. A time-dependent analysis has been established,
incorporating Faraday’s Law in both domains to estimate the

TABLE 1. Parameter of HTS pancake coils.

FIGURE 1. Model of the geometry simulation of HTS tapes.

magnetic flux associated with the system (eqs.1-4).

E = ρ(∇ × H − Je) (1)

∇ × E =
−dB
dt

(2)

E = E(∇ × H ) (3)

E = E0(
J
Jc
)α (4)

The superconducting coil functions as an inductor, allowing
for the establishment of a steady-state current after a few
time constants. Consequently, it is essential to conduct
time-dependent studies to accurately estimate the magnitude
of the magnetic flux densities. The HTS pancake coils are
modeled using circular loops, assuming uniform current
distribution across the width of the ReBCO tapes. Each turn
is centered at its nominal radius to maintain consistency with
the analytical formulation. While the actual cross-section
of the HTS tapes is rectangular, this simplification allows
for efficient modeling while preserving accuracy for typical
WPT applications. Furthermore, the analysis assumes steady-
state operation, where the current density distribution has
stabilized, minimizing any transient effects on mutual
inductance. The results of this simulation are reported in the
validation and results section.

A. SIMULATION OF SUPERCONDUCTING WIRE
The superconducting phenomenon, is characterized by zero
electrical resistivity below a critical temperature, current
density, and magnetic field. While the pursuit of room-
temperature superconductors has seen limited progress, the
advent of liquid nitrogen cooling has enabled practical com-
mercial applications. This section describes the simulation of
a superconducting wire using COMSOLMultiphysics, focus-
ing on the wire’s cross-section where the current exceeds the
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critical current density. The geometry of the model consists
of a cross-section of a superconducting wire surrounded by
air. The wire is modeled as a cylindrical conductor, and the
surrounding air domain is sufficiently large to approximate
an infinite boundary. The current-dependent conductivity of
the superconducting wire is modeled using a relationship
between the electric field E and the current density J:

E(J )

 0 → |J| < JC

E0 · (
|J| − JC
JC

)α ·
J
|J|

→ |J| ≥ JC
(5)

Faraday’s law and Ampère’s law are employed to form the
complete system of equations:

∇ × E = −
∂B
∂t

, (6)

∇ × H = J, (7)

where B is the magnetic flux density,H is the magnetic field,
and J is the current density. The Magnetic Field Formulation
interface in COMSOL is used to solve this system. The
current in the conductor is defined by enforcing the line
integral of the magnetic field H around the wire to match a
time-dependent current I (t):∮

∂�

H · d l = I (t) → Hφ =
I

2πr
(8)

where ∂� represents the boundary of the wire. This condition
is equivalent to setting a tangential H-field boundary
condition at the outer boundary of the air domain. The
simulation results show the evolution of the current density
within the superconducting wire as the current increases
smoothly to its final value. Figure 2 illustrates the current
density distribution at two time points, t = 0.015 s and
t = 0.1 s.

SYSTEM SIMULATION DESCRIPTION
The simulated superconducting wire is based on a ReBCO
tape, commonly used in high-temperature superconducting
(HTS) applications. As reported in Table 1, the cross-section
of the ReBCO tape was approximated as a circular conductor
with an equivalent diameter of 4.8 mm, consistent with
standard simplifications used in HTS simulations when
dealing with thin tapes. This approximation allows us to
maintain compatibilitywith filamentary or cylindricalmodels
while preserving the critical current density characteristics of
thematerial. The transient excitation applied in the simulation
mimics a realistic current ramp-up scenario, typical of how
HTS coils are energized in practical Wireless Power Transfer
(WPT) systems. Specifically, a smooth time-dependent
current source was applied at the boundaries of the model,
increasing from zero to a peak value over a short time
interval ( tens of milliseconds), followed by a hold period
at constant current. This excitation profile ensures:

• A gradual establishment of the magnetic field
• Avoidance of numerical instabilities due to abrupt
changes

FIGURE 2. Current density distribution in the superconducting wire at
t = 0.015 s (upper) and t = 0.1 s (lower).

• Realistic representation of the charging process in HTS
WPT systems

The current waveform can be described as follows:

I (t) =

{
Ipeak ·

(
1 − e−t/τ

)
for t < tramp

Ipeak for t ≥ tramp
(9)

where:
Ipeak Peak current reached after ramp-up
τ Time constant (∼ 5 ms)
tramp Ramp duration (∼ 20–30 ms)
This formulation allows for the accurate simulation of

the electromagnetic behavior during the charging phase of
the HTS coil, including the evolution of current density and
magnetic flux.

3. NONLINEAR E–J RELATIONSHIP
The superconducting phenomenon is modeled using the
nonlinear relationship between electric field E and current
density J , as originally presented in Equation (5) of the
manuscript. We have revised the equation for clarity:

E(J ) =

 0 if ∥J∥ < Jc

E0 ·

(
∥J∥ − Jc

Jc

)α

·
J

∥J∥
if ∥J∥ ≥ Jc

(10)

In our simulation, we used α = 2, which corresponds to a
commonly adopted power-law model for HTS materials and
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reflects typical behavior observed in experiments. Therefore,
the case studied is representative of realistic HTS material
characteristics rather than being purely academic.

III. ANALYTICAL FORMULATION
A. IMPROVED SERIES-FORM EXPRESSION
The mutual inductance between two pancake coils is a
key parameter in Wireless Power Transfer (WPT) systems,
significantly impacting the efficiency of power transfer.
Calculating this inductance accurately becomes particularly
challenging when the coils are not perfectly aligned, i.e.,
when there is a lateral misalignment and an axial gap
between them. Traditional methods, which rely heavily
on numerical simulations, can be both time-consuming
and computationally expensive. In response to these chal-
lenges, Parise et al. [1] developed an improved series-form
analytical expression that allows for a faster and more
efficient calculation of mutual inductance, especially under
misaligned conditions. The series-form expression is derived
by transforming the original integral representation of the
magnetic flux linkage between two coils into a sum of simpler
integrals, which can be expressed explicitly. This transforma-
tion leverages advanced mathematical techniques, including
series expansions and integral transforms, to break down
the complex interactions between the coils into manageable
components. The problem under consideration involves two
parallel pancake coils, which are flat, spiral-shaped inductors
commonly used in WPT systems (see fig. 3).

FIGURE 3. Coils configuration.

The coils are separated by a radial distance ρ and an axial
distance h. The goal is to calculate the mutual inductance
M (a, b, ρ, h) between these two coils, where a, b are the
radii of the turns in the two coils, respectively. The mutual
inductance M (a, b, ρ, h) is given by the following series-
form expression:

M (a, b, ρ, h) = −
µ0πab√
ρ2 + h2

∞∑
l=1

(2l − 1)!!
(2l)!!

·

[
a2 + b2

2(ρ2 + h2)

]l
9l(α)Xl(β), (11)

Here, the parameters and functions are defined as follows:

• µ0 is the magnetic permeability of free space.
• a, b are the radii of the respective turns in the two coils.
• ρ is the radial distance between the centers of the two
coils.

• h is the axial distance between the coils.
• 9l(α) is a function that accounts for the geometric
relationship between the two coils, where:

9l(α)=
⌊(l−1)/2⌋∑
m=0

α2m+1

(l − 2m− 1)!m!(m+ 1)!
(12)

• Xl(β) is another geometric function that depends on the
axial distance h and the radial distance ρ defined by:

Xl(β) =

l∑
m=0

(−1)m
[2l + 2m− 1]!!
[2(l − m)]!!(2m)!

βm, (13)

where:

β =
h2

ρ2 + h2
. (14)

The key innovation in this formulation is the reduction of
the complex integral that describes the magnetic flux into a
series expansion that converges rapidly, even for coils with
significant misalignment. This rapid convergence makes the
method computationally efficient, enabling the calculation
of mutual inductance in milliseconds as opposed to the
longer times required by finite element methods (FEM).
To understand the derivation of this expression, let’s start
from the integral representation of the magnetic flux linkage
between two misaligned turns, given by:

8(a, b, ρ, h)=
µ0a
2

∫
∞

0

∫ 2π

0

∫ b

0
Hz(r ′, λ, h)r dr dφdλ

(15)

where Hz is the axial component of the magnetic field
generated by the emitting coil at a point in the receiving coil.
The complexity of this integral arises from the dependency
ofHz on the spatial configuration of the coils, which involves
Bessel functions and exponential terms. The first step in
the series-form derivation is to express the Bessel function
J1(λa) and J1(λb) in terms of their series expansions. Next,
by employing the addition theorem for Bessel functions and
performing an appropriate series expansion, the triple integral
can be simplified into a product of two single integrals, which
are easier to evaluate. A key transformation in the derivation
is the introduction of the substitution:

J1(λa) J1(λb)=
1
π

∫ π

0
J0(λc) cosφ dφ, (16)

with

c=
√
a2 + b2 − 2ab cosφ, (17)

This substitution allows the expression to be reduced further
into a form that involves a power series in c and a series of
integrals that are well-known and can be evaluated explicitly.
The final result is an expression for the mutual inductance
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that is a rapidly converging series, where each term in the
series represents a progressively smaller contribution to the
overall inductance. This method is particularly effective for
coils that are close together or have moderate misalignment,
as it captures the key physical effects without the need for
extensive numerical computations.

B. APPLICATION TO SUPERCONDUCTING PANCAKE COILS
The coils used in HTS systems, particularly those made from
Rare-earth Barium Copper Oxide (ReBCO), offer significant
advantages in wireless power transfer (WPT) applications
because they can carry large currents with minimal energy
loss. These properties make ReBCO pancake coils ideal for
scenarios where high power transfer efficiency is critical,
such as in the charging of electric vehicles or in medical
devices. In WPT systems, the coils are typically arranged in a
transmitter-receiver configuration, where the primary (trans-
mitting) coil generates a magnetic field that induces a current
in the secondary (receiving) coil. The mutual inductance
between these coils is a key parameter that determines the
efficiency of power transfer. However, accurately calculating
the mutual inductance between superconducting pancake
coils is challenging due to their complex geometry and the
potential for misalignment between the coils. Misalignment
can occur in both axial (vertical) and radial (horizontal)
directions, significantly affecting the mutual inductance and,
consequently, the power transfer efficiency. To accurately
model the mutual inductance between superconducting pan-
cake coils in HTS WPT systems, the improved series-form
analytical expression developed by Parise et al. [1] is
adapted to the specific characteristics of ReBCO coils.
These coils are typically constructed with multiple turns of
superconducting wire, each turn having a specific radius,
which affects the magnetic coupling between the coils. The
analytical model must account for the unique properties
of superconducting materials, such as their high critical
current density and the nearly zero resistive loss, which can
influence the inductance calculation. The precise calculation
of mutual inductance using the adapted analytical model is
essential for optimizing the system’s performance. Themodel
allows for rapid evaluation of the mutual inductance under
different configurations, which is crucial for the iterative
design process. Engineers can quickly assess how changes
in coil geometry, spacing, or alignment affect the power
transfer efficiency, enabling more effective design choices.
For instance, in a typical WPT system for electric vehicle
charging, the primary coil is embedded in the ground, and
the secondary coil is mounted on the vehicle. Misalignment
can occur due to variations in parking position, leading
to a decrease in mutual inductance and power transfer
efficiency. By using the adapted analytical model, designers
can predict the performance impact of such misalignments
and implement corrective measures, such as adjusting the
coil dimensions or adding compensatory electronics to
maintain efficient power transfer. Furthermore, the analytical
model is particularly useful for real-time system adjustments.

In adaptive WPT systems, where the position of the receiving
coil may change dynamically, the model can be integrated
into control algorithms to continuously optimize the power
transfer process. For example, the system could adjust the
operating frequency or the current in the primary coil to
compensate for variations in mutual inductance, thereby
maintaining a stable power output to the receiving coil.

IV. VALIDATION AND RESULTS
A. COMPARISON WITH NUMERICAL SIMULATIONS
The analytical results obtained for superconducting pancake
coils are compared with those derived from numerical
simulations and experimental data to validate the model’s
accuracy. Shi et al. [2] conducted FEM simulations and
practical experiments with ReBCO pancake coils to measure
mutual inductance under various misalignment conditions.
The adapted analytical model’s predictions are benchmarked
against these results (figs. 4,5, 6). The comparison shows that
the analytical model closely matches the FEM simulations
and experimental data, with deviations typically within a
few percentage points. This level of accuracy confirms the
model’s reliability for practical applications. For example,
in a scenario where the axial distance between the coils is
increased from 100 mm to 200 mm, the analytical model
predicts a corresponding decrease in mutual inductance,
which aligns well with the trends observed in the FEM
and experimental results. Moreover, the analytical model
significantly reduces the computation time compared to FEM
simulations, which is particularly advantageous for design
processes requiring multiple iterations or real-time system
adjustments. While FEM simulations may take several
minutes to compute the mutual inductance for a single
configuration, the analytical model can produce results in
milliseconds, making it a powerful tool for both design
and operational phases of HTS WPT systems. Figs. 5
and 6 illustrate the trends of lateral misalignment and
the error incurred when employing the analytical method
compared to real measurements. In fig. 5, the lateral
misalignment is depicted, highlighting how variations in
alignment can impact overall system performance. This
visual representation allows for a clear understanding of the
deviations observed during the analysis. Fig. 6 presents the
error associated with the analytical method in relation to
real-world measurements.Fig. 6 in the document refers to
the absolute error between the measured mutual inductance
and the values calculated using the analytical method. The
formula is reported in eq. 12

Absolute Error = |Mmeasured −Mcalculated| (18)

The figure illustrates the discrepancies between the
real-world measurements and the analytical predictions,
providing a clear visual representation of the accuracy of the
analytical approach. The error is presented in absolute terms,
showing the difference between the measured and calculated
values of mutual inductance. This helps in assessing the
reliability of the analytical model and identifying areas where
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FIGURE 4. Relationship between mutual inductance and air gap.

FIGURE 5. Relationships between mutual inductances and lateral
misalignments.

improvements might be needed. By comparing these two
plots, it is possible to assess the accuracy of the analytical
approach and identify areas for improvement.

B. COMPARISON WITH INTEGRAL METHODS
Table 2 provides a qualitative comparison of three methods
for calculating mutual inductance. The analytical method
offers very fast computation for specific coil geometries,
while MoM and PEEC are more versatile for complex
structures but require significantly more computational
resources [28], [29], [30], [31], [32]. The choice of method
depends on the trade-off between accuracy, computational
cost, and geometric complexity.

C. ESTIMATING THE FREQUENCY LIMIT
The used analytical procedure is subject to the quasi-static
field assumption, which implies that the effects of the
displacement currents are negligible everywhere. It is valid
when the electrical size of the whole two-coil system is small

FIGURE 6. Relationships between measured and analytical method of the
mutual inductances and lateral misalignments.

TABLE 2. Comparison of mutual inductance calculation methods.

enough for electromagnetic retardation to have negligible
effect on the field distribution. An estimate of the upper
bound of the quasi-static frequency range can be found by
imposing that the largest dimension of the bounding box that
encloses the coils is much smaller than the electromagnetic
wavelength. To estimate the valid frequency range:

1) Consider the quasi-static approximation: valid when
coil dimensions are much smaller than the electromag-
netic wavelength.

2) Calculate wavelength:

λ =
c

f
√

εr
(19)

where c is the speed of light, f is frequency, and εr is
relative permittivity.

3) Determine the largest coil dimension D.
4) Apply the rule of thumb: D < λ/10
5) Estimate maximum frequency:

f <
c

10D
√

εr
(20)

1) CALCULATION FOR THE CASE STUDY
Given:

• D = 220 mm = 0.22 m
• εr = 1 (air)
• c = 3 × 108 m/s

VOLUME 13, 2025 90703



M. Quercio et al.: Analytical Modeling of Mutual Inductance in Superconducting Pancake Coils

Maximum frequency:

f <
3 × 108

10 × 0.22 ×
√
1

≈ 136.36 MHz (21)

For εr = 4:

f <
136.36

√
4

≈ 68.18 MHz (22)

2) IMPORTANT CONSIDERATIONS
• Acceptable Error: Actual limit depends on acceptable
error in inductance calculation.

• Dielectric Constant: Higher εr lowers the frequency
limit.

• Skin Effect: Affects current distribution, especially in
superconducting materials.

• Parasitic Capacitance: Becomes significant at higher
frequencies.

• Coil Geometry: Affects frequency response.

V. CONCLUSION
This paper successfully extends the improved series-form
analytical expression to model the mutual inductance in
HTS pancake coils used in WPT systems. The analytical
model offers significant advantages in terms of computational
efficiency and accuracy compared to traditional numerical
methods. The validation against FEM simulations and
experimental data underscores its reliability and potential for
use in designing and optimizing HTS WPT systems. Future
workmay explore further refinements to the model, including
the effects of non-uniform coil winding and other advanced
configurations.
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