
Campus Bio-Medico University of Rome

Doctoral Thesis

Emergent Dynamics of Electrically
Coupled β-cells: Implications for
Physiopathology of the Endocrine

Pancreas

Author:

Alessandro Loppini

Supervisor:

Prof. Simonetta Filippi

A thesis submitted in fulfilment of the requirements

for the degree of Doctor of Philosophy

in

Biomedical Engineering

Campus Bio-Medico University of Rome

XXVIII ciclo

March 2016

Tesi di dottorato in Ingegneria Biomedica, di Alessandro Loppini, 
discussa presso l’Università Campus Bio-Medico di Roma in data 06/04/2016. 
La disseminazione e la riproduzione di questo documento sono consentite per scopi di didattica e ricerca, 
a condizione che ne venga citata la fonte.

http://www.unicampus.it
http://www.unicampus.it
http://www.unicampus.it
http://www.unicampus.it


i

Acknowledgements

The work presented in this dissertation has been possible thanks to several persons who

supported me from both a scientific and a human point of view, and who deserve special

acknowledgements.

First of all, thanks to my supervisor Prof. Simonetta Filippi, who first trusted me and

gave me the opportunity to expand my skills in her wonderful team, driving my work with

great knowledge and interest. Special thanks go to Prof. Christian Cherubini, who has

been, and still is, both a wonderful professor and a master of life who constantly inspired

me with pleasant and fruitful discussions. I really acknowledge Dr. Alessio Gizzi, who

always treated me as a friend, taught me as a brother and has been a wonderful guide

in the good scientific practice.

Particular thanks to Prof. Morten Gram Pedersen with whom I’ve had the pleasure to

work and who shared his huge knowledge and rigorous attitude to research with me. I’m

very much indebted to Prof. H. Eugene Stanley, who kindly hosted me in his laboratory

during my research project, enlightening me with his wisdom.

Last but not least, very special thanks to my family and my friends who constantly

supported me, trusted me and loved me.

Tesi di dottorato in Ingegneria Biomedica, di Alessandro Loppini, 
discussa presso l’Università Campus Bio-Medico di Roma in data 06/04/2016. 
La disseminazione e la riproduzione di questo documento sono consentite per scopi di didattica e ricerca, 
a condizione che ne venga citata la fonte.



Contents ii

Contents

Acknowledgements i

Contents ii

List of Figures v

List of Tables vii

1 Introduction 1

2 The Pancreas: anatomy and physiopathology 5

2.1 Structure of the Pancreas . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2.1.1 Exocrine matrix . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.1.2 Endocrine tissue . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.2 Glucose homeostasis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.3 Endocrine cells pathologies . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.3.1 Type 1 Diabetes . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2.3.2 Type 2 Diabetes . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

3 Mathematical modeling of excitable cells 14

3.1 Hodgkin-Huxley formalism . . . . . . . . . . . . . . . . . . . . . . . . . . 14

3.1.1 Diffusion across the membrane: the Goldman-Hodgkin-Katz equa-
tion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

3.1.2 Cell membrane equivalent circuit . . . . . . . . . . . . . . . . . . . 17

3.1.3 Membrane channel conductances . . . . . . . . . . . . . . . . . . . 20

3.2 Channel gating as a stochastic process . . . . . . . . . . . . . . . . . . . . 23

3.2.1 Markov approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

3.2.2 Langevin formulation . . . . . . . . . . . . . . . . . . . . . . . . . 30

4 β-cell electrophysiology in mouse 33

4.1 β-cell electrical activity in mouse . . . . . . . . . . . . . . . . . . . . . . . 33

4.1.1 K-ATP channels . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

4.1.2 Voltage-gated Ca2+ channels . . . . . . . . . . . . . . . . . . . . . 34

4.1.3 Voltage-gated K+ channels . . . . . . . . . . . . . . . . . . . . . . 36

4.1.4 K-Ca channels . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

4.1.5 Na+ channels . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

4.2 Bursting regulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

4.3 Gap-junctions coupling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

Tesi di dottorato in Ingegneria Biomedica, di Alessandro Loppini, 
discussa presso l’Università Campus Bio-Medico di Roma in data 06/04/2016. 
La disseminazione e la riproduzione di questo documento sono consentite per scopi di didattica e ricerca, 
a condizione che ne venga citata la fonte.



Contents iii

4.3.1 Cx36 channels in β-cells . . . . . . . . . . . . . . . . . . . . . . . . 41

4.3.2 Cx36 channels in physiology and pathology . . . . . . . . . . . . . 42

5 Sherman-Rinzel-Keizer generalised model 45

5.1 The Sherman-Rinzel-Keizer model . . . . . . . . . . . . . . . . . . . . . . 45

5.1.1 Bursting in the SRK model . . . . . . . . . . . . . . . . . . . . . . 47

5.2 Stochastic SRK model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

5.2.1 Supercell model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

5.2.2 Multicell model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

5.3 SRK generalisation: glucose feedback . . . . . . . . . . . . . . . . . . . . . 55

5.4 Coherence in the SRK model . . . . . . . . . . . . . . . . . . . . . . . . . 56

5.4.1 Correlation in β-cells electrical activity . . . . . . . . . . . . . . . . 58

5.4.2 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

6 Structural effects on mouse β-cell networks activity 68

6.1 Pancreatic islets architectures . . . . . . . . . . . . . . . . . . . . . . . . . 69

6.1.1 Architecture modelling . . . . . . . . . . . . . . . . . . . . . . . . . 71

6.2 Functional network: a synchronisation measure . . . . . . . . . . . . . . . 74

6.3 Structure-function coupling analysis . . . . . . . . . . . . . . . . . . . . . 75

6.3.1 Coupling strength effect . . . . . . . . . . . . . . . . . . . . . . . . 77

6.3.2 Glucose effect . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

6.3.3 Noise effect . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

6.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

7 β-cells electrophysiology in human 89

7.1 β-cell electrical activity in human . . . . . . . . . . . . . . . . . . . . . . . 89

7.1.1 K-ATP channels . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

7.1.2 Voltage-gated Ca2+ channels . . . . . . . . . . . . . . . . . . . . . 91

7.1.3 Voltage-gated Na+ channels . . . . . . . . . . . . . . . . . . . . . 91

7.1.4 K-Ca channels . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

7.1.5 Voltage dependent K+ channels . . . . . . . . . . . . . . . . . . . 92

7.2 Spiking/Bursting regulation . . . . . . . . . . . . . . . . . . . . . . . . . . 92

7.3 Gap-junction coupling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

7.4 Mathematical modelling of human β-cell electrophysiology . . . . . . . . . 94

7.4.1 Electrical subsystem . . . . . . . . . . . . . . . . . . . . . . . . . . 95

7.4.2 Metabolic subsystem . . . . . . . . . . . . . . . . . . . . . . . . . . 98

7.4.3 Single cell model behaviour . . . . . . . . . . . . . . . . . . . . . . 99

8 Coupling effects between human β-cells 105

8.1 Experimental observations . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

8.2 Gap junction estimate . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106

8.2.1 Cell doublet: times series analysis . . . . . . . . . . . . . . . . . . 108

8.2.2 Cell doublet: bifurcation diagrams analysis . . . . . . . . . . . . . 109

8.2.3 Three-cells configuration: effects on the estimate . . . . . . . . . . 110

8.3 Coupling effects on fast activity . . . . . . . . . . . . . . . . . . . . . . . . 113

8.3.1 Spiking . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

8.3.2 Bursting . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

8.3.3 Mixed populations and non-responsive cells . . . . . . . . . . . . . 116

Tesi di dottorato in Ingegneria Biomedica, di Alessandro Loppini, 
discussa presso l’Università Campus Bio-Medico di Roma in data 06/04/2016. 
La disseminazione e la riproduzione di questo documento sono consentite per scopi di didattica e ricerca, 
a condizione che ne venga citata la fonte.



Contents iv

8.4 Coupling effects on slow oscillations . . . . . . . . . . . . . . . . . . . . . 117

8.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119

9 Conclusions 125

9.1 Novel results and implications . . . . . . . . . . . . . . . . . . . . . . . . . 125

9.2 Study limitations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

9.3 Future perspectives . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127

Appendix 129

Bibliography 178

Tesi di dottorato in Ingegneria Biomedica, di Alessandro Loppini, 
discussa presso l’Università Campus Bio-Medico di Roma in data 06/04/2016. 
La disseminazione e la riproduzione di questo documento sono consentite per scopi di didattica e ricerca, 
a condizione che ne venga citata la fonte.



List of Figures v

List of Figures

2.1 Pancreas anatomy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2.2 Exocrine and endocrine pancreatic tissues . . . . . . . . . . . . . . . . . . 8

3.1 Ion channel within cell membrane bilayer, and equivalent circuit of the
passive membrane . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

3.2 Equivalent cell membrane circuit with active channels . . . . . . . . . . . 19

3.3 Potassium and sodium conductance in the squid giant axon . . . . . . . . 21

3.4 Steady-state activation curves and time constants in the Hodgkin-Huxley
model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

3.5 Patch-clamp recordings from single channels, and mean current averaged
over hundreds of channels . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

4.1 Bursting recording in a mouse β-cell . . . . . . . . . . . . . . . . . . . . . 34

4.2 ATP and glucose modulation of mouse KATP current . . . . . . . . . . . 35

4.3 Patch clamp recordings of T-type and L-type calcium currents in rat β-cell 36

4.4 Voltage and calcium effect on mouse K-Ca current . . . . . . . . . . . . . 37

4.5 Ion conductances dynamics in mouse β-cell during burst . . . . . . . . . . 39

4.6 Burst regulation in mouse β-cell . . . . . . . . . . . . . . . . . . . . . . . 40

4.7 Ultrastructure of cultured mouse β-cells . . . . . . . . . . . . . . . . . . . 41

4.8 Double voltage-clamp measurements of gap junction conductance in mouse
β-cell pairs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

5.1 Bursting in the SRK model . . . . . . . . . . . . . . . . . . . . . . . . . . 48

5.2 Bifurcation diagram of the membrane potential in the SRK model . . . . 49

5.3 Single cell simulation of the stochastic SRK model . . . . . . . . . . . . . 51

5.4 Simulations of the supercell stochastic SRK model . . . . . . . . . . . . . 52

5.5 Simulations of the multicell stochastic SRK model . . . . . . . . . . . . . 54

5.6 Cubic β-cell cluster . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

5.7 Simulation of a β-cell mouse 5 x 5 x 5 cluster stimulated by an increasing
glucose concentration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

5.8 Power density spectra of simulated membrane potential signals of a rep-
resentative β-cell in a 5 x 5 x 5 cluster exposed to increasing glucose con-
centrations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

5.9 Power density spectra log-log slopes computed at different glucose con-
centrations and at increasing cluster size . . . . . . . . . . . . . . . . . . . 61

5.10 Power density spectra of simulated membrane potential signals of a rep-
resentative β-cell in clusters of increasing size . . . . . . . . . . . . . . . . 62

5.11 Correlation matrix plots computed from simulated voltage times series of
mouse β-cells in a 5 x 5 x 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

Tesi di dottorato in Ingegneria Biomedica, di Alessandro Loppini, 
discussa presso l’Università Campus Bio-Medico di Roma in data 06/04/2016. 
La disseminazione e la riproduzione di questo documento sono consentite per scopi di didattica e ricerca, 
a condizione che ne venga citata la fonte.



List of Figures vi

6.1 Phylogenetic tree of islets compostitions . . . . . . . . . . . . . . . . . . . 69

6.2 Histological sections of human and mouse islets by confocal microscopy . 70

6.3 Site-percolation on a two-dimensional regular lattice . . . . . . . . . . . . 72

6.4 Human islet modelling via percolation . . . . . . . . . . . . . . . . . . . . 73

6.5 Modelling of β-cells clusters topology . . . . . . . . . . . . . . . . . . . . . 74

6.6 Membrane potential time series of a representative cell in a linear, perco-
lated and compact β-cell clusters . . . . . . . . . . . . . . . . . . . . . . . 76

6.7 Correlation matrix, functional networks, and space-time plots computed
on β-cells membrane voltage . . . . . . . . . . . . . . . . . . . . . . . . . . 76

6.8 Functional networks at increasing coupling strength . . . . . . . . . . . . 78

6.9 Degree distribution of functional networks (FN) computed from the per-
colated cluster activity at different coupling conductance . . . . . . . . . . 79

6.10 Functional networks at increasing glucose concentration . . . . . . . . . . 80

6.11 Degree distribution of functional networks (FN) computed from the per-
colated cluster activity at different glucose concentrations . . . . . . . . . 82

6.12 Functional networks at increasing coupling strength and with enhanced
intrinsic noise . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

6.13 Functional networks at increasing glucose concentration and with en-
hanced intrinsic noise . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

7.1 Glucose induced electrical activity in human β-cells . . . . . . . . . . . . . 90

7.2 Effect of TTX on human β-cell spiking . . . . . . . . . . . . . . . . . . . . 101

7.3 Bursting behaviour in human β-cell . . . . . . . . . . . . . . . . . . . . . . 102

7.4 Slow bursting in human β-cell . . . . . . . . . . . . . . . . . . . . . . . . . 103

8.1 Perforated-patch recordings in a human β-cell . . . . . . . . . . . . . . . . 106

8.2 Cell doublet representation . . . . . . . . . . . . . . . . . . . . . . . . . . 107

8.3 Simulation of a human β-cell doublet . . . . . . . . . . . . . . . . . . . . . 108

8.4 Bifurcation diagrams for the silent cell in the doublet system . . . . . . . 109

8.5 Simulations of three cells coupled in a triangular configuration . . . . . . 111

8.6 Simulations of three cells coupled in a chain configuration . . . . . . . . . 112

8.7 Simulations of 3 x 3 x 3 clusters of human spiking β-cells . . . . . . . . . . 114

8.8 Simulations of 3 x 3 x 3 clusters of human bursting β-cells . . . . . . . . . . 115

8.9 Simulations of 3 x 3 x 3 mixed clusters of human β-cells . . . . . . . . . . . 116

8.11 Experimental recording of a human β-cell showing slow bursting . . . . . 121

8.12 Simulations of cell doublets driven by the glycolytic oscillator . . . . . . . 122

Tesi di dottorato in Ingegneria Biomedica, di Alessandro Loppini, 
discussa presso l’Università Campus Bio-Medico di Roma in data 06/04/2016. 
La disseminazione e la riproduzione di questo documento sono consentite per scopi di didattica e ricerca, 
a condizione che ne venga citata la fonte.



List of Tables vii

List of Tables

5.1 SRK model’s paramters . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

5.2 PDS log-log slopes computed at different values of Vd and for increasing
β-cell cluster size. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

6.1 Clustering coefficient of functional networks computed at increasing cou-
pling strengths . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

6.2 Clustering coefficient of functional networks computed at increasing glu-
cose concentrations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

7.1 Human β-cell model parameters . . . . . . . . . . . . . . . . . . . . . . . . 100

Tesi di dottorato in Ingegneria Biomedica, di Alessandro Loppini, 
discussa presso l’Università Campus Bio-Medico di Roma in data 06/04/2016. 
La disseminazione e la riproduzione di questo documento sono consentite per scopi di didattica e ricerca, 
a condizione che ne venga citata la fonte.



Chapter 1. Introduction 1

Chapter 1

Introduction

More than 40 years of research studies on the endocrine β-cells have enlightened most

of the fundamental mechanisms involved in insulin secretion in rodents, with a vast

published literature that confirms our knowledge of the electrophysiology of these cells,

based on both experiments and mathematical models. Although, much more remains to

be understood, with particular regards to the loss of β-cell functionality in pathologies

such as diabetes.

Among the mechanisms involved in the normal regulation of insulin secretion in mouse

islets, gap junction electrical coupling was shown to be an essential aspect in β-cell

endocrine function. Intercellular communications induced by such coupling represent

in fact an efficient way through which cells can synchronise their intrinsically hetero-

geneous activity, homogenising pancreatic islets response to glucose stimuli, improving

glucose responsiveness, and giving rise to a global pulsatile insulin release, which is more

effective than a constant insulin supply. Therefore in this scenario, the pancreatic islet

is a complex structure where β-cells explicate their function through communication. It

is also proven that the loss of direct electrical coupling in rodents leads to an altered

β-cells function, characterised by impaired glucose tolerance and insulin secretion. Inter-

estingly, in this case, the resulting pattern of hormone release resembles those observed

in diabetic patients, thus suggesting that the beneficial effect of electrical coupling may

be compromised or lost in diabetic islets. In confirmation of that, recently published

studies show altered expressions of the protein forming junctional channels in in-vitro

environments resembling diabetic inflammatory condition, and an increase resistance to

cytotoxic compounds in the case of electrically coupled β-cells. Moreover such metabolic

disorders can have dramatic effects on the islet architecture itself and alter intercellular

communication by topological modification of the islet, which are very likely to occur
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Chapter 1. Introduction 2

especially in autoimmune forms of diabetes, where β-cells are progressively killed by an

intra-islet infiltrate of immune cells.

Such evidence requires investigating deeply gap junction properties between β-cells,

extending the knowledge accumulated on rodents to the less studied human case. Con-

cerning this, published literature have shown interesting aspects regarding the human

islet. In fact, in common with rodents, also in humans are expressed proteins forming

gap junctional channels, and moreover, functional tight junctions have been observed by

histological studies. Furthermore, an even more intriguing fact is that human islet archi-

tecture is completely different compared to the mouse islet. Therefore, it is reasonable

to think that gap junction channels not only have a role in homogenising and synchronis-

ing the response of human β-cells, but it can also be hypothesised that such a different

topology of the islet have a considerable effect on cells emergent activity and could imply

significant functional differences respect to the rodent case. Unfortunately, the human

β-cell electrophysiology has been analysed only recently, and electrical coupling between

human β-cells remains a largely unexplored topic.

Therefore, in this dissertation a mathematical modelling approach is adopted to in-

vestigate gap junction coupling effect on the emergent dynamics of β-cell populations,

trying to analyse the collective behaviour of coupled cell clusters in-silico. Different elec-

trophysiological models are used in this framework to reproduce the dynamics of both

mouse and human β-cells. Specifically, based on a mouse electrophysiological model,

two studies here presented are focused on the analysis of the emergent electrical activ-

ity of coupled cell populations, and its robustness upon operating conditions, such as

the cluster topology, the stimulatory glucose concentration, and the intrinsic biological

noise. Finally, a third study based on a mathematical model fine-tuned on human elec-

trophysiology attempts to estimate and analyse gap junction coupling between human

β-cells, validating obtained results against the few available experimental studies.

This dissertation contains new results outlined in the following. At first, a study of

compact β-cell clusters shows that a coherent dynamics characterises β-cells in mouse

islets. This robust dynamical state ensures a long-range correlated cellular activity,

and it is strictly dependent on both glucose stimulation level and cluster size. The β-

cell cluster is able to switch from coherent to uncorrelated dynamics resembling phase

transition and critical phenomena observed in other physical systems. It is worth noting

that a similar regulation of the dynamics around a critical point is a feature of other

biological networks, such as neuronal networks. At second, a study concerning the

topological effects on the emergent dynamics shows that the β-cells in mouse islets can be

viewed as a fully coupled functional unit while the human islet seems to be characterised

by functionally distinct modules of β-cells. This substantial difference is mainly due to
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Chapter 1. Introduction 3

the percolated network architecture underlying β-cells arrangement in human islets,

which induces a complex pattern of intercellular synchronisations. It is important to

note that such pattern shows scale-free similarity features characteristic of the percolated

cluster resembling the human β-cell arrangement, not observed in the compact mouse

architectures. Finally, the third study represents to the best of our knowledge the first

attempt to estimate gap junction conductance between human β-cells. Results obtained

are surprisingly in agreement with the reported values of the junctional conductance

between mouse β-cells. The analyses of small coupled populations of human β-cells show

moreover that the estimated strength of coupling can substantially alter the emergent

dynamics, and consequently the insulin release.

A brief description of the content of the Chapters is given in the following. In Chapter

2 the basic notions about the anatomy and physiology of the Pancreas are introduced.

The structure of the exocrine and endocrine tissues forming the pancreatic gland is ex-

plained, with particular regards to the endocrine cells and their role in glucose homeosta-

sis. The pancreatic endocrine pathologies, such as islet tumors and diabetes, and their

deleterious effect on blood glucose regulation are also discussed. Chapter 3 describes

the mathematical framework of the Hodgkin-Huxley type electrophysiological models,

used in the following to reproduce the electrophysiological response of the β-cells. In

this context, both the deterministic formulation and the stochastic generalisation of

the Hodgkin-Huxley type model are explained. Electrophysiology of the mouse β-cell,

and the gap junction channels properties are discussed in Chapter 4. In Chapter 5 the

Sherman-Rinzel-Keizer model of mouse β-cell electrical activity is introduced, discussed

and generalised. Finally, the model generalisation is used to analyse the coherent activ-

ity of β-cell compact clusters. In Chapter 6 the differences in islet architecture between

mouse and human are discussed, and the generalised Sherman-Rinzel-Keizer model is

further used to analyse synchronisation phenomena on β-cell clusters by varying cluster

topology and operating conditions. Both the electrophysiology and the mathematical

modelling of human β-cells are described in Chapter 7. In Chapter 8 such model is

generalised to the case of coupled β-cells and is used to estimate and investigate gap

junction coupling in the human case. Finally, in Chapter 9 the obtained results are

summarised and the novelty aspects are discussed, suggesting possible future directions.

In the following the list of the publications on which this dissertation is based:

• Alessandro Loppini, Antonio Capolupo, Christian Cherubini, Alessio Gizzi, Marta

Bertolaso, Simonetta Filippi, and Giuseppe Vitiello. On the coherent behavior of

pancreatic beta cell clusters. Physics Letters A, 378(44):3210-3217, 2014.
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Chapter 2

The Pancreas: anatomy and

physiopathology

In this section, the basic concepts of the anatomy and physiology of the pancreas are

given. In particular, exocrine and endocrine pancreatic functions are explained with par-

ticular regards to the endocrine islets cells, which regulate blood glucose homeostasis.

The activity of endocrine cells is crucial to maintain glycemic conditions in a physiolog-

ical range, and their altered function can lead to pathological conditions. Concerning

this, endocrine pancreas pathologies are also discussed in the following, specifically de-

scribing the pathogenesis of the most common diabetic conditions.

2.1 Structure of the Pancreas

The pancreas is an organ (gland) composed of both exocrine and endocrine tissues. It

is located in the retroperitoneal space and presents an elongated conical form (see Fig.

2.1). On average it is ≃ 17− 20 cm in length, and 70− 80 g in weight, and its structure

is formed by four macroscopic different regions: head, neck, body, and tail. The head is

located in the right extremity and it is attached to the duodenum, in which is secreted

the exocrine product. The neck instead, i.e. the pancreatic isthmus located at the level

of the superior mesenteric artery and vein, connects the head with the body, which in

turn is in contact with the omental bursa anteriorly (posterior to the stomach), and with

the superior mesenteric artery, the left suprarenal gland, and the left kidney posteriorly.

The tail of the pancreas is located at the left extremity of the organ and is in contact

with the splenic flexure, the left kidney, and with the hilum of the spleen in the apical

region.
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Figure 2.1: Qualitative representation of the pancreas, showing main ductal structures
and blood vessels.

The pancreas is rich of excretory ducts, blood vessels and nerve fibers. The exocrine

product flows in the duodenal tract via two main ducts: the major pancreatic duct

(Wirsung duct), and the accessory pancreatic duct (Sontorini duct). The major pancre-

atic duct extends along the principal axis of the organ, and the accessory duct originates

from it at the neck level. Their role is thus to collect exocrine secretory products from

the other dutcules and ducts, and convey it in the duodenum. Such ducts secrete a

large amount of sodium bicarbonate that mixes with the secretory product of the ex-

ocrine tissue to form pancreatic juice. In addition, the major pancreatic duct joints

with the hepatic bile duct at the level of the ampulla of Vater, where is connected to

the duodenum. Concerning blood vessels, from the common hepatic artery originate

the gastroduodenal, and the posterior and anterior pancreaticoduodenal arteries, which

supply blood to the head of the pancreas. Instead, from the splenic and the superior

mesenteric arteries originate vessel tracts that reach body and tail of the pancreas. Then,

the splenic, mesenteric, and portal veins collect the blood outflow from the pancreas. Fi-

nally, the organ is innervated by both sympathetic, parasympathetic and afferent fibers,

which are distributed along ducts, vessels, and in the exocrine and endocrine compart-

ments. Both gabaergic, cholinergic, adrenergic fibers and peptide-containing neurons

have been shown to contribute to such rich innervation. [1, 2]
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2.1.1 Exocrine matrix

The exocrine matrix represents about the ≃ 80% of the volume of the pancreas. It

is characterised by a tubuloalveolar structure, and it is mainly formed by functional

units called “acini” (represented in Fig. 2.2(a)). Each acinus is composed by several

acinar cells (≃ 6− 8) surrounding a central lumen that connects to progressively larger

pancreatic ducts. These cells have a pyramidal shape, with a basal area that contains

endoplasmic reticulum and basophilic elements, and an apical zone which contains aci-

dophilic zymogen granules and where the cytoplasmic membrane project a multitude

of microvilli in the central lumen. As mentioned above, the secretory product of the

combined activity of acini and ductal cells is the pancreatic juice, which serves to reg-

ulate digestion processes of the nutrients in the intestinal tract, and to protect the

gastrointestinal environment. It is mainly formed by water, electrolytes, and by prote-

olytic, lipolytic, lysosomal and nucleolytic enzymes. Exocrine secretion is regulated by

both humoral mechanisms and neural signalling. The main hormone regulators are the

secretin, which stimulates the release of a juice rich in bicarbonate and with low con-

centrations of enzymes, and the cholecystokinin (CCK), which contrarily is a stimulant

of enzyme secretion more than bicarbonate secretion. Gastrin is another stimulant with

comparable effects respect to CCK, despite being less powerful. In addition, the vagus

nerve and adrenergic nerves regulate exocrine secretion by enhancing enzymes concen-

tration and modulating pancreatic blood flow respectively. Also hormones secreted by

the endocrine pancreas can modulate exocrine activity, mainly by the inhibitory effects

of glucagon, pancreatic polypeptide, and somatostatin. [1, 2]

2.1.2 Endocrine tissue

The endocrine pancreas is formed by ellipsoidal clusters of cells scattered throughout

the exocrine matrix, which take the name of “islets of Langerhans”. All the endocrine

cells contribute to only the 2% of the whole wet weight of the organ in an adult. Pancre-

atic islets are highly variable in size and composition: they contain about 2000 − 6000

endocrine cells and are characterised by a radius in the range 20 − 300µM (see Fig.

2.2(b)). The resulting structure is highly vascularised and innervated, thanks to the

blood vessels a nerve fibers projecting within the pancreas and described above. At

least 5 different types of cells can be recognised within the islet: α, β, γ (PP-cells), δ,

and ǫ-cells. Several studies have pointed out that the endocrine cells fraction and their

spatial organisation within the islet is highly heterogeneous both in the single pancreas

and between different species [4–6]. For instance, functional differences have been found

in the adult rat pancreas between islets from the head and the body/tail regions, while
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(a)

(b)

Figure 2.2: Pancreatic slices showing the exocrine matrix (a) and the endocrine islets
(b). Bars length is equal to 250µm (a), and 30µm (b). Images from the University of
Kansas Medical Center database [3].

in humans a 2-fold increase in the total endocrine mass was observed in the tail com-

pared to the head and body of the pancreas. Considering this heterogeneity, the average

composition of the islet in rodents is: 60− 80% β-cells, 15− 20% α-cells, < 10% δ-cells,

and < 1% γ and ǫ-cells. [1, 7]

α-cells. These cells secrete glucagon, i.e. a 29 amino acid peptide derived from

proglucagon. Other products that can be obtained from this precursor are glicentin,

GLP-1, and GLP-2. Secretion from α-cells is crucial for the control of blood glucose

level. Contrarily to insulin secretion, glucagon is released in hypoglycemic conditions

and it is able to increase glycemic blood level by the promotion of hepatic gluconeo-

genesis and glycogenolysis, and by inhibition of glycolysis and glycogenesis. Instead,

hyperglycaemia suppresses glucagon secretion. Although it is proven that the character-

istic electrical activity of the α-cells drives the hormone release by a calcium-dependent

exocytosis, the exact mechanism regulating such activity are still debated. A direct
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suppression of electrical activity regulated by glucose is hypothesised, but also paracrine

interaction and neural signalling seem to have a role in secretion. [7, 8]

β-cells. β-cells have a key role in glucose homeostasis, together with α-cells. They

release insulin in response to high glucose concentrations. Insulin is a 51 amino acid

peptide formed by an A and a B chain, and is derived from the precursor proinsulin.

It is stored in secretory vesicles together with zinc in hexameric crystalline structures,

and it is co-secreted with the C-peptide (the C chain connecting the A and B chains

in the proinsulin form) and the islet amyloid polypeptide (IAPP). As in the α-cells,

calcium-dependent exocytosis of insulin from β-cells is driven by a characteristic electri-

cal activity triggered from glucose uptake. In addition, several sub-cellular mechanisms,

and autocrine and paracrine signals regulate electrical activity and insulin release. The

effect of insulin is to lower blood glucose level, mainly by controlling nutrients absorp-

tion and by increasing glycogenesis and suppressing gluconeogenesis. Instead, the IAPP

function is not fully understood, although experimental evidence suggests that it can

inhibit glucose uptake and glycogenesis stimulated by insulin in rat skeletal muscle, and

it is able to stimulate basal insulin secretion and to inhibit secretion under stimulatory

conditions. In addition, it can inhibit gastric emptying with a similar effect compared

to CCK. [7, 8]

γ-cells. These cells are also called pancreatic polypeptide (PP) cells, from the 36 amino

acid peptide that is released from them. In human, γ-cells are mainly located within

islets in the posterior area of the head of the pancreas, and, in general, are smaller

compared to the other islet cells. The pancreatic polypeptide is stored in secretory

granules whose release is mainly regulated by the autonomic nervous system. In addition,

also paracrine interaction and glucose can have a stimulatory or inhibitory effect on the

release. The main effects of PP are to inhibit insulin and somatostatin secretion from β

and δ-cells respectively, to affect exocrine secretion, to reduce gastrointestinal motility,

to inhibit gastric acid secretion and, in general, to slow down digestion. Furthermore, it

is also hypothesised that PP is involved in the regulation of satiety. [7, 8]

δ-cells. δ-cells release somatostatin, that is a cyclic tetradecapeptide synthesised from

the precursor prosomatostatin. The hormone is stored in membrane-limited vesicles

and its exocytosis is regulated by intracellular calcium and cyclic AMP. Agents that

promote somatostatin secretion are the same that stimulate insulin secretion. Thus, δ-

cells respond to glucose in a similar way respect to β-cell. Somatostatin is able to inhibit

both insulin and glucagon secretion, and to inhibit functions of the gastrointestinal tract

leading to a decrease in nutrients entry rate into the portal circulation. [7, 8]

ǫ-cells. These cells release ghrelin, a 28 amino acid peptide derived from the precursor

proghrelin. This hormone can affect β-cell activity via the GSH-R receptor, inhibiting
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insulin secretion, although some controversial evidence of a stimulatory effect of insulin

release was also reported. In addition, published studies showed a stimulatory effect of

ghrelin on PP, somatostatin and glucagon secretion. [7–9]

2.2 Glucose homeostasis

Endocrine islets have a central role in the regulation of glucose homeostasis, and their

function is to maintain nutrients concentration in the blood within an appropriate range

respect to metabolic needs. To achieve this fine control, secretion from islet cells varies

based on metabolites and hormone concentrations, and in response to neural signalling.

In particular, insulin and glucagon secreted from β and α-cells are crucial regulators of

metabolites flux into tissues, such as liver, muscle, and adipose tissue, and modulate

glucose absorption and production in both postprandial and fasting times.

The ingestion and the absorption of a balanced meal stimulate insulin, PP, and so-

matostatin secretion, and inhibit glucagon secretion. Somatostatin may control in this

condition the nutrient entry rate into the circulation while insulin regulates nutrient

removal from the blood into liver, muscle and adipose tissues. A protein-based meal

results instead in the secretion of insulin, glucagon, somatostatin and PP, and in en-

hanced levels of amino acids in the blood. In this scenario somatostatin and PP could

control amino acids entry rate in the circulation while insulin controls their absorption

in peripheral tissues. Generally, insulin blood concentration evoked by amino acids in-

gestion is too low to promote glucose uptake from peripheral tissues; therefore, blood

glucose levels are mainly regulated by hepatic glucose production. This production is

inhibited by secreted insulin, and stimulated by glucagon, thus resulting in an overall

maintenance of glucose concentration.

In fasting and starvation conditions nutrient levels are regulated by a balance between

utilisation and production rates. These rates depend on the concentrations of insulin

and glucagon in the blood. For instance, during overnight fast the gradual decrease

in blood glucose concentration leads to an increased glucagon secretion and a reduced

insulin release. In turn, decreased insulin/glucagon ratio promotes glycogenolysis and

gluconeogenesis in the liver, thus forming glucose via degradation of glycogen and elab-

oration of lactate, glycerol, and amino acids. Moreover, in this condition fatty acids and

glycerol are released from adipose tissue. Fatty acids can be used by other tissues instead

of glucose, and glycerol has a positive feedback on the hepatic gluconeogenesis. In long

starvation periods, the major stores of nutrients in the body used to supply metabolic

needs are adipose tissue and muscle proteins, which release fatty acids and glycerol, and

amino acids respectively. In addition, in such situation glucose disposal is restricted
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to the sole tissues totally dependent on glucose. To note that starvation also activates

ketogenesis in liver cells, by which fatty acids are degraded to form ketone bodies, that

can be used by the brain as an alternative to glucose for some of its functions.

Similar metabolic adaptations take place during exercise lasting several minutes, where

muscle cells gradually switch from glycogen and glucose consumption to fatty acids

metabolism. In parallel, insulin concentration decreases and glucagon level increases

progressively. In pregnancy instead, maternal metabolism is regulated on longer time

scales. The first six months are characterised by an increased intake of nutrients that

are stored in adipose tissue. However, the increase of placental hormones concentrations

during pregnancy causes a reduction of the peripheral tissue sensitivity to insulin, in

order to limit the nutrients storage and make them available to the fetus. In normal

conditions this event is balanced by a progressive increase of β-cells sensitivity to glucose

stimulation (or β-cell mass increase), thus glycemic control is fulfilled by an increased

insulin secretion. [7]

2.3 Endocrine cells pathologies

Damage of the endocrine islets has dramatic effects on glucose homeostasis. Specifically,

underproduction or overproduction of islet hormones leads to a loss of control in glucose

uptake and release, from the liver and the peripheral tissues. Usually, islet hormones

overproduction, or production of hormones normally secreted in other areas, is observed

in some types of endocrine tumors. These endocrine pathologies are rare, with a preva-

lence of less than 1 per 100,000. Between them, insulinoma syndrome is characterised

by hyperinsulinism, i.e. excessive production of insulin, and hypoglycemia; similar hy-

poglycemic conditions are also found in proinsulinoma syndrome, which is associated

with high levels of proinsulin. Instead, in glucagonoma tumor an overproduction of

glucagon leads to hyperglycemic conditions. In addition, there are also reported cases of

PPoma and somatostinoma syndromes, characterised respectively by an overproduction

of pancreatic polypeptide and somatostatin. Other tumors express hormones not usu-

ally observed in pancreatic islets, such as VIPoma and gastrinoma. In these conditions

vasoactive intestinal polypeptide (VIP) and gastrin are secreted respectively. [1, 7]

Besides these rare pathologies, a more relevant clinical problem is related to the under-

production, or loss of efficacy, of insulin secreted by β-cells, that leads to hyperglycemia.

Such metabolic disorders are commonly known as Diabetes mellitus. Chronic hyper-

glycemia in these pathological states may be associated with several and severe com-

plications, affecting organs like hearth, kidneys, eyes, blood vessels, and nerves [10]. In

the year 2000, the reported prevalence of diabetes from the World Health Organization
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(WHO) was 2.8%, with the projection of 4.4% by 2030 [11]. More recent data highlight

an even more dramatic picture, with 1.5 million of deaths directly caused by diabetes in

2012 (WHO) [12], and a reported prevalence of 9% in 2014 (WHO) [13]. Data reported

in 2015 from the International Diabetes Federation show moreover that diabetes con-

tributes to the 12% of the global health cost, and projections suggest increasing trends

[14]. The American Diabetes Association classifies diabetes into four groups: Type 1

diabetes, Type 2 diabetes, gestational diabetes mellitus and others [10]. Type 1 and

Type 2 diabetes represent about 5− 10% and 90% of all cases of diabetes respectively.

2.3.1 Type 1 Diabetes

Type 1 Diabetes (T1D), also called insulin-dependent or juvenile-onset diabetes, is a

polygenic disease characterised by an autoimmune destruction of β-cells. About the 50%

of genetic susceptibility is explained by the HLA-DRB1 and HLA-DQB1 class II loci,

on chromosome 6p21, coding for surface proteins of the antigen-presenting cells (APCs)

[15–17]. It is likely that in T1D such proteins lead to an efficient presentation of β-cell

autoantigens to T-helper cells, thus stimulating the activation of cytotoxic T cells [16].

Other susceptibility genes are represented by the insulin gene (INS), on chromosome

11p15, and by the CTLA4 (coding for T cells surface proteins) on chromosome 2q33 [18,

19]. In these cases, altered expressions of INS or CTLA4 could affect insulin tolerance

and T cells self-reactivity respectively. Several infiltrating cells have been observed

in T1D human islets, such as APCs, macrophages, helper and cytotoxic T cells, B

lymphocytes (not present in some cases) and natural killer cells. Destruction of β-cells

is thus mediated by both cytotoxic T cells, via the Fas/Fas ligand pathway, and secreted

cytokines, such as interleukin IL-1β, interferon IFN-γ, and tumor necrosis factor TNF-α

[16]. Usually, the β-cell mass loss is a slow process, occurring over years, and leading to

a 70 − 80% reduction of β-cells [20]. Such loss leads to low insulin levels in the blood,

to a not balanced effect of the glucagon-induced glucose production in the liver, and to

fasting hyperglycaemia. In these conditions, there is also an increase in the degradation

rate of triglycerides and muscle proteins, with activation of ketogenesis in liver cells [7].

T1D is therapeutically treated with insulin administration and diet.

2.3.2 Type 2 Diabetes

Type 2 Diabetes (T2D) is the most prevalent form of diabetes. Both genetic and envi-

ronmental factors are involved in the pathogenesis of T2D. For instance, a T2D family

history causes a 2/4-fold increased risk to develop glucose intolerance or diabetes [21].

T2D and glucose intolerance are moreover observed in the 88% of monozygotic twins. In
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addition, the PPARγ transcriptor factor, regulating adipogenesis and insulin sensitivity,

and genes coding for SUR1 and Kir6.2, subunits involved in β-cell glucose sensing, can

affect T2D susceptibility [21]. Also lifestyle and diet habits play a role in T2D insur-

gence. In this scenario, over nutrition and physical inactivity lead to free fatty acids

and triglycerides induced insulin resistance, which in selected individuals is combined to

a long-term defection in insulin secretion. This impairment is mainly due to a progres-

sive loss of β-cell mass and functionality, thus leading to hyperglycaemia. Inflammatory

conditions of the islet are observed in the process, characterised by mechanisms such

as lipotoxicity, glucotoxicity, oxidative stress, endoplasmic reticulum stress, and islet

amyloid oligomers formation. Usually, T2D onset is after the age of 40 years, although

increasing cases have been observed recently in young people [22]. In some cases, T2D

can be controlled with a correct diet and physical exercise, and with drugs such as

sulphonylureas, biguanides and insulin therapies otherwise. [7, 16, 21]
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Chapter 3

Mathematical modeling of

excitable cells

Cells in living organisms usually present electrical potentials across their cytoplasmic

membrane. This occurs mainly because of the different ions concentrations of extracel-

lular and intracellular solutions, due to passive and active properties of the cell mem-

brane. In addition, a specific class of cells, named “excitable cells”, are able to modify

their membrane potential in response to external stimuli in order to accomplish specific

functions, like hormone release, signals transmission, muscle contraction etc. Usually,

several thousands of ion channels, regulating charges flows across the membrane, in com-

bination with other sub-cellular mechanisms are involved in such phenomena. Hodgkin

and Huxley were well aware of this biological evidence when they were studying the

propagation of electrical signals in the squid giant axon, and they focused their work

on building a mathematical model able to describe cell excitation and electrical signal

propagation in nerve fibers. Since this mathematical framework takes into account com-

mon properties of excitable cells, a very similar formulation can be adopted to build

electrophysiological models of β-cells activity. The aim of this chapter is then to de-

scribe the Hodgkin-Huxley formalism, both in the classical deterministic case and when

random fluctuation of charges flows due to stochastic gating of ion channels are taken

into account.

3.1 Hodgkin-Huxley formalism

A living cell can be viewed as a complex system continuously interacting with the ex-

ternal environment and with other cells. Intracellular and extracellular spaces are filled

with aqueous solutions of salts, that dissociate into anions and cations. The ions more
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commonly found in this environment are Na+, K+, Ca2+, Cl−. The cytoplasmic mem-

brane is the sole biological complex that provides a barrier between the intracellular

space and the outer world, blocking free inflow and outflow of materials and water. It

is formed by a phospholipid (water-insoluble) bilayer with a thickness of about 7.5nm

that is selectively permeable to ions and molecules. Water-filled pores with diameters

of about 0.8nm, protein lined pores, and transmembrane proteins are dispersed on and

across the membrane. Active and passive mechanisms regulate materials flows through

the lipid bilayer. Active transport processes are characterised by an energy cost while

passive ones are usually driven by favorable electrochemical gradients. Osmosis, simple

diffusion of lipid-soluble molecules, carrier-mediated diffusion of large molecules, as well

as ions flow through specific channels are an example of passive transport, while exchange

pumps are an example of active transport. In the following a mathematical formulation

of the electro-diffusion process is given in order to obtain a useful relation quantifying

the electrical potential across the membrane due to different ions concentrations. Fi-

nally, the equivalent electrical circuit of the cell membrane, and the Hodgkin-Huxley

type modelling of ion currents are shown.

3.1.1 Diffusion across the membrane: the Goldman-Hodgkin-Katz equa-

tion

A mathematical description of diffusion can be obtained from a mass balance of the

diffusing chemical both with a local or with a global formulation. Using a global for-

mulation, and considering a macroscopic region Ω, the mass balance equation can be

written as:
d

dt

∫

Ω
c dV =

∫

Ω
f dV −

∫

δΩ
J · n dA ,

where c is the concentration of the diffusing chemical, f is the production rate per unit

volume of the chemical (consumption terms could be taken into account as well), δΩ is

the surface boundary of Ω, J is the flux per unit area across the boundary, and n is the

outward unit normal to the boundary δΩ. Thanks to the divergence theorem, the flux

term can be rewritten as:
∫

δΩ
J · n dA =

∫

Ω
∇ · J dV ;

thus, considering a fixed volume, it is possible to write the mass balance equation in a

local form:
∂c

∂t
= f −∇ · J .

By considering the well-known Fick’s Law, the flux of the diffusing chemical is:

J = −D∇c ,
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where D is the diffusion coefficient. In the case of a spherical solute molecule large

compared to the solvent molecules, D is directly proportional to the temperature and

inversely proportional to the radius of the solute molecule and to the coefficient of

viscosity of the solute. The substitution of this constitutive law into the mass balance

equation, leads to the classic reaction-diffusion equation:

∂c

∂t
= f +∇ · (D∇c) .

Usually, both concentration gradients and electrical potential gradients (i.e. electrical

fields) contribute to the chemical flux. To embed this evidence in the mass balance, the

Nernst-Planck equation can be used, thus defining the total flow of a chemical as:

J = −D (∇c+
zF

RT
c∇φ) ,

where z is the valence of the ion, F is the Faraday constant, R is the universal gas

constant, and T is the absolute temperature. In the one-dimensional case, and by

imposing the condition of zero flux, the previous equation can be written as:

dc

dx
+

zF

RT
c
dφ

dx
= 0 ;

bringing the second term on the right hand side of the equation and dividing by c:

1

c

dc

dx
= − zF

RT

dφ

dx
.

It can be assumed that this condition holds across the cell membrane when there is no

flux of the chemical. Integrating this equation between the position of the interior side

of the membrane xi and the position of the external side xe leads to:

∫ xe

xi

1

c

dc

dx
dx = −

∫ xe

xi

zF

RT

dφ

dx
dx ,

that is
∫ ce

ci

dc

c
=

∫ φi

φe

zF

RT
dφ .

The solution can be easily obtained:

ln

(

ce
ci

)

=
zF

RT
(φi − φe) .

Therefore, considering that V = φi−φe is the potential difference across the membrane,

the famous Nernst equation can be recovered:

V =
RT

zF
ln

(

ce
ci

)

.
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Chapter 3. Mathematical modeling of excitable cells 17

In general, the electric field depends on the local charge density and is not constant

across the membrane. Although, in a first approximation a constant field through the

thickness L of the membrane can be supposed, obtaining dφ
dx = −V

L . Considering the

steady state and substituting this relation into the Nernst-Plank equation, a single ODE

for the chemical concentration is obtained:

dc

dx
− zFV

RTL
c+

J

D
= 0 .

Integrating this equation between 0 and L, i.e. along the spatial thickness of the mem-

brane, considering the boundary conditions c(0) = ci and c(L) = ce, leads to:

J = P
zFV

RT

ci − ceexp(− zFV
RT )

1− exp(− zFV
RT )

;

where P = D/L is the permeability of the membrane to the chemical. Multiplying

the flux by zF , the Glodman-Hodgkin-Katz (GHK) current equation can be obtained.

When the diffusive and the electrical terms of the flow are balanced, the total flux is

zero, and the expression of the Nernst potential can be recovered. When dealing with

several ion species, it is useful to define the potential at which the total electrical current

is zero, that is called the GHK potential. Taking into account ions with valence z = ±1,

and a zero net current, it is possible to write

∑

j,z=1

Pj
cji − cjeexp(−FV

RT )

1− exp(−FV
RT )

+
∑

j,z=−1

Pj
cji − cjeexp(

FV
RT )

1− exp(FV
RT )

= 0 ,

whose solution leads to an expression for the GHK potential:

V = −RT

F
ln

(

∑

j,z=1 Pjc
j
i +

∑

j,z=−1 Pjc
j
e

∑

j,z=1 Pjc
j
e +

∑

j,z=−1 Pjc
j
i

)

,

this physical quantity is commonly known as cell membrane resting potential. [23]

3.1.2 Cell membrane equivalent circuit

Cell membrane bilayer causes a charges separation since it is not fully permeable to

ions. Ion channels within the membrane instead provide specific pathways through

which ions can flow. Such evidence can be used to build an equivalent electrical circuit

that grasps cell membrane behaviour. Specifically, charges separation property can be

easily modelled with a capacitor, current flow through channels can be modelled by

resistive currents, and electrochemical gradients driving the ion fluxes can be viewed as

voltage generators. In general, ion currents can be both linear and nonlinear functions
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of the transmembrane potential, and could also depend on the concentration of some

other chemical. As a first step, it’s useful to consider the membrane model taking into

account only its passive properties, i.e. passive channels, as it is represented in Fig.

3.1(a).

(a) (b)

Figure 3.1: (a) Passive ion channels spanning cell membrane bilayer. (b) Equivalent
membrane circuit considering passive channels and an applied external current, where
R is channels resistance, Vrest the resting cell potential, Vm the transmembrane voltage
and Iinj is the injected external current. From ref. [24].

In this case, the equivalent circuit of the cell membrane (Fig. 3.1(b)) is the standard

RC passive parallel circuit, where Iinj is an applied external current (called Ie in the

following), and Vrest (Vr in the following) is the cell resting potential, i.e. the transmem-

brane potential value at which the net current is zero, considering no applied external

stimuli.

An equation that describes the dynamics of this circuit can be easily derived by applying

Kirchhoff’s law to one node:

Cm
dV

dt
+

V − Vr

Rm
= Ie .

Multiplying by Rm and substituting τ = RmCm leads to

τ
dV

dt
= −V + Vr +RmIe ,

which, by considering the initial condition V (0) = Vr, has the solution:

V (t) = Vr +RmIe(1− e−t/τ ) .

To note that as t → ∞, V (t) → V∞ = Vr+RmIe. As it can be seen, this is the standard

time course of the voltage during the capacitor charging. If the applied current is

switched off at time t = to, and by assuming V (to) = V∞, the standard discharge time

course is recovered:

V (t) = Vr +RmIe e
−(t−to)/τ
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These two expressions summarise the response of a passive membrane to an applied

current step. It’s also useful to recall that the RC parallel circuit acts as a low-pass

filter for time-varying inputs with a certain frequency, and it is possible to figure out

this aspect easily in the Fourier space. Some cortical cells show exactly this kind of

behaviour and exert a filtering effect at the high frequencies. [24]

Usually, cell’s membrane does not contain only passive elements but is rich in active ion

channels that show a variable resistance depending on environmental conditions. By

taking this into account, the membrane circuit has to be modified considering active ion

currents, as it is shown in Fig. 3.2.

Figure 3.2: Equivalent membrane circuit considering active ion channels, where C is
the membrane capacitance, and Vx and gx are respectively the Nernst potential and
the variable conductance for the ion x.

The arrow over the resistor symbolises a variable conductance that usually is a function

of transmembrane potential and time. In this case it is not considered the applied

external current. Applying Kirchhoff’s law to one node of the circuit, and considering

no net buildup of charges inside and outside the cell, it is possible to write:

Cm
dV

dt
+ Iion = 0 ,

where Cm is the capacitance of the membrane, and Iion is the sum of all the ionic currents.

Different models can be used to specify the ion current form, such as the linear model

and the GHK nonlinear model. In the classic membrane circuit formulation, each single

ionic current (as it can be deducted from the circuit), is expressed as the product of the

ion channel conductance and the difference between the transmembrane voltage and the

ion Nernst potential, i.e. Ix = gx(V − Vx).

As anticipated before, usually the conductance is a function of the voltage, whose macro-

scopic value is the result of the opening and closing events of an entire population of

independent channels. Instead, constant conductance values are usually adopted to
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model leakage passive factors. To note that considering this expression for the ion cur-

rents, and the steady state condition in membrane circuit equation, it is possible to

derive a formulation of the membrane potential for the linear model analogous to the

GHK potential:

V =

∑

x gxVx
∑

x gx
.

[23, 25]

3.1.3 Membrane channel conductances

Taking into account the previous section, a quite general formulation of the membrane

channel conductance is g = G(V (t), t). In their fundamental work Hodgkin and Huxley,

with the use of voltage clamp experiments, focused on the modelling of the sodium and

potassium conductances involved in the signal propagation taking place in the squid

giant axon [26]. They experimentally observed the time course of ion conductances and

their variations respect to the applied voltage stimuli. In summary, conductances follow

a general dynamics
dg

dt
= f(v, t) ,

where v is the difference between the transmembrane and the resting potentials v =

V − Vr. Experimental measures showed that the K+ conductance followed a sigmoidal

increase in response to an applied constant voltage and an exponential decrease when

the stimulus was switched off.

Moreover, time constants and steady state plateau values were strictly dependent on the

applied voltage amplitude (see Fig. 3.3(a)). Focusing on these observations, such time

course can be well represented by the power of a variable n, i.e. gating variable, following

a first order kinetics. Thus, they rewrote the potassium conductance as gK = ḡKn4,

where ḡK is the whole potassium conductance, and n takes values in the range [0, 1] and

obeys the following dynamics:
dn

dt
=

n∞(v)− n

τn(v)
.

Solutions of this equation, after the switching-on and switching-off of the stimulus, are

respectively

n(t) = n∞(v)
[

1− e(−t/τn(v))
]

, n(t) = n∞(v)e(−t/τn(v)) ,

whose fourth power leads to the desired sigmoidal increase and exponential decrease.

Experimental measures of the Na+ conductance instead showed a more complex be-

haviour in response to applied voltage steps, with an initial increase followed by a decay.
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(a) (b)

Figure 3.3: (a) Potassium conductance time course in response of increasing voltage
steps. (b) Sodium conductance time course in response of increasing voltage steps.
From ref. [26].

Peak value, steady state value, and time constants of the initial activation and the fol-

lowing inactivation showed a dependence on the stimuli amplitude also in this case, as

it can be seen in Fig. 3.3(b). Hodgkin and Huxley modelled this type of behaviour with

the use of two gating variables m (activation process) an h (inactivation process), both

obeying a first order kinetics like the one used for the potassium activation variable n:

dm

dt
=

m∞(v)−m

τm(v)
,

dh

dt
=

h∞(v)− h

τh(v)
.

On this basis, sodium conductance was rewritten as gNa = ḡNam
3h, where the third

power was set for a data fitting purpose.

Steady-state activation and inactivation curves n∞(v),m∞(v), h∞(v), and time con-

stants τn(v), τm(v), τh(v) were calculated from the experimental data. In Fig. 3.4 the

computed functions are reported.

Steady-state activation is a sigmoidal increasing function of the potential while steady-

state inactivation is a decreasing sigmoidal function, and in general, this is valid for most

of the Hodgkin-Huxley type electrophysiological models.
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(a) (b)

Figure 3.4: (a) Steady-state activation and inactivation curves as functions of the
voltage. (b) Time constants as functions of the voltage. From ref. [23].

Another formulation of the gating variable dynamics is usually derived by considering a

trivial reaction scheme, i.e. taking into account the variable m:

αm

(1−m) ⇋ m

βm

,

where (1−m) and m are the proportions of particles in a “closed” and in an “open” state

respectively, and the transition probabilities between states are functions of the voltage.

Such scheme can be mathematically described by a first order differential equation:

dm

dt
= αm(v)(1−m)− βm(v)m.

This description is equivalent to the one shown before by considering:

m∞(v) =
αm(v)

αm(v) + βm(v)
, τm(v) =

1

αm(v) + βm(v)

[23, 25]

Most of the text books report the Hodgkin-Huxley model specifying the α and β func-

tions instead of the steady-state and time constant functions. About the values of the

powers taken into account for the activation and inactivation variables, it’s interesting

to note that there is also another physical reason to the specific choices, which is the

number of activating or inactivating domains that form a single ion channel. In con-

clusion, the membrane potential dynamical equation coupled with the gating variables

dynamics form a closed system of ODE, defining the final Hodgkin-Huxley model of

the squid giant axon. Such framework can be used to model several types of excitable
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cells, like cardiac cells, neurons and β-cells. Generally, in such Hodgkin-Huxley based

models of excitable cells, cell membrane conductance for the ion channel x is usually

expressed as gx = ḡxm
p
xh

q
x. There can be no inactivation, or instantaneous activation

or inactivation, or independence of time constants upon the voltage; such experimental

evidence is taken into account to fine-tune model parameters. To note that most of the

times, steady-state activation and inactivation, and time constant sigmoidal functions

are expressed via the use of Boltzmann or hyperbolic tangent functions.

3.2 Channel gating as a stochastic process

The development of the patch clamp techniques in the second half of the 20th century

led to new insights on ion currents dynamics. Such techniques allow monitoring current

flow in small pools or even single ion channels, analysing small patch of the cell mem-

brane. Experimental studies based on this approach pointed out a stochastic behaviour

of the single channel dynamics, characterised by a random sequence of opening and clos-

ing events. The analysis of the average behaviour of a large number of single channel

recordings showed however that a deterministic macroscopic dynamics emerges from an

ensemble of such a microscopic stochastic process. In Fig. 3.5 a representation of such

behaviour is given.

Because of this, a deterministic representation of ion currents like the one used by

Hodgkin and Huxley is most of the times in agreement with the recorded whole cell

data, i.e. when large pools of ion channels are taken into account. However, it fails to

give a good representation of the phenomena when noise effects are not well averaged and

when they can substantially alter the emergent macroscopic behaviour. In these cases,

the intrinsic stochastic nature of single channels dynamics has to be considered. There

are several methods to model this biological noise, among which the Markov approach

and the Langevin formulation, both discussed in the following.

3.2.1 Markov approach

A Markov process is a very important class of stochastic processes, in which the state

of the system at time t it’s a stochastic variable that depends only on the state of the

system at time t − 1, and can be probabilistically predicted from that. Such a process

is usually called “memoryless” process. In this context channel gating can be viewed as

a continuous-time Markov process where the system’s state takes values on a discrete

set (open states, closed states, or inactivated states). It’s useful to show this approach

for an ion channel that obeys a first order kinetic, like the one used to describe the
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Figure 3.5: Single channel currents from patch clamp recordings (top), and average
current from several hundreds of channels (bottom). From ref. [25].

activating and inactivating particles in the previous section. The channel can be in an

open or closed state, i.e. S ∈ {C,O}, and can “jump” from one state to the other with

probabilities k+/−:

k+

C ⇋ O

k−

.

Since it’s a stochastic process, the interest is to know the probability that the channel

is in a certain state at the time t, that is Pi(t) = Prob(S = i, t). Assuming that the

channel is in the closed state, the probability to make a transition to the open state

during a time interval ∆t is equal to k+∆t, while the probability that an open channel

makes a transition to the closed state is k−∆t. Multiplying these quantities by Pc(t)

and Po(t) respectively, an expression for the actual transition probabilities it’s obtained.

Taking this into account, is possible to express the probability that the channel is in an

open (or closed) state at times t + ∆t, given the probability that is actually open (or
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closed) at time t:

Po(t+∆t) = Po(t) + Pc(t)k
+∆t− Po(t)k

−∆t , .

Moreover, since the total probability must be conserved:

Pc(t) + Po(t) = 1 .

Substituting and taking the limit ∆t → ∞:

dPo(t)

dt
= k+(1− Po(t))− k−Po(t) .

This equation has the same form of the one adopted for the description of large ensembles

of activating and inactivating particles in the Hodgkin-Huxley formulation, and can be

used to compute the open probability dynamics of the channel.

Alternatively, it is possible to calculate the evolution of the probabilities based on a

matrix formulation. Specifically, given the two-state channel and the transition proba-

bilities between states described above, it’s possible to define a “transition probability

matrix” where the element ij is the transition probability from state j to state i:

Q =

[

Prob(S = C, t+∆t|S = C, t) Prob(S = C, t+∆t|S = O, t)

Prob(S = O, t+∆t|S = C, t) Prob(S = O, t+∆t|S = O, t)

]

=

[

1− k+∆t k−∆t

k+∆t 1− k−∆t

]

.

All columns of Q sum to 1 because of probability conservation. Introducing a vectorial

form for the channel state, ~P (t) = [Pc(t)Po(t)]
T , the channel state probability at time

t+∆t is computed via matrix multiplication:

~P (t+∆t) = Q~P (t) .

Applying iteratively the previous equation leads to an expression for the evolution of

the probabilities generalised on an arbitrary number m of steps:

~P (t+m∆t) = Qm ~P (t) .
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A useful measure that can be calculated for such a stochastic process is the dwell time,

that is the average time spent by the channel in a closed or open state. For instance,

considering a closed channel at time t, the probability that it remains closed at time

t + ∆t is 1 − k+∆t. From this, the probability that the channel is still close after a

number m of steps is:

Prob(C, t+m∆t|C, t) = (1− k+∆t)m .

Substituting τ = m∆t in the previous, and taking the simultaneous limits ∆t → 0,

n → ∞:

Prob(C, [t, t+ τ ]|C, t) = lim
m→∞

(

1− k+τ

m

)m

= e−k+τ .

In order to calculate the dwell time for the closed state, a transition to the open state

during interval [t+ τ, t+ τ + dτ ] needs to be considered. Since k+dτ is the probability

for the latter transition, the probability distribution function of the closed time is:

Prob(τ < τc ≤ τ + dτ) = Prob(C, [t, t+ τ ]|C, t)Prob(O, t+ τ + dτ |C, t+ τ)

= e−k+τk+dτ .

The average closed time, i.e. the closed dwell time, can thus be easily obtained as

〈τc〉 =
∫ ∞

0
τe−k+τk+dτ =

1

k+
.

A similar expression can be deduced also for the open dwell time:

〈τo〉 =
1

k−
,

Hence, in a channel with two states i and j, the dwell time for the state i is the inverse

of the transition rate from state i to state j. These considerations can be extended to

multiple state channels, and analysing experimental dwell times is possible to infer the

underlying kinetic scheme of the ion channel.

Since macroscopic currents are the result of the opening and closing of an ensemble of

such channels, it is of interest to analyse the behaviour of a large number of Markov
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processes like the one described above. Specifically, the interest is to study the statistics

of the number of open channels, strictly linked to the observed whole-cell current. The

first step is to consider a number N of channels. The probability to find n channels in

an open state at time t is Po(n, t), and since the channels can be only in two states, n

open channels imply N − n closed channels:

Po(n, t) = Pc(N − n, t) .

In a time interval ∆t four different events can affect the probability to have n open

channels: 1) n − 1 channels are open, and one closed channel jumps to the open state;

2) n + 1 channels are open, and one channel closes; 3) n channels are open, and one

channel closes; 4) n channels are open, and one closed channel jumps to the open state.

Considering that each of the open or closed channel can make the transitions described

above, the gain and loss terms are respectively:

i) k+(N − n+ 1)Po(n− 1, t)∆t,

ii) k−(n+ 1)Po(n+ 1, t)∆t,

iii) k−nPo(n, t)∆t,

iv) k+(N − n)Po(n, t)∆t.

Such terms can be used to write an equation for the probability to find n open channels

at time t+∆t:

Po(n, t+∆t) = Po(n, t) + k+(N − n+ 1)Po(n− 1, t)∆t+ k−(n+ 1)Po(n+ 1, t)∆t

−k−nPo(n, t)∆t− k+(N − n)Po(n, t)∆t .

Taking the limit ∆t → 0, an ordinary differential equation for Po(n, t) can be obtained:

dPo(n, t)

dt
= K1Po(n− 1, t)−K2Po(n, t) +K3Po(n+ 1, t) ,

with K1 = k+(N − n + 1), K2 = k+(N − n) + k−n, and K3 = k−(n + 1). Such set of

N + 1 equations, one for each n with 0 ≤ n ≤ N , is called “master equation”, and its

equilibrium solution, i.e the stationary probabilities for each n, is given by the binomial

distribution,

P∞
o (n) =

(

N

n

)

pn(1− p)N−n ,
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where p = k+/(k++k−). Such distribution has a mean value Np, that is the equilibrium

value of the number of open channels that can be deduced from the kinetic scheme shown

before. In order to study the dynamics of the average number of open channels, both

sides of the master equation have to be multiplied by n, summing over the all possible

values of open channels:

d
(

∑N
n=0 nPo(n, t)

)

dt
= k+

N
∑

n=0

n(N − n+ 1)Po(n− 1, t)− k+
N
∑

n=0

n(N − n)Po(n, t)

+k−
N
∑

n=0

n(n+ 1)Po(n+ 1, t)− k−
N
∑

n=0

n2Po(n, t) ,

To write this equation in terms of average open and closed channels is convenient to

analyse separately the right-hand side (rhs). Considering the first two terms of the rhs:

k+
N
∑

n=0

n(N − n+ 1)Po(n− 1, t)− k+
N
∑

n=0

n(N − n)Po(n, t) =

= k+
N−1
∑

n=−1

(n+ 1)(N − n)Po(n, t)− k+
N
∑

n=0

n(N − n)Po(n, t) =

= k+
N−1
∑

n=−1

n(N − n)Po(n, t)− k+
N
∑

n=0

n(N − n)Po(n, t) + k+
N−1
∑

n=−1

(N − n)Po(n, t) =

= k+
N
∑

n=0

n(N − n)Po(n, t)− k+
N
∑

n=0

n(N − n)Po(n, t) + k+
N
∑

n=0

(N − n)Po(n, t) =

= k+
N
∑

n=0

(N − n)Po(n, t) = k+
N
∑

n=0

(N − n)Pc(N − n, t) = k+〈Nc〉 ,

where has been used the mean value definition 〈Nc〉 =
∑N

n=0(N − n)Pc(N − n, t). Sim-

ilarly for the last two terms:

k−
N
∑

n=0

n(n+ 1)Po(n+ 1, t)− k−
N
∑

n=0

n2Po(n, t) = −k−〈No〉 ,

Substituting these expressions into the original equation finally leads to:
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d〈No〉
dt

= k+〈Nc〉 − k−〈No〉

= k+ (N − 〈No〉)− k−〈No〉 ,

where 〈Nc〉 =
∑N

n=0(N − n)Pc(N − n, t) =
∑N

n=0(N − n)Po(n, t) = N − 〈No〉. Dividing

the previous by the total number of channels and considering the mean fraction of open

channels 〈fo〉 = 〈No〉/N :

d〈fo〉
dt

= k+ (1− 〈fo〉)− k−〈fo〉 ,

As it can be seen, the dynamics of the average fraction of open channels is equivalent to

the one shown for large ensembles of gating particles in the Hodgkin-Huxley formulation.

To fully study the statistics of the number open channels, it is useful to obtain an equa-

tion also for the variance of the process σ2
o =

∑N
n=0(n − 〈No〉)2Po(n, t). Differentiating

the latter with respect to time gives:

dσ2
o

dt
=

N
∑

n=0

[

−2(n− 〈No〉)
d〈No〉
dt

Po(n, t) + (n− 〈No〉)2
dPo(n, t)

dt

]

=

N
∑

n=0

(n− 〈No〉)2
dPo(n, t)

dt
.

Thus, to obtain an ODE for the variance, it is possible to multiply the rhs of the master

equation by (n−〈No〉)2, summing over all possible values of open channels, in line with

the method adopted for the mean value of open channels. Using also the same kind of

algebra, it can be shown that the differential equation describing the dynamics of the

variance is:

dσ2
o

dt
= −2(k+ + k−)σ2

o + k+ (N − 〈No〉) + k−〈No〉 .

Equilibrium values of the average number of open channel and the variance can be

obtained by computing the steady state solutions of the two ODE described above. These

are respectively 〈No〉∞ = Nk+/(k+ + k−) = Np, and (σ2
o)

∞ = Nk+k−/(k+ + k−)2 =

Np(1 − p), that are equal to mean value and variance of the binomial distribution

obtained as equilibrium solution of the master equation. Such quantities are related

to the equilibrium average value and variance of the macroscopic cell current, whose
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analysis of experimental measurements can be used to estimate the number of channel

for a specific ion. [25]

3.2.2 Langevin formulation

In some cases, the use of the Markov approach to describe large ensembles of channels

can be impractical because each of the ion channels has to be modelled by an independent

stochastic process, or a single Markov process with a huge number of states has to be

adopted. In such situations, a single stochastic differential equation is used to take

into account intrinsic noise caused by channel gating. Such equation is called Langevin

equation and was originally used to describe the Brownian motion of particles, subjected

to a deterministic friction force plus random fluctuations, both coming from the collisions

of many particles in the system. The general form of this equation can be written as:

dx

dt
= f(x(t)) + η(t) .

where η(t) is the random fluctuating term superimposed to the deterministic dynamics,

identified as a white noise process. Usually, the noise term is defined by means of

a Wiener process W (t). Such process is a special case of continuous-time stochastic

processes, whose realisations are normally distributed, with zero mean and variance

proportional to time t:

〈W 〉 = 0

σ2
W = 〈(W − 〈W 〉)2〉 = 〈W 2〉 = t .

Since W (t) is a stochastic process, its increments dW (dt) = W (t+dt)−W (t), computed

over a time step dt, represent a random variable, normally distributed and with variance

proportional to dt, i.e.:

dW (dt) = N(0, dt) ,

where N(0, 1) denotes a unit normal random variable. Recalling the normal linear

transformation theorem a+ bN(0, 1) = N(a, b2), the previous can be written as:

dW (dt) = N

(

0, dt2
1

dt

)

= dtN

(

0,
1

dt

)

.

Tesi di dottorato in Ingegneria Biomedica, di Alessandro Loppini, 
discussa presso l’Università Campus Bio-Medico di Roma in data 06/04/2016. 
La disseminazione e la riproduzione di questo documento sono consentite per scopi di didattica e ricerca, 
a condizione che ne venga citata la fonte.



Chapter 3. Mathematical modeling of excitable cells 31

Dividing by dt, and taking the limit dt → 0:

lim
dt→0

dW (dt)

dt
= lim

dt→0
N

(

0,
1

dt

)

= lim
dt→0

η(dt) = η(0) .

To note that, when dt approaches to 0, dW (dt) tends to a random variable with mean

and variance equal to 0, while η(dt) seems to tend to a random variable with zero mean

and infinite variance.

Thus, η(0) is called the white noise random variable, and it is related to the Wiener

process by the relation:
dW (t)

dt
= η(0) .

Such expression needs special care, since stochastic processes are not differentiable in

the classical sense, and the previous gives an ill-definition of η(0). Langevin equation is

usually expressed in terms of the white noise stochastic process, that is the sampling at

any time t of the random variable η(0), i.e. η(t) = η(0) for any t.

By definition, the white noise process is characterised by zero mean and by the statistical

independence of its realisations, thus, it obeys the following statistics, in terms of mean

value and autocorrelation function:

〈η(t)〉 = 0

〈η(t)η(t′)〉 = δ(t− t′) .

The second equation can be verified by noticing that cov{η(t), η(t′)} = 〈η(t)η(t′)〉 −
〈η(t)〉〈η(t′)〉 = 〈η(t)η(t′)〉. Because of statistical independence, this covariance must

vanish for t 6= t′, thus validating the autocorrelation function written above in this case.

In order to see if the relation hold also for t = t′, we can write the autocorrelation

function as:

〈η(t)2〉 = var {η(0)} = var

{

lim
dt→0

N

(

0,
1

dt

)}

= lim
dt→0

var

{

N

(

0,
1

dt

)}

= lim
dt→0

1

dt
,

where the last limit, in the framework of the Dirac delta function, can be viewed as δ(0).

With these assumptions, Langevin equation can be used to model the dynamics of a

large number of two-state ion channels, like the one described in the previous section.
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By taking into account the two-state channel kinetics, the Langevin dynamics for the

open fraction of channels can be written as:

dfo(t)

dt
= k+(1− fo(t))− k−fo(t) + η(t) ,

where fo(t) = No(t)/N is a stochastic variable. Statistics of the noise term needs special

care to correctly model the random openings of channels. Specifically, the fluctuation

have zero mean, and autocorrelation function defined as:

〈η(t)η(t′)〉 = νδ(t− t′) .

The scaling factor ν in the previous equation is strictly linked to the transition rates of

the kinetics and to the number of ion channels, and for the considered case takes the

form:

ν(fo) =
k+(1− fo(t))− k−fo(t)

N

Recalling that f∞
o = k+/(k+ + k−) = p, the equilibrium value of the factor ν is equal

to ν∞ = 2k+k−/[(k+ + k−)N ]. It is useful to recall also, from the master equation

analysis shown above, that the equilibrium variance of the number of open channels is

equal to (σ2
o)

∞ = Np(1− p) = Nk+k−/(k++ k−)2, and that var{fo} = 〈(fo−〈fo〉)2〉 =
〈(No − 〈No〉)2〉/N2 = σ2

o/N
2. Thus, it can be verified that the equilibrium value of ν

and the variance of the open fraction of channels are related by the equation:

ν∞ =
2(σ2

o)
∞

τ

where τ = 1/(k+ + k−). [25, 27]

Although Langevin equation is a powerful method to evolve the stochastic dynamics

of large channels populations, in the following a Markov chain approach will be used

to model the stochastic gating of specific ion channels in β-cells because of the non-

restrictive size of the ion channels pool.
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Chapter 4

β-cell electrophysiology in mouse

4.1 β-cell electrical activity in mouse

Glucose uptake from β-cells evokes a cascade of processes that trigger a characteristic

“bursting” electrical activity. In turn, intracellular calcium oscillations generated by

this typical pattern are able to drive a pulsatile insulin release. At low glucose concen-

trations, i.e. < 3mM , β-cells are silent and show a resting potential Vr ≃ −70mV . By

increasing the glucose level, the cell depolarises in a concentration-dependent manner,

and for concentrations (> 5−7mM) able to reach the threshold potential Vth ≃ 50mV ,

it exhibits a bursting electrical activity. In Fig. 4.1(a) a typical bursting oscillation

recorded from a mouse β-cell is shown; it is characterised by action potentials separated

by silent phases, and can be described by slow oscillations with superimposed fast oscil-

lations. Action potentials in a single burst start from a plateau value of about −40mV

and reach a peak of about −20mV . Burst duration, i.e. the time spent in the active

phase, increases for increasing glucose levels (as it is shown in Fig. 4.1(b)), reaching a

continuous bursting response for concentrations above 16mM . [28]

Several ion channels and currents are involved in burst initiation, duration and termi-

nation. The most important ones are listed in the following.

4.1.1 K-ATP channels

K-ATP channels are a particular type of potassium channels whose gating is regulated

by the intracellular level of ATP and ADP. These channels are formed by four subunits,

each of which contains two domains, the high-affinity sulfonylurea receptor SUR1 and

the inward rectifier Kir6.2 channel. Sulfonylureas or increased values of the intracellular

ATP/ADP ratio lead to the closure of the channel, and to β-cell depolarization. Single
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(a)

(b)

Figure 4.1: (a) Bursting oscillation in a mouse β-cell stimulated by a glucose concen-
tration of 10mM . (b) Glucose increasing effect on bursting period and active phase
duration, from sub-threshold stimulation up to continuous bursting response. From ref.
[28].

channel conductance, measured in symmetrical K+ concentration of 140mM , is in the

range 50 − 80 pS. After washout of ATP, measured whole-cell K-ATP conductance is

in the range 10− 20nS, with a single channel conductance of about 20 pS in the same

conditions.

The channel is highly selective for K+ with a low value of Na+ relative permeability

(PNa/PK = 0.007 in rats). Kinetics of the K-ATP channel analysed for inward currents

at negative membrane potentials with the use of high extracellular potassium concentra-

tion, show channel opening events clustered in bursts. ATP is able to reduce the burst

length and increase burst separation, i.e. open probability for the channel is reduced by

the nucleotide that acts as an inhibitor (see Fig. 4.2). Such inhibition allows to reach

action potential threshold by K+ cations accumulation so that K-ATP channels have

a central role in burst initiation. Mutations in genes coding for SUR1 and Kir6.2 are

associated with both hyperinsulinemia and type 2 diabetes. [28–30]

4.1.2 Voltage-gated Ca2+ channels

Action potential upstroke is initiated by the opening of voltage-dependent calcium chan-

nels (VDCCs) that allows calcium influx. VDCCs in mouse are mainly L-type calcium
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(a) (b)

(c) (d)

Figure 4.2: (a)-(b) Glucose effect on single K-ATP channel current, from a patched
mouse β-cell. (c)-(d) ATP effect on single K-ATP channel current, from an isolated
membrane patch (inside-out configuration). All data are recorded at the resting poten-
tial of ≃ −70mV . From ref. [28].

channels, that are multimers formed by five different subunits: α1, α2, β, γ and δ.

Among these, α1 subunit can bind dihydropyridines, modulating calcium channels, and

sense voltage change. These channels are crucial for insulin secretion and their block-

ing suppresses hormone release. L-type current is observed for depolarizations from a

holding potential between −70 and −50mV to potentials greater than −40mV , with a

current peak in the range −20− 0mV . Single channel conductance in physiological cal-

cium concentrations (2.6mM) is ≃ 2 pS. Channel’s opening times are fitted by a single

exponential with τ = 0.4ms; closing times are instead fitted by two exponentials, with

characteristic times equal to 2ms and 10− 30ms. In addition, inward L-type currents

measured between −50 and +50mV last for 200-300 ms, indicating slow inactivation.

L-type channels are modulated by glucose, and an increase in concentration from 0 to

20mM evokes a two-fold increase in the current peak, in physiological ion concentra-

tions. Moreover, L-type channels can also be modulated by cAMP-dependent protein

kinase that reduces the rate of inactivation. Another type of voltage-sensitive calcium

channel found in rats, is the T-type channel. This channel is activated at −50mV , and

show a peak current at −10 to 0mV . Inactivation is faster compared with the L-type,

and it lasts from 10 to 100ms. Single channel conductance is ≃ 8 pS in 100mM Ba2+

solution (L-type channels show a conductance of ≃ 20 pS in same conditions). [28, 29]

In Figure 4.3 T-type and L-type currents, obtained from a set patch clamp recordings

in a rat β-cell, are shown.
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(a) (b)

Figure 4.3: Patch clamp recordings of T-type (a) and L-type (b) calcium currents in
rat β-cell. Bottom sweeps represent the mean current obtained by averaging ≃ 100
recordings. From ref. [28].

4.1.3 Voltage-gated K+ channels

These potassium channels are usually called delayed rectifying K+ channels (K-DR).

About the 80− 90% of the whole-cell delayed outward current flows through them. K-

DR currents are elicited at potentials greater than −30mV . Activation is slow and can

be described by a n2 type kinetics, with a time constant of 2ms at 0mV . Inactivation

also is a slow process, with a time constant of 5 s at 20mV . Single channel recordings

show conductance values of 8.5 pS between −40 and +50mV under physiological con-

dition. K-DR current is not modulated by sulfonylureas but is inhibited by TEA in a

concentration-dependent manner. [28]

4.1.4 K-Ca channels

Calcium-activated potassium channels are K+ channels whose conductance is regulated

by calcium concentration. Two kinds of K-Ca channels have been found in β-cells, low

conductance SK channels, and large conductance BK channels. BK channels are thought

to have a role in cell repolarization and show a conductance of 200− 250 pS in 150mM
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KCl solution. This value lowers to 110 − 155 pS in physiological ion concentrations.

Current recordings show a fast activation and an inactivation lasting about 150ms. [28]

As it can be seen in Fig. 4.4, K-Ca channels show both calcium-dependent and voltage-

dependent modulation, with increasing open probabilities for increasing concentration

of calcium and values of the holding potential.

(a)

(b)

Figure 4.4: (a) Voltage dependence of K-Ca current, recorded with a planar lipid
bilayer technique: (left) current recordings in 1mM Ca2+ cis solution at different
membrane potentials; (right) open probability at different membrane potentials and at
different Ca2+ concentrations of the cis solution: 1mM (white circle), 15.6µM (black
circle), 0.25µM (white square). (b) Calcium dependence of K-Ca current, recorded
with the same technique: (left) current recordings at a membrane potential of −20mV
in 1mM , 15.6µM , and 0.25µM Ca2+ cis solutions; (right) open probability at different
cis Ca2+ concentrations at a membrane potential of 40mV (black square), 20mV (white
square), −20mV (black circle), −40mV (white circle). From ref. [28].
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4.1.5 Na+ channels

In mouse β-cells, Na+ current shows unusual inactivation. Half maximum inactivation is

recorded at about −110mV , and at −70mV , that is about the normal resting potential,

the current is totally inactivated. This data are confirmed by the evidence that TTX, a

selective blocker of sodium channels, does not affect electrical activity. On the contrary,

in rats and humans sodium current is not completely inactivated and plays a role in the

generation and in the characterisation of bursting electrical activity. [28]

4.2 Bursting regulation

The exact mechanisms involved in the characterisation of β-cell electrical activity are

still debated. However, it is well accepted that bursting electrical activity is triggered

by glucose uptake from β-cells, that activates glycolysis and oxidative phosphorylation,

causing increased cytoplasmic ATP/ADP ratios. In such conditions, closure of K-ATP

channels depolarises the cell, leading the membrane potential to reach the threshold

value for L-type calcium channel activation. Voltage-dependent calcium channels are

thus responsible for the upstroke of the action potentials within the burst. K-DR and

K-Ca currents activation contribute instead to the action potential’s downstroke, and

cell repolarization at a plateau value of ≃ −40mV . At this membrane potential level,

potassium current is almost totally inhibited. Slow inactivation of potassium current

and reactivation of calcium channels cause then the next action potential. Bursting

duration is regulated by a balance between the hyperpolarizing K+ current from K-

ATP channels, and the Ca2+ currents. Slow inactivation of calcium currents during

the burst leads finally to burst termination while recovery of calcium channels from

inactivation regulates the interburst interval. [28]

These aspects are summarised in Fig. 4.5.

Recent studies show however that bursting activity recorded from β-cells is heteroge-

neous, with reported bursting periods going from several seconds to several minutes.

Based on this, bursting activity can be divided into three categories at least (see Fig.

4.6(a)): i) fast bursting, with an oscillation period from 10 to 60s; ii) slow bursting, with

a period from one to several minutes; iii) compound bursting, characterised by a fast

bursting superimposed on slow oscillations. Because of this heterogeneous behaviour,

several hypotheses have been formulated about the effective pacemakers processes in-

volved in bursting activity generation and regulation. In Figure 4.6(b) the cellular

signalling pathways and ion currents involved in the glucose-stimulated insulin secretion

(GSIS), and possibly linked to the bursting rhythmicity, are reported. These processes
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(a) (b)

Figure 4.5: Qualitative dynamics of ion conductances in mouse β-cell during burst.
(a) Ion conductances dynamics during glucose stimulation. (b) Zoom of the ion con-
ductances dynamics within one burst. From ref. [28].

include: activation and inhibition of voltage-dependent calcium currents (as described

above) [31–33], activation and inhibition of outward calcium-sensitive potassium cur-

rents [34–36], slow changes in the ATP/ADP ratios driven by a calcium feedback [37–39],

glycolytic oscillations driving ATP/ADP changes [40–42], Na+ pump and transporters

[43–45], endoplasmic reticulum calcium levels [46–49]. Based on this evidence a large

number of β-cells electrophysiological Hodgkin-Huxley type models have been developed

with a variable complexity. Between these, the Sherman-Rinzel-Keizer (SRK) model [33]

described in Chapter 5, is one of the first model developed able to reproduce mouse fast

bursting activity.

4.3 Gap-junctions coupling

Several studies have shown that β-cells within the pancreatic islets present a coordi-

nated and synchronised electrical activity [51–54]. Such coordination leads to a global

pulsatile insulin release from the whole islet, whose hypoglycemic effect was shown to be

stronger compared to a constant hormone delivery [55, 56]. To achieve synchronisation,

β-cells can communicate both via indirect signalling, through molecules diffusing in the

extracellular space [57], and via a direct electrical coupling. Between these mechanisms,

published literature supports the idea that electrical coupling has a dominant role in

synchronising mouse β-cells and improving insulin secretion. The disruption of normal

cell contacts and the loss direct coupling leads to decreased or abolished responsiveness

to glucose, with a consequent impairment of the insulin release [58]. Such coupling is
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(a) (b)

Figure 4.6: Burst regulation in mouse β-cell. (a) Heterogenous burst in mouse:
fast, slow, and compound bursting (from the top to the bottom) (from ref. [50]). (b)
Cellular pathways and ion currents involved in bursting generation and regulation (from
ref. [36]).

ensured by specific types of cell surface proteins, forming intercellular junctions between

neighbouring β-cells. Gap-junctions ensure communication between cells by coupling of

cytosolic components and contribute to the structural property of the islet. Specifically,

a gap-junction is an area where the membranes of neighbouring cells are separated by a

distance d ≃ 2− 3nm. In these conditions, specific hemichannels, i.e. connexons, span-

ning the membrane of the two cells, can interact and form junctional channels. Each

connexon is formed by six proteins called connexins (Cx), and based on the Cx types,

the connexon can be homomeric, i.e. formed by the same type of Cx, or heteromeric, i.e.

formed by different Cx types. Then, depending on the interacting connexons, junctional

channels can be homotypic or heterotypic [59–61].

Such pathways allow the exchange of molecules up to 1kDa. They can conduct metabo-

lites, small peptides and other large molecules as well as ions. In this context, connexons

composition is used to fine-tune channel selectivity to specific molecules, regulating pa-

rameters such as the size, the charge, and the hydrophilicity of the channel. Efficient

discrimination of the purine cyclic monophosphates cGMP and cAMP found in Cx32/26

channels, and permeability differences in nucleotides diffusions between Cx32 and Cx43
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channels are examples of this selectivity [62–64]. Several studies have moreover high-

lighted that the gating of these channels can be modulated by several stimuli, i.e. voltage

differences, pH, free intracellular calcium concentration, drugs [59–61].

4.3.1 Cx36 channels in β-cells

Gap junctions in β-cells are tight junctions formed by a small number of connexons.

They are mostly formed by Cx36, although also Cx43 expression has been observed in

some cases. Cx36 is a protein formed by 321 amino acids, with a long cytoplasmic loop

and a short cytoplasmic C-terminal domain that contains recognition sites. This type of

connexin does not form junctional channels with other Cx types, and thus connections

between β-cells are homotypic [65–67]. In Fig. 4.7 a freeze fracture of a mouse islets,

showing these tight junctions between β-cells, is presented.

Figure 4.7: Ultrastructure of cultured mouse β-cells. (A) Freeze fracture of an iso-
lated mouse islet. (B) Islet cells cultured for 24h after dissociation. Black arrows
highlight gap junctions. (C) β-cell pairs immunostained with anti-insulin antibodies
(cells cultured for 12h after dissociation). (D) As in (C) but with cells cultured for
36h after dissociation. From ref. [68].

Such channels preferentially exchange cationic molecules, have a small single channel

conductance (≃ 10 pS), and show a minimal voltage sensitivity, despite conserving the
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property to exchange nucleotides and glucose metabolites. To note that also non β-cells

in the islet express Cx36, although functional gap junction channels have been found

only between β-cells. Interestingly, the minimal voltage dependency ensures a low but

permanent level of coupling in both silent, bursting and continuous spiking/bursting

regimes evoked by glucose stimulation [65–67].

Genetic regulation of Cx36 is performed by the Gjd2 gene, whose expression is reg-

ulated at the transcriptional level by the neuron-restrictive silencer element (NRSE).

Unfortunately, few studies have focused on the regulation pathways of this gene in β-

cells, with just a reported evidence of increased Cx36 expression levels, in conjunction

with insulin resistance, in response to the glucocorticoid dexamethasone [69]. Concern-

ing environmental factors, increasing gap junction coupling has been observed during

short (≃ 1 hour) glucose exposure, while decreased gene expressions have been shown

for long glucose stimulations (≃ 24 hours) [70, 71]. Analogously, prolonged exposure to

free fatty acids decreases gene expression [72].

Cx36 gap junction channels are probably regulated by C-terminal residues phosphoryla-

tion [73]. Connexins phosphorylation evokes changes in permeability, in conductance and

in gating of the junctional channels, permitting cells communication. These changes have

shown moreover to have an effect on Cx assembly into gap junctions, and on Cx biosyn-

thesis and degradation [74–76]. In mouse retina and in neuronal cells, Cx36 proteins

can be phosphorylated by protein kinase A (PKA) and calmodulin-dependent protein

kinase II (CAMKII) [73], suggesting similar working mechanisms in β-cells, although

further studies should be performed to confirm such thesis. Concerning this aspect,

Perez et al. [68] studied electrical properties of Cx36 gap junctions in mouse ruling out

a possible modulation of the gating by cAMP-dependent protein kinase. Moreover, they

studied freshly dispersed pairs of β-cells with a double patch-clamp techniques noticing

as Lucifer Yellow dye diffusion doesn’t discriminate junctional coupling, an aspect that

is probably linked to the Cx36 channel selectivity with respect to cations. Measurements

performed on cells pairs by the authors, show moreover a mean junctional conductance

of 215 ± 110 pS with a distribution following a lognormal-like shape, as it is shown in

Fig. 4.8.

4.3.2 Cx36 channels in physiology and pathology

Gap junctions role is not only to synchronise cells electrical activity but is also required

for the normal secretory functioning. In stimulatory glucose concentrations, gap junc-

tions synchronise cells depolarization, and calcium oscillations across the islet, while

under non-stimulatory glucose concentrations, gap junctions channels can transfer the
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Figure 4.8: Double voltage-clamp measurements of gap junction conductance in
mouse β-cell pairs. From ref. [68].

K-ATP hyperpolarizing current, homogenising cells responses and suppressing sponta-

neous calcium elevations [77–80]. Modelling and experimental studies have shown that

electrical coupling is required to overcome heterogeneity of such a multicellular system,

giving rise to “phase transitions” reminiscent of a critical behaviour in the islet response

[81, 82]. Thus, networks of intrinsically inactive and active cells, resembling mouse

islets, show an emergent behaviour strictly dependent on coupling strength and on the

number of connections. A similar effect of coupling in regulating emergent activity has

been observed in the case of islets characterised by subpopulations of non-responsive or

overactive β-cells, expressing mutant K-ATP channels [83]. These observations remark

that Cx36 coupling has a fundamental role in conserving functional properties of the

islet, and its modulation could enhance in some conditions the secretory response. For

instance, decoupling the pathological silent cells could recover the activity of normal

responsive cells silenced by the non-responsive ones. Pathological lack of coupling leads

to a complete loss of the control of heterogeneity and electrical activity coordination,

with dramatic effects on cells function. Studies performed on isolated cells, and in islets

treated with Cx blockers, have shown that β-cells function is seriously compromised in

terms of basal insulin release, responsiveness to glucose, basal insulin expression, insulin

biosynthesis and intracellular calcium oscillations [58, 84]. For instance, alterations in

insulin release observed in the Cx36 knockout mice, i.e. lacking gap junction channels,

are comparable to the alterations observed in prediabetic and Type 2 diabetic states.

Such similarities support the idea that an altered expression or function of Cx36 is

implicated also in Type 2 diabetes (T2D).

Concerning T2D, a pathogenetic role of Cx36 is also hypothesised by the evidence that
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Gjd2 gene, coding for Cx36, is located on chromosome 15 (15q14) [85], that has been

shown to be a susceptible locus for T2D [86, 87]. Interestingly, a polymorphism on

the Gjd2 characteristic of hereditary epilepsy is also observed in T2D patients, further

suggesting altered Cx36 expression in these pathological conditions [66]. Moreover,

glucotoxic and lipotoxic conditions observed in T2D subjects, i.e. sustained exposure to

high glucose and free fatty acid concentrations, can have a negative effect on Cx36 as

discussed above. Specifically, has been shown as elevated concentrations of the inducible

cAMP early repressor (ICER) induced by glucose stimulation, by LDL and by palmitate

inhibit Gjd2 transcription [71, 72, 88]. On the other hand, specific sulfonylureas that

stimulate insulin secretion in T2D subjects have shown instead to promote Cx36 coupling

between β-cells [70, 89].

Recent studies have also pointed out a protective role of Cx36 against the proapop-

totic environment at the onset of Type 1 diabetes, and against cytotoxic drugs [90–92].

Specifically, a mix of cytokines such as IL-1β, IFN-γ and TNF-α, usually present in islet

inflammatory conditions, causes Cx36 down-regulation and increased apoptosis. Down-

regulation is mediated by chemical ER (Endoplasmic Reticulum) stressors that through

a cascade of processes act on the Gjd2 gene coding for Cx36. In this scenario β-cells with

high Cx levels can resist to the aggression and remaining functionals. Moreover, Cx36

overexpression increases the basal Ca2+ ER concentration, preventing depletion after

cytokines exposure. Since cytokines are also present in Type 2 diabetic inflammatory

conditions, such protective effect of coupling could also be involved in T2D evolution.

Finally, the coupling between β-cells has shown to protect also from mitochondrial apop-

tosis, possibly implying a cytosolic Ca2+ and IP3 diffusion between neighbouring cells

to achieve a proper dilution of apoptotic signals.
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Chapter 5

Sherman-Rinzel-Keizer

generalised model

In this chapter, the Sherman-Rinzel-Keizer model [33], able to reproduce bursting elec-

trical activity observed in mouse β-cells, is introduced. The original model formulation

is here presented and discussed, from the deterministic single cell, up to the stochastic

multicellular case. Finally, the model is generalised in order to study in-silico the be-

haviour of coupled cell populations, in different operating conditions. Emergent bursting

is thus analysed in terms of a coherent underlying dynamics, evoked by gap junction

electrical coupling. Interestingly, results presented in the last part of the Chapter, sug-

gest that such coherent dynamical regimes are subjected to critical transitions by which

a globally synchronised response is achieved throughout the islet.

5.1 The Sherman-Rinzel-Keizer model

The Sherman-Rinzel-Keizer (SRK) model is a Hodgkin-Huxley type electrophysiological

model of β-cells activity. It is based on the old assumption that the slow activation

and inactivation of K-Ca channels is the process regulating the burst, and does not take

into account the K-ATP current. Although such hypotheses have not been confirmed

by experimental studies, the model grasps all the quantitative features of fast mouse

bursting and, due to its limited complexity, can be used to study deeply dynamical

properties of bursting electrical activity in the framework of dynamical systems theory.

In general, emergent dynamics of the SRK model is representative of most of the bursting

mechanisms proposed in more complex models, where an ad hoc slow dynamics interacts

with a fast one to obtain a bursting activity with specific time scales. The model is based
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on voltage clamp data coming from mouse (Rorsman and Trube 1986 [93]), and takes

into account three types of ion current:

Voltage-dependent Ca2+ current. Calcium current is modelled assuming instanta-

neous activation and inactivation (τm ≃ 0.1 − 1.5ms), and considering the following

steady-state activation and inactivation curves, respectively:

m∞(V ) =
1

1 + exp[(Vm − V )/Sm]

h(V ) =
1

1 + exp[(V − Vh)/Sh]
.

Voltage-dependent K+ current. This current activates on a slower time scales (τn =

20 − 30ms) and it doesn’t show inactivation. In order to obtain good agreement with

data, voltage effects on the activation time constant and the steady-state activation

curve are modelled respectively by the functions:

τn(V ) =
c

exp[(V − V̄ )/a] + exp[(V − V̄ )/b]

n∞(V ) =
1

1 + exp[(Vn − V )/Sn]
,

Calcium-dependent K+ current. K-Ca current is regulated by potassium-sensitive

calcium channels. The gating of these channels depends on the binding of a Ca2+ ion,

and, therefore, it is modelled with the following kinetics,

k+

C + Ca ⇋ O

k−

,

that presents an equilibrium fraction of open channels dependent on the intracellular

calcium concentration:

p =
[O]

[O] + [C]
=

Ca

Kd + Ca
,

where Kd = k−/k+.

Finally, the intracellular calcium concentration dynamics is modelled taking into account

calcium influx via Ca2+ channels and a net removal rate due to membrane pumps and

exchangers. Oscillation of calcium oscillations, acting on K-Ca channels, are the slow

process driving the burst in the model.

With these assumptions, the global set of model’s equations is the following:
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Cm
dV

dt
= −Iion − ḡK−Cap(V − VK)

dn

dt
= λ

[

n∞(V )− n

τn(V )

]

dCa

dt
= f [−αICa − kCaCa]

Iion = IK + ICa = ḡKn(V )(V − VK) + ḡCam∞(V )h(V )(V − VCa)

p =
Ca

Kd + Ca

m∞(V ) =
1

1 + exp[(Vm − V )/Sm]

h(V ) =
1

1 + exp[(V − Vh)/Sh]

n∞(V ) =
1

1 + exp[(Vn − V )/Sn]

τn(V ) =
c

exp[(V − V̄ )/a] + exp[(V − V̄ )/b]
,

α =
1

2VcellF
;

where Cm is the membrane cell capacitance; V is the cell membrane potential; n is

the potassium (K+) activation variable; n∞(V ) is the steady-state activation curve of

voltage-gated potassium channels; m∞(V ) and h(V ) are respectively the steady-state ac-

tivation and inactivation curves of voltage-gated calcium channels; Ca is the intracellular

calcium (Ca2+) concentration; ḡK , ḡCa and ḡK−Ca are the whole cell ion conductances

for potassium, calcium and calcium-sensitive potassium channels, respectively; VK and

VCa are the potassium and calcium reversal potentials; λ is a parameter used to fine

tune the K+ channels time constant; f is the fraction of free intracellular calcium; α is

a conversion factor; kCa is the calcium removal rate; p represents the fraction of open

K-Ca channels; Kd is the ratio of the kinetic constants that regulate the K-Ca channels

chemical process of opening and closing; Vm, Sm, Vh, Sh, Vn, Sn, V̄ , a, b, and c are

parameters fine-tuned to obtain good fit of data and to reproduce observed currents

dynamics. Complete set of parameters is reported in Tab. 5.1.

5.1.1 Bursting in the SRK model

In figure 5.1 the cell membrane potential, calcium concentration, and K-Ca conductance

dynamics in bursting regime, reproduced with the model, are reported. As it can be

seen from the simulated time series, the model is able to reproduce bursting oscillations

in agreement with the fast bursting recorded from mouse, described in Chapter 4.
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Figure 5.1: Bursting in the SRK model. (a) Membrane potential in time. (b) K-Ca
conductance in time. (c) Ca2+ concentration in time. From ref. [33].

As it can be noticed calcium oscillations in this regime are slow, with a period comparable

to the bursting time scale. In the SRK model a fast dynamics, characterised by the

membrane potential V and the activation level of potassium channels n, interact with a

slow process that is the varying conductance of K-Ca channels driven by the slow calcium

oscillations. In order to deeply study bursting mechanism, it is useful to analyse the

fixed points of the membrane potential equation treating the gK−Ca conductance (or

equivalently the Ca variable) as a parameter, i.e. we have to study the zeros of the

function:

ISS(V ; gK−Ca) = ḡKn(V )(V − VK) + ḡCam∞(V )h(V )(V − VCa) + gK−Ca(V − VK) ,

for each fixed value of gK−Ca. This procedure leads to the bifurcation diagram reported

in Fig. 5.2(a). For gK−Ca values close to zero, there is only one high voltage steady

state solution. For increasing gK−Ca, such branch of stable steady states loses stability

through a supercritical Hopf Bifurcation, so that the only stable solution for intermediate

gK−Ca levels is a limit cycle, representing a high voltage periodic solution. Increasing

further gK−Ca, two other branches of solutions appear through a saddle-node bifurcation
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(SN). Therefore, in a specific range of the parameter, the system shows bistability, i.e.

the high voltage periodic solution coexists with a low voltage stable fixed point, separated

by an unstable point, that acts as a threshold dividing the high and low voltage basins

of attraction. At higher gK−Ca values, i.e. calcium concentrations, the periodic solution

collides with the saddle branch and disappears in an homoclinic bifurcation (HC), while

the saddle branch eventually connects with the high voltage unstable branch, and the

only stable solution is the low voltage branch of fixed points.

(a) (b)

Figure 5.2: Bifurcation diagram of the membrane potential in the SRK model. (a)
Solutions branches computed by varying gK−Ca: continuos line denote stable solutions,
while dashed line unstable solutions. (b) Bifurcation diagram zoom, with superimposed
system trajectories (line with arrows) and calcium nullcline (dashed line). The values
gK−Ca,ν and gK−Ca,HC denote the coordinates of the low-voltage saddle-node and
homoclinic bifurcations. From ref. [33].

By plotting the calcium nullcline, that is the curve that nullifies calcium derivative, on

the bifurcation diagram (see Fig. 5.2(b)), it is possible to investigate emergent trajecto-

ries of system analysing changes in calcium concentration and gK−Ca conductance. In

a condition with high gK−Ca values (i.e. Ca2+), the system is in a low voltage resting

state, and, since such solution is located under the calcium nullcline, calcium deriva-

tive is negative, indicating a net efflux of Ca2+ form the cell. To track changes of the

solution we need to move to the left on the bifurcation diagram since calcium concen-

tration decreases in this condition. Once the SN point is reached, there are no more low

voltage stable solutions, and the system must jump on the high voltage periodic stable

branch. This jump represents the burst initiation. On the bifurcation diagram, the

periodic regime within the burst is located over the calcium nullcline, so that calcium

concentration during the burst increases, and consequently the gK−Ca value. Thus, to

follow bursting oscillation on the diagram, we need now to move to the right, on the

high voltage periodic branch. As before, once the HC point is reached, the system is

forced to jump again on the low voltage stable branch, that is the only stable solution

at high calcium levels, starting another bursting cycle. This description shows that the

bursting oscillation comes from the interaction of a slow process with a fast dynamics.
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As anticipated, such concepts also apply to more complex models of bursting activity,

in which more than one slow process can participate to generate rhythmic bursting.

5.2 Stochastic SRK model

Deterministic SRK model introduced above doesn’t take into account intrinsic biolog-

ical noise coming from channel gating (as described in Chapter 3). In this case, noise

fluctuations can significantly alter the emergent bursting oscillation, mainly because of

the high conductance K-Ca channels. The opening of a small fraction of K-Ca channels

can induce strong outward currents so that single channel events may drive the system

between active regimes and silent states [33]. Calcium and potassium voltage-dependent

currents are also affected by noise due to channel gating. However, the small conductance

value presented by these channels compared to the large conductance K-Ca channel al-

lows to keep a deterministic description of the gating, without affecting the validity of

the resulting stochastic model. To include this evidence, the deterministic SRK can be

modified by modelling K-Ca gating mechanism as a two-state Markov process:

1/τc

C ⇋ O

1/τo

,

where τc and τo are the mean closed and open times (as seen in Chapter 3 are related

to the inverse of transition rates). At equilibrium, holds the relation 〈No〉/〈Nc〉 = τo/τc,

where 〈No〉 and 〈No〉 are respectively the mean number of open and closed channels. By

comparison with the deterministic gating, it is possible to write the following relations

that model the feedback of calcium on channel transition rates:

τo = τc
Ca

Kd

〈p〉 =
〈No〉

〈No〉+ 〈Nc〉
=

Ca

Kd + Ca
,

In the stochastic SRK cell, the fraction of open K-Ca channels is thus calculated evolving

such a stochastic process for an ensemble N of K-Ca channels. The ensemble’s size can

be estimated from channels density and β-cell dimensions, and in the original model is

fixed at N = 600. Model’s simulation performed on such a stochastic cell (shown in Fig.

5.3) reveals a substantially different electrical pattern compared with the deterministic

case. As anticipated before, noise due to K-Ca gating is able to drive cell transitions

between the active and silent state. It is still possible to observe very fast bursting

oscillation, but the clear slow oscillation seen in the deterministic case is totally lost.
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Such behaviour resembles the electrical pattern of individual isolated cell, characterised

by chaotic spiking more than a regular busting oscillation.

Figure 5.3: Single cell simulation of the stochastic SRK model. Membrane potential
time series is shown. From ref. [33].

As discussed in Chapter 4, β-cells in the islets are coupled through gap junctions. Such

electrical coupling is crucial for normal electrical activity and insulin release, permitting

to homogenise cells population, to synchronise burst, to obtain a global pulsatile secre-

tory pattern, etc.; while cells uncoupling leads to a loss of synchronisation, increased

basal insulin release and loss of pulsatility. Single cell SRK stochastic model is represen-

tative of such scenario, where the isolated cell is no more able to respond with a robust

bursting. On the contrary, SRK deterministic model reproduces the electrical behaviour

of a β-cell in a fully synchronised islet. In order to analyse stochastic model behaviour

for increasing number of coupled cells, Sherman et al. introduced two different gener-

alisations: a simplified “supercell” perspective [33], where all the cells are coupled with

infinite coupling conductances, and a “multicell” model [94], that takes into account a

finite value of the coupling conductance and topological constraints of the mouse islet

architecture.

5.2.1 Supercell model

The supercell model is obtained considering a number Ncell of SRK stochastic units

coupled by infinite conductance connections, so that all the cells have the same potential.

In this case, membrane voltage equation can be rewritten by scaling the single cell

equation with the number of cells in the cluster:

NcellCm
dV

dt
= −NcellIion −

Ncell
∑

i=1

ĝN i
o(V − VK) ,
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where ĝ = ḡK−Ca/N is the single K-Ca channel conductance, and N i
o is the number of

open channels for the ith-cell. Dividing the previous by Ncell, it is possible to obtain:

Cm
dV

dt
= −Iion − ḡK−Ca

NcellN

Ncell
∑

i=1

N i
o(V − VK) .

Considering that p = 1
NcellN

∑Ncell

i=1 N i
o, such equation has the same form of the single cell

SRK membrane equation, but now the factor p represents the fraction of open channels

in the entire cluster, as if the cluster is “sharing” the entire pool of stochastic channels

[33]. In this way, perturbations coming from channel gating are attenuated by a factor

1/Ncell. All other equations remain the same as in the single cell SRK stochastic model.

Figure 5.4: Simulations of the supercell SRK model. (a)-(d) Membrane potential
time series for an increasing number of cells in the cluster. From ref. [33].
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In Fig. 5.4 the results of model simulations, taking into account a variable number of cells

in the cluster, are shown. Bursting activity emerges by increasing the cluster size, and a

clear organised slow oscillation can be appreciated for clusters of about 50 cells. Because

of “channel sharing” the model is thus able to reproduce coherent emergent bursting

in β-cells populations, and stochastic spiking of isolated cells. Such considerations are

based on the assumption that noise induced by channel gating is a key aspect in the

variability of cell response. Other models have focused instead on cells heterogeneity

to explain the spiking response of an isolated cell, i.e. by considering deterministic

heterogeneous populations. In these models, a robust bursting activity is obtained by

coupling a certain number of silent and spiking cells, with only a small percent of cells

showing bursting when isolated [95]. Heterogeneity perspective represents an alternate

view of emergent bursting coming from coupled populations and probably plays a role,

together with ion channel stochasticity, in the modulation of the collective activity of

coupled β-cells. In the case of the SRK model, however, noise coming from K-Ca

channels would overcome the effect coming from heterogeneity in cells parameters and

the addition of such evidence would not be appreciated. In addition, stochasticity can

also be viewed as a masked “heterogeneity”, further validating such approach [96, 97].

5.2.2 Multicell model

The multicell SRK model [94] generalises the “supercell” model to the case of a variable

number of cells coupled by finite value junctional conductances. In this case, the cluster

is no more isopotential, and ion concentrations are different between different cells.

Model’s equations have now to be written for each cell in the cluster, taking care to add

properly the gap junction currents. Modified equations for the ith-cell are:

Cm
dVi

dt
= −Iion,i − ḡK−Capi(Vi − VK)− gc

∑

j∈Ωi

(Vi − Vj)

dni

dt
= λ

[

n∞(Vi)− ni

τn(Vi)

]

dCai
dt

= f [−αICa,i − kCaCai]

Iion,i = IK,i + ICa,i = ḡKn(Vi)(Vi − VK) + ḡCam∞(Vi)h(Vi)(Vi − VCa)

〈pi〉 =
Cai

Kd + Cai
,

where the steady-state activation and inactivation curves n∞(V ), m∞(V ), and h(V ),

and the function τn(V ) are the same as before. In the membrane voltage equation,

gc is the gap junction conductance between two cells, and Ωj is the neighbourhood of

the ith-cell, i.e. the subset of cells in the cluster connected to the ith-cell. In line
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with the mouse islet architecture (see next Chapter for further details), Sherman et al.

considered β-cells cluster arranged in a n x n x n cube, in which cells interact via a three-

dimensional extension of the Von Neumann neighbourhood, i.e. a central cell is coupled

to six neighbours.

The integration of the model requires the resolution of 3Ncell coupled ODEs, together

with the stochastic processes related to the K-Ca channels gating.

(a) (b)

Figure 5.5: Simulations of the multicell stochastic SRK model. (a) Membrane po-
tential time series of a representative cell in a 2 x 2 x 2 (left column) and 5 x 5 x 5 (right
column), at gc = 25 pS (top) and gc = 175 pS (bottom) clusters. (b) Bursting period
TB and Ca2+ oscillations for gc in the range 0− 2000 pS. From ref. [94].

In line with the supercell formulation, model’s simulations show robust bursting emerg-

ing by increasing the number of β-cells in the cluster and the coupling conductance value.

In Figure 5.5(a) results published in ref. [94], computed with n = 2 (8 cells) and n = 5

(125 cells), are shown. Bursting oscillation is completely lost in the 2 x 2 x 2 cluster with

low coupling conductance (gc = 25 pS). Calcium oscillations in this condition are abol-

ished, thus describing a situation with impaired insulin release. By increasing electrical

coupling (gc = 175 pS) it is possible to recover a bursting-like pattern, slightly enhancing

calcium oscillations. The 5 x 5 x 5 cluster presents instead a much more robust bursting

both for low coupling and high coupling strength, showing in the latter case calcium

oscillations comparable in amplitude to the deterministic case. Specifically, the authors

show that calcium oscillations and bursting period, depending both on cell number and

coupling strength, are enhanced in some conditions compared to both deterministic and

supercell case (see Fig. 5.5(b)). They found that for gc within the range 100 − 400 pS

these two values are maximised. This finding takes a great relevance considering that,
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as described in Chapter 4, the mean value of junctional conductance between paired

β-cells is ≃ 215 pS. Thus, further considering that enhanced calcium oscillations mean

enhanced insulin release, biological coupling seems to be set in order to optimise β-cell

secretion. It’s interesting to note, as pointed out by the authors, that such increasing

of the bursting period could be related to the appearance of asymmetrical or aperiodic

solutions usually observed in deterministically modelled β-cell pairs [98, 99]. In the bi-

furcation diagram shown before, such solutions originate from the periodic high voltage

solution branch and their collision with the threshold saddle branch is shifted to right

respect to the original periodic solution, thus causing longer times spent in the active

and silent phases and enhancing the slow oscillation period (and consequently calcium

oscillations).

Authors also showed, by modelling cells arranged in 32 x 32 grid of cells, that the model

is able to reproduce bursting waves with phase lags of about 1−2 s across the domain, in

line with experimentally recorded activity from cells within mouse islets [51, 100]. Such

waves originate mostly from cells in the corners of the grid, where the noise fluctuations

are greater because of the low number of neighbours compared to the central cells. Such

focusing of noise triggers the bursting that spreads across the grid. More than one

bursting wave can originate from different spots, eventually colliding.

In conclusion, the SRK multicell model is a valid description of β-cell activity in the

islet. It is able to reproduce the irregular spiking behaviour of isolated cells, and the

organised bursting emerging from coupled cells populations. Despite simplistic about

the specific sub-cellular pathways involved in the generation and the modulation of the

bursting activity, the basic concept is in line with other modelled processes of bursting

generation, where a slow dynamics interacts with a fast one. In addition, although the

limited complexity, it can reproduce rather faithfully main features of the fast bursting

observed in mouse. Because of this, a further generalisation of the SRK multicell model

is presented in the following, in order to study emergent bursting and coherent behaviour

of coupled cells populations stimulated by varying glucose concentrations, and to analyse

architecture effects induced by coupling.

5.3 SRK generalisation: glucose feedback

The original formulation of the SRK model does not take into account the glucose

effect on the electrical activity. In order to add this feedback, it is possible to fine-

tune opportunely the calcium removal rate (kCa) parameter in the calcium dynamical

equation of the model. In fact, low calcium removal rates evoke accumulation of calcium

and increased potassium efflux through K-Ca channels, which in turn forces the cell in a
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silent state, as in sub-threshold glucose stimulation. Contrarily, at high calcium removal

rates, less calcium is accumulated in β-cells and K-Ca channels are only moderately

activated, forcing the cell in a depolarised state through potassium accumulation, in

line with the response evoked by increasing glucose concentrations. This effect is also

visible in the bifurcation diagram shown in Fig. 5.2. At low values of kCa the calcium

nullcline shifts downward, and intercepts the voltage steady state Z-shaped curve in the

low voltage stable branch of solutions; in such situation, the system is in a silent stable

state. At higher values of kCa, calcium nullcline shifts upward, getting closer to the

homoclinic bifurcation point. Now the flow is slower near the homoclinic point (Ca2+

varies very slowly close to the calcium nullcline), causing more time spent in the bursting

depolarised state. At the same time, the distance between the low-voltage saddle-node

bifurcation and the calcium nullcline increases, so that flow is faster when the system is

in the silent state, giving rise to decreased interburst intervals. Finally, when kCa is large

enough to intersect the periodic high-voltage branch of solutions before the homoclinic

point (on the left respect to the HC point), sustained bursting is generated.

Therefore, with the aim to model glucose feedback, a linear relation between the glucose

and the calcium removal rate is used, in line with another published study [101]. Specifi-

cally, at [G] ≃ 5.5mM β-cells show a silent-bursting transition, and at [G] ≃ 16.6mM a

shift to a continuous bursting can be observed [102]. These behaviours can be obtained

in the multicell SRK model, considering a 125 cells cluster, by setting kCa = 0.02ms−1

and kCa = 0.09ms−1, respectively. Based on this, a simple linear function is adopted to

model glycemic feedback:

kCa = C1[G]− C2 ,

where C1 = 6.3 · 10−3ms−1mM−1 and C2 = 0.0147ms−1, and [G] is the glucose con-

centration.

5.4 Coherence in the SRK model

Experimental evidence show that β-cells within mouse islets respond to glucose in a

synchronised fashion. Furthermore, it is well-proven that Cx36 gap junction coupling

have a lead role in coordinating cellular response, as discussed in Chapter 4 [51–54].

Such coupling ensures that β-cells in mouse act as a functional syncytium, responding

to glucose with a clear in-phase bursting. Loss of gap junction coupling leads to a severe

decrease in β-cells functionality, causing impaired insulin secretion and usually altered

glucose responsiveness [58, 103]. In confirmation of this, isolated β-cells do not exhibit

clear bursting activity, but more irregular spiking behaviour. Thus, electrical coupling

in mouse seems crucial to achieve cell synchronisation and proper hormone release. In
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this framework, it is of interest to analyse the emergence of such coherent activity in

response to controlled glucose stimuli, and its sensitivity to variations in the size of

the β-cell population. With the multicell stochastic SRK model, Sherman at al. [94]

have shown that gap junction coupling can lead to the emergence of robust bursting, by

filtering noise fluctuation induced by ion channels gating. By using a generalisation of

this model, such phenomena are investigated in the following by varying the stimulating

glucose concentration, studying long-range correlations in cellular activity. Specifically,

it is shown that β-cells dynamics is characterised by scale-free self-similarity properties

in the frequency domain, and in different frequency intervals, suggesting the possible

formation of coherent molecular domains, and critical behaviours at different space-time

scales. Interestingly such critical behaviour is regulated by environmental conditions

and β-cell population size.1

In line with the original SRK model [94], β-cell clusters are modelled as cubic clusters

of variable size. Cells within the cluster communicate via a three-dimensional Von

Neumann neighbourhood, i.e. six neighbours for a central cell. In Fig. 5.6, a typical

cluster and the neighbourhood of a representative central cell are shown.

(a) (b)

Figure 5.6: (a) Visualization of a 5 x 5 x 5 cluster. (b) Neighbourhood of representative
central cell.

In the analyses presented below, the whole model is resolved with a fourth-order Runge-

Kutta method with a time step of 0.1ms. Stochastic gating of K-Ca channels is modelled

by considering a total of 600 channels per cell (like in the original formulation [33]) and

evolving each channel dynamics with a two-state Markov stochastic process resolved

by a Monte Carlo simulation. Thus, the value of open channels per cell, computed at

each time step of the numerical integration, is used to compute the open fraction of

1The novel study here presented is reported in refs. [104, 105].
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K-Ca channels in the membrane potential dynamical equation. Complete set of model

parameters is given in Tab. 5.1.

Table 5.1: SRK model’s paramters. All parameters are set with their default
value reported in ref. [33]. In addition are reported parameters used to model glucose
feedback.

Parameter Value Unit

Cell Radius 6.5 µm
F 96.487 C mmol−1

Vcell 1150 µm3

VK -75 mV
VCa 110 mV
ḡK 2500 pS
ḡCa 1400 pS
ḡK−Ca 30000 pS
gc 215 pS
Vn -15 mV
sn 5.6 mV
Vm 4 mV
sm 14 mV
Vh -10 mV
sh 10 mV
a 65 mV
b 20 mV
c 60 ms
V̄ -75 mV
λ 1.7
Kd 100 µM
f 0.001
τc 1000 ms
C1 6.3 · 10−3 ms−1 mM−1

C2 0.0147 ms−1

5.4.1 Correlation in β-cells electrical activity

In order to analyse β-cells coherent activity within the islet and its sensitivity to glucose

stimuli, a 5 x 5 x 5 cluster exposed to different glucose concentrations is initially mod-

elled. Figure 5.7 shows computed time series of a representative cell in the cluster at

[G] = 4.7, 9.5, 12.6, 16.6mM . As it can be noticed, the model correctly reproduces

the glucose-stimulated electrical activity in β-cells, showing a silent response, bursting

oscillations and continuous bursting in line with experimental observations [28, 102].

Different time scales can be noticed in such complex dynamics, i.e. an infinitely small

scale due to the stochastic channel gating, a scale of the order of hundreds of milliseconds

characterising spiking activity within the burst, and a slow time scale (tens of seconds)

due to bursting oscillations. The power density spectra (PDS) of membrane voltage sig-

nals presented in Fig. 5.8 are here computed to highlight scaling features of the signals,

possibly suggesting an underlying coherent activity in the cluster. Scaling properties
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are analysed by computing log-log slopes of the observed linear trends on these curves.

In this framework, the existence of scale-free properties may underly the presence of

robust dynamical states in the activity of coupled β-cells, by which they regulate their

secretory function.

(a) (b)

(c) (d)

Figure 5.7: Simulation of a β-cell mouse 5 x 5 x 5 cluster stimulated by an increasing
glucose concentration. The membrane potential time series for a representative cell is
shown: (a) 4.7mM , (b) 9.5mM , (c) 12.6mM , (d) 16.6mM .

Interestingly, results show that at mild stimulatory glucose concentrations ([G] ≃ 9.5mM),

the log-log PDS plot presents two clear different linear trends, located at low and high-

frequency ranges separated by a transition region. Such frequencies correspond to time

scales of seconds and milliseconds, suggesting that scale-free properties are possibly

linked to both bursting regime and spiking/channels gating events. In Fig. 5.9(a) the

computed slopes of these linear trends at different glucose levels are shown. The high

frequency (HF) slope is SHF ≃ −33 dB/Hz per decade and is almost unaffected by

glucose changes. Contrarily, the low frequency (LF) linear trend is nearly absent in

the cluster stimulated by sub-threshold and very high glucose concentrations, i.e. for

[G] < 5 and [G] > 15mM , while it is clearly observable at intermediate glucose levels
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(a) (b)

(c) (d)

Figure 5.8: Power density spectra of simulated membrane potential signals of a rep-
resentative β-cell in a 5 x 5 x 5 cluster exposed to increasing glucose concentrations: (a)
4.7mM , (b) 9.5mM , (c) 12.6mM , (d) 16.6mM . The slope at low (SLF ) and high
(SHF ) frequencies are highlighted in green and red respectively: continuous lines de-
note the range used for the linear fitting, while dashed lines are used to visualise the
computed linear interpolation.

that evoke regular bursting, with SLF ≃ −20 dB/Hz per decade at almost postprandial

glycemic condition ([G] ≃ 9mM).

To address the dependency of such scale-free trends on the size of the β-cell coupled

population, clusters of increasing size are also modelled and analysed with the use of

the log-log PDS plots of the membrane potential, computed for a representative cell.

Results obtained for the isolated single cell up to the 10 x 10 x 10 cluster, exposed to a

mild stimulatory glucose concentration ([G] = 9.5mM), are shown in Fig. 5.10. As it

can be noticed, the HF slope, as observed for different glucose stimulations, is almost

independent of the number of coupled cells, showing a value of SHF ≃ −33 dB/Hz per

decade for clusters larger than ≃ 10 cells, and slightly lower values in the case of smaller

clusters. This threshold is clearer in the LF slope, which is almost zero in the isolated

cell, and increases showing an average plateau value of SLF ≃ −20 dB/Hz per decade
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(a) (b)

Figure 5.9: Power density spectra log-log slopes computed at different glucose con-
centrations and at increasing cluster size in a representative cell. (a) 5 x 5 x 5 cluster,
and variable glucose concentration. (b) [G] = 9.5mM , and variable size of the cluster.
The value i on the x-axis in (b) stands for i x i x i.

for clusters of proper size (> 10 cells).

To investigate the invariance of such dynamical regimes highlighted by the PDS linear

trends, the SRK generalised model is also resolved considering the linear transformation

V̂ = V + Vd, where Vd is treated as a perturbation around V ; i.e. the whole dynamical

system is resolved under the change of variable V → V̂ . Slope values at both low and

high frequencies, computed for β-cell clusters of increasing size and stimulated by a

glucose concentration of [G] = 9.5mM , are reported in Tab. 5.2 at different values of

the perturbing parameter Vd. As it can be noticed, the imposed change of variables,

i.e. the perturbation of the original system, leaves almost unaffected the slope in PDS

log plots, thus suggesting that the organised emergent oscillations are representative of

a fairly robust state of the system. To note that such observation is not obvious since

the Hodgkin-Huxley model represents a nonlinear dynamical system. Translation of

the potential affects the steady-state activation and inactivation curves, together with

voltage dependence of the time constants leading in general to a different cell dynamics

that is not a mere translation of the unperturbed case. Such conclusion can be easily

verified by imposing the transformation in the model’s equations and by simulation of

a single deterministic cell.

These analyses highlight that β-cells dynamics is characterised by scale-free properties of

the PDS of cell membrane potential, and that such properties are dependent on operating

conditions. It is now interesting to show that such scale-free self-similar characteristics

can be expressed in terms of “coherent states”. Specifically, a measure of self-similarity

is represented by the slope d computed on the linear trends of the PDS plots. In such
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j)

Figure 5.10: Power density spectra of simulated membrane potential signals of a
representative β-cell in clusters of increasing size, stimulated by a postprandial glucose
concentration ([G] = 9.5mM): (a) single cell, (j) 10 x 10 x 10 cluster, (b-i) intermediate
cluster sizes, i.e. n x n x n with 1 < n < 10. The slope at low (SLF ) and high (SHF )
frequencies are highlighted in green and red respectively: continuous lines denote the
range used for the linear fitting, while dashed lines are used to visualise the computed
linear interpolation.
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Table 5.2: PDS log-log slopes computed at different values of Vd and for increasing
β-cell cluster size.

Number of cells Vt [mV ] SLF [dB/Hz per decade] SHF [dB/Hz per decade]

1 -40 -2.1 -38.8
-20 -1.9 -38.7
-10 -0.1 -39.0
0 -1.6 -38.7

+10 -2.8 -39.0
+20 -2.1 -39.2
+40 -3.5 -38.8

27 -40 -19.2 -33.3
-20 -19.4 -33.6
-10 -18.7 -33.6
0 -19.3 -33.6

+10 -19.9 -33.5
+20 -18.5 -33.3
+40 -19.0 -34.0

64 -40 -19.7 -34.1
-20 -22.3 -33.8
-10 -20.9 -33.9
0 -20.2 -33.8

+10 -21.9 -34.0
+20 -21.3 -33.2
+40 -21.6 -34.0

125 -40 -23.4 -34.2
-20 -23.6 -34.2
-10 -22.7 -34.2
0 -23.0 -33.6

+10 -22.3 -33.8
+20 -20.3 -33.4
+40 -23.4 -34.0

frequency ranges holds the relation:

d =
LogP

LogF
,

where LogF and LogP are respectively abscissa and ordinate of the PDS plots, and the

ratio d is called self-similarity dimension [106], which is independent of the base of the

logarithm. By defining α ≡ P and q ≡ 1/F d, the previous relation can be rewritten in

the following self-similarity equation:

un,q(α) ≡ (qα)n = 1 , n = 0, 1, 2, ...,

where q is called the squeezing parameter [107–109]. Such self-similarity relation is de-

fined in the limit n → ∞. Apart from the normalisation, the functions un,q(α) represent
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the restriction to the real qα of the entire analytic functions

ûn,q(α) =
(qα)n√

n!
, n = 0, 1, 2, ...,

Indeed, such functions can be used in the Glauber formalism to defined a squeezed

coherent state as [107, 110, 111]:

|qα〉 = exp

(

−|qα|2
2

) ∞
∑

n=0

(qα)n√
n!

|n〉

|n〉 =
1√
n!
(a†)n|0〉 ,

where the set {|n〉} is the eigenkets (i.e. eigenvectors) basis by which is the defined the

coherent state, |0〉 represents the ground state, and a and a† are the annihilation and

creation operators respectively. In this quantum mechanics formalism, each eigenket

|n〉, i.e. energy eigenstate of the system, can be thought to be generated from the

n-th application of the creation operator a† to the ground state, since it holds a†|n〉 =
√
n+ 1 |n+1〉. Analogously, annihilation operator acts by lowering the energy eigenstate

a |n〉 = √
n |n−1〉. Interestingly, when the annihilation operator it’s applied to a coherent

state |α〉, defined as above unless the squeezing parameter q, the annihilation process

does not change the property of the state. In fact:

a |α〉 = a

[

exp

(

−|α|2
2

) ∞
∑

n=0

(α)n√
n!

|n〉
]

= exp

(

−|α|2
2

) ∞
∑

n=0

(α)n√
n!

a |n〉 =

= exp

(

−|α|2
2

) ∞
∑

n=0

(α)n√
n!

√
n |n− 1〉 = exp

(

−|α|2
2

) ∞
∑

n=0

(α)n
√

(n− 1)!
|n− 1〉 =

= exp

(

−|α|2
2

) ∞
∑

n=−1

(α)(n+1)

√

(n)!
|n〉 = α exp

(

−|α|2
2

) ∞
∑

n=−1

(α)n
√

(n)!
|n〉 =

= α

[

exp

(

−|α|2
2

) ∞
∑

n=0

(α)n
√

(n)!
|n〉
]

= α |α〉 ,

where the n = −1 eigenstate in the sum is set to zero since it has no meaning to consider

energy states lower than the ground state |0〉. As it can be noticed, the result is a

rescaling of the coherent state. Thus, such states are fairly robust upon perturbations.

In this framework, the n-th power of the self-similarity equation written above can be

recovered by the n-th application of the operator a to the coherent state |qα〉, and by

considering real qα:

〈qα|(a)n|qα〉 = (qα)n .
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The last equation gives the connection between the self-similarity relation and the co-

herent state formalism. Thus, scale-free properties in the PDS plots of β-cells membrane

potential can be linked to the formation of such coherent states characterising different

dynamical regimes, which are modulated by specific parameters such as glucose stimu-

lation and population size. The coherent state parallelism suggests that, as expected,

long-range correlations are implied in the emergence of organised bursting oscillation.

In confirmation to that, the correlation matrix computed from the simulated electrical

activity of a medium cluster (125 cells) shows high correlation levels at a glucose con-

centration evoking robust bursting (> 0.9). On the contrary, a low degree of correlation

is presented at sub-threshold stimulations (≃ 0.4), as it can be noticed in Fig. 5.11.

(a) (b)

Figure 5.11: Correlation matrix plots computed from simulated voltage times series
of mouse β-cells in a 5 x 5 x 5: (a) postprandial glucose concentration ([G] = 9.5mM),
(b) sub-threshold glucose concentration ([G] = 4.7mM). Axis labelling corresponds to
a sequential ordering of the cubic cluster from the bottom to the top.

5.4.2 Discussion

As mentioned above, β-cells in mouse islets show a coordinated electrical activity and

robust bursting oscillations in response to glucose stimulation. In confirmation of that,

experimental recordings show phase lags of only 1− 2 s between the glucose-stimulated

activity of cells located in opposite sites in the islet [51, 100]. In this framework, cells

communication via electrical coupling is a fundamental aspect in order to coordinate cells

activity. In fact, isolated β-cells, or islets lacking junctional channels, show an altered

glucose response and a significant loss of cellular synchronisation, that is a crucial aspect

for an oscillatory insulin release [58, 103]. In addition, experimental studies show that

glucose level itself seems to regulate cells synchronisation [112].
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With the use of a SRK model generalisation, the analyses presented above show that

the formation of coherent dynamical regimes could underlie such coordinated phenom-

ena. Specifically, membrane potential signals of cells within the simulated clusters show

scale-free characteristics in the frequency domain, that are regulated by specific system

parameters, such as glucose bath concentrations, and the number of units forming the

coupled multicellular system. PDS analysis shows that such self-similar behaviours are

observed in different frequency ranges, possibly suggesting that scale-free properties are

present at different dynamical scales of the system, connected to both stochastic chan-

nel gating and bursting dynamics. As shown above, self-similarity in the PDS has a

correspondence in terms of squeezed coherent states, usually adopted to describe high

correlated quantum systems [113, 114], so that a long-range correlated and robust elec-

trical response can be elicited by proper glucose stimulation (around ≃ 9mM), and in

clusters larger than a certain threshold (> 10 cells). As a confirmation of that, per-

turbations of the membrane potential V does not almost affect the slopes in the PDS

plots (as stated from slope values reported in Tab. 5.2), in line with the stability of

coherent states. Thus, HF and LF intervals show that a coherent dynamics is working

both at the single cell level and at the β-cell population level, as stated by the correspon-

dent time scales. It is important to note that the squeezed coherent state description

suggests a formal analogy between the biological system and quantum physics because

of specific characteristics of the emergent dynamics, i.e. self-similarity trends. Within

specific regimes, in fact, such parallelism exists although it is not trivial to give a direct

biological interpretation. However stochastic, coherent, and coordinated, dynamics is a

feature of β-cell activity. Indeed, a strong link between stochastic and quantum systems

exists [115], justifying such an approach.

With these assumptions, the clear change of the LF slope in PDS plots by varying control

parameters, i.e. cluster size and glucose, is reminiscent of phase transition phenomena

observed in many physical systems, such as financial stock markets, vehicular traffic,

earthquakes, and epidemics spreading [116–119]. Dynamics of these systems shows self-

organised criticality, in the sense that in particular conditions they operate around a

critical point so that small scales changes within the system can rapidly be reflected in

long range effects. In this framework, is here shown that such dynamics is present also

in β-cells coupled clusters. In particular, minimal changes in the HF slope at increasing

number of cells and glucose stimulation levels suggest that system dynamics at fast time

scales is mainly affected by intrinsic cell properties, and coherence may be linked to

intrinsic cellular processes. While the scale-free trend at low frequencies, comparable to

bursting time scales, indicates a coherent behaviour in cellular population, since bursting

oscillation emerges as a collective phenomenon in the analysed model. Its appearance

and variation in particular conditions are consistent with a phase-transition in the cluster
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behaviour (Fig. 5.9). At sub-threshold and high glucose stimulations, no detectable slow

oscillations can be observed; the same happens in small cell aggregates. In a suitable

glucose range, i.e. 5mM < [G] < 14mM , and in large enough clusters, a bursting regime

arises, as indicated by the LF peak at ≃ 0.07Hz. Such peak appears in combination with

a linear logarithmic decay of the voltage signal power density: the system switch from a

decorrelated dynamics to a correlated bursting response. In this sense, phase-transition

has to be understood in terms of a dynamical switch to a coherent slow oscillation

pattern (with a superimposed spiking activity) driven by selected parameters such as cell

numbers and strength of the interacting field, i.e. glucose bath. Taking this into account,

the studied phase transitions could be linked to the ones pointed out in other studies

on β-cells clusters (see ref. [82]). Specifically, authors have analysed the emergence

and suppression of the global electrical activity of multicellular systems composed by a

mixture of excitable and non-responsive cells coupled by a variable coupling strength,

with the aim to address the effect of mutant ion channels on the whole islet response. In

this comparison, results here presented obtained at different glucose concentrations can

be linked to the experimentally analysed case of Cx36 +/+ mouse islets, where the whole

cells population shifts from a silent to an active state (see Figs. 6 and S8 in the cited

reference) by modulation of the KATP conductance with the use of the channel opener

diazoxide. A critical transition arises by varying stimulatory conditions. Obtained scale-

free relation, its parallelism with the coherent state formalism, and the evidence that

suppression and emergence of correlated dynamics happen in a physiological range of

parameters support the idea of a system responding to the environment as a functional

unit where cellular dynamics shows self-organised criticality. In conclusion, operating

around critical points could be the best way to regulate a synchronised and fast response

to glucose inputs, leading to a proper insulin release from the whole islet. It is interesting

to note that self-organised criticality, coherence, and self-similarity properties can also

be found in the brain activity [114, 120–124].

Based on the SRK generalised model here presented, correlations in cells activity are

studied in Chapter 6 by taking into account intrinsic differences of islet architecture,

and hence β-cell clusters topology, between different species. The electrical response

of these complex cellular networks will thus be analysed in response of changes in the

coupling conductance strength and intrinsic cellular noise other than by vary glucose

stimulation, discussing evoked synchronisation patterns and critical behaviours from a

functional point of view.
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Chapter 6

Structural effects on mouse β-cell

networks activity

In the previous Chapter, has been introduced the SRK multicell model and its general-

isation, which was used to analyse coherent dynamics in mouse islets. This formulation

takes into account the important evidence that β-cells in the pancreatic islets are elec-

trically coupled. A consequent aspect that has to be considered in this context is the

cells arrangement in their biological environment, i.e. the islet structure. In fact, cells

disposition is crucial for the definition of nearest neighbours interactions ensured by gap

junction coupling. As anticipated in Chapter 3, such communications are a key aspect of

cell function, filtering noise induced by ion channels stochastic gating, homogenising cells

population, enhancing glucose responsiveness, and maximising insulin secretion and pul-

satility. Of course, also other pathways of communications can be established between

cells, i.e. diffusion of specific molecules in the extracellular space, but the direct electri-

cal coupling represents the more efficient and fastest way through which cells transmit

signals. Moreover, such coupling naturally implies a spatial organisation of cells, that

assemble in clusters of specific shapes and sizes. Thus, in order to describe such commu-

nicating network, it is necessary to analyse endocrine cell disposition within the islets,

the size of β-cells clusters, and their local architecture. In this Chapter such topological

aspects and their effects on β-cell emergent dynamics are analysed via mathematical

modelling.1

1The novel study here presented is reported in ref. [125].
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6.1 Pancreatic islets architectures

Several studies have highlighted that both islet composition and architecture differs con-

sistently from species to species [5], and can be hypothesised that such differences have

implications for the islet function [126]. Fig. 6.1 shows a phylogenetic tree representing

islet composition and cells disposition within the islets of different species.

Figure 6.1: Phylogenetic tree representing islet compositions and cells dispositions
within the islet of different species. From ref. [5].

It is worth noting that some species present a reversed disposition of islet cells compared

to other cases. For instance, the horse islet is characterised by a central core of α-

cells surrounded by a mantle of β-cells, with PP-cells and δ-cells placed in the islet

periphery. The mouse islet instead presents a central core of β-cells surrounded by a

mantle formed by other endocrine cells. The reason for such diversity is still not known,

but different development mechanisms during islets formation, as well as evolutionary

aspects involving different metabolic needs and diets, have been hypothesised [5]. Indeed,

several studies have shown islet morphological changes in response to conditions such

as pregnancy and obesity, highlighting the fact that the islet is a plastic system able to

adapt to environmental changes [127–129].

Because most of the published studies in literature regard mouse and human islets, only

these two islet structures are analysed in the following. As anticipated β-cells in the
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mouse are organised in a compact central cluster surrounded by the other islet cells.

About 60 − 80% of islet cells are β-cells, followed in fraction by the α (15 − 20%) and

δ-cells (< 10%). On the contrary, in humans β and α-cells fractions are much more

variable, with mean values of about 50% and 40% respectively, while δ-cells are about

10% of the islet cells [5, 126, 130]. Endocrine cells are not segregated in different areas

as in the mouse but are intermingled across the whole islet giving rise to an apparently

random configuration.

Figure 6.2: Histological sections of (A) human and (B) mouse islets, obtained by
confocal microscopy. Histological sections (8µm), magnification x40. From ref. [130].

In Fig. 6.2 are presented two confocal microscopy images showing both human and

mouse islet sections, from which is possible to appreciate the differences listed above.

These differences have a great impact on cellular communication, both with respect to

synchronisation induced by gap junctions coupling and with respect to paracrine inter-

actions. For instance, β-cells in the mouse islet show about 71% and 29% of homotypic

and heterotypic contacts respectively, while the 98% of α-cells contacts are heterotypic.

Instead in humans, the 71% of β-cells contacts are heterotypic, thus presenting an oppo-

site situation compared to the mouse. Such abundance of heterotypic interactions could

be due to different control mechanisms of insulin secretion, maybe requiring paracrine

signalling to achieve an optimal function. Such thesis is confirmed by recent studies

showing that α-cells in human islets can release acetylcholine and affect insulin secre-

tion via the muscarinic receptor on the β-cell surface, promoting IP3 production and

increasing intracellular calcium levels while this function is fulfilled by cholinergic inputs

in mouse [131].

Unfortunately, because of a lack of data, it is still not possible to build a model com-

prising all the complex feedbacks and communication pathways observed in pancreatic

islets. Moreover, the interest is not to analyse paracrine effects but to study the im-

pact of these different architectures in the synchronisation of electrically coupled β-cells.
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Such purpose is also motivated by the evidence of gap junctions in human islets (see

Chapter 7 for further details on gap junctions in human islets), suggesting that electrical

coupling may be the primary way to synchronise cells activity also in this case. On this

basis, the work presented in the following aims to study the spatiotemporal behaviour

of the emergent bursting activity, via the generalisation of the SRK model described in

Chapter 5.

6.1.1 Architecture modelling

In line with the analyses presented in Chapter 5, a mouse pancreatic islet can be rep-

resented by a three-dimensional cubic grid of cells. In this configuration, considering a

three-dimensional Von Neumann neighbourhood, all cells in the core have 6 neighbours,

in agreement with published data of electrical coupling in rodents. In fact, some studies

based on Lucifer Yellow dye diffusion pointed out a value of 2 − 5 neighbours per cell

[132, 133], but such values are probably underestimated because of the limited perme-

ability of the junctional channels to cationic compounds. While a recent study based on

electrophysiological measures on mouse islets found a number of 6 − 7 neighbours per

cell, moreover verifying the limited diffusion of the Lucifer Yellow dye through Cx36 gap

junctions [134]. Other modelling studies are instead based on a hexagonal packaging

of the cells, where each single unit connects to 12 neighbours [135]. Confirmations of

such a large number of neighbours have not been found in the literature. Although,

considering that experimental observations on mouse islets pointed out that 33% of ad-

jacent β-cells are not coupled together [68], by taking into account missing couplings the

hexagonal cells arrangement can reproduce a number of neighbours close to the mea-

sured value (≃ 8). However, in line with other modelling studies [94, 95], a compact

cubic structure is used in the following to investigate emergent dynamics of mouse-like

β-cells aggregates.

The human islet modelling needs instead special cares in order to correctly reproduce

the apparently random distribution of cells. Specifically, taking into account only the

β-cells, the human islet can be viewed as a percolated structure. Such β-cell network can

be thought to be generated from a compact structure (the islet), by random deletion of

cells, i.e. the non β-cells, thus resulting in a non-compact structure. Percolation theory

has been widely used and applied in different fields, such as diffusion in porous media,

glass transitions, galaxies formation, phase transition on complex networks [136], and

can be used in this case to model the sparse β-cells arrangement in humans.

Consider a regular three-dimensional cubic lattice where the cells are located on the grid

intersections (sites) and where the lines represent connections between cells (bonds).
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Percolation can be performed both on the sites (site percolation), i.e. by eliminating

the nodes of the grid, or on the bonds (bond percolation), i.e. by eliminating con-

nections between cells. Elimination of sites or bonds takes place with a probability p

defined as “percolation probability”. For p = 0 the grid is empty or the sites fully de-

coupled. By increasing p, small coupled sub-clusters can be observed, and at a critical

value pc a coupled cluster, spanning the whole domain, appears. Such value is called

“percolation threshold” and the spanning structure takes the name of “percolating clus-

ter”. Increasing further p, reduces the number of clusters which become bigger, and for

p = 1 the regular lattice grid can be recovered. An example performed on a regular

two-dimensional lattice is described in Fig. 6.3.

(a) (b) (c) (d)

Figure 6.3: Site-percolation on a two-dimensional regular lattice: (a) p=0.5; (b)
p=0.6; (c) p=0.8; (d) p=1. The bigger connected cluster is coloured in blue.

Based on this approach, a site percolation can be adopted to simulate the human islet

random arrangement, starting from an appropriate compact grid. In Fig. 6.4 the whole

procedure is shown. In this analysis a regular 10 x 10 x 10 lattice is taken into account,

and the percolation probability is set at ps = 0.54. These choices are in line with

the real islet size (thousands of cells), and with the mean fraction of β-cells in human

islet (54%). Such fraction is also the probability of site occupancy in the percolation

process (since sites occupied by α and δ-cells can be viewed as empty). This procedure

mimics a random arrangement of β-cells within the islet but doesn’t take into account the

probability of missing coupling between cells. As stated before, measurements performed

on mouse islets show that not all adjacent cell are effectively coupled together. Due to

its compactness, the mouse structure is probably insensitive to such fraction of missing

couplings, but translating this finding on human islets, where cells have fewer neighbours

compared to the mouse, such evidence can have a significative impact on the cluster

response. Thus in order to obtain a final representative picture of the human islet, a

bond percolation process with a value pb = 0.67 is further performed, besides the site

percolation already described. To note that bond percolation on compact structure has

already been used in computational studies on mouse islet to study the dependence

of calcium wave propagation on islet connectivity [100], while a combined site-bond

percolation is adopted in the present study to build a human-like β-cell cluster.
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Figure 6.4: Human islet modelling via percolation on compact cubic cluster: starting
10 x 10 x 10 cluster (left), intermediated structure formed by decoupled clusters (center),
largest component (260 cells) of the human-like islet (right).

Resulting structure (central cluster in Fig. 6.4) it is composed of several decoupled

components. Since these are physically disconnected, the interest is to analyse syn-

chronisation patterns within a representative sub-cluster, analysing changes in electrical

response due to the non-compact architecture. For this purpose, the bigger sub-cluster

(260 cells) is finally extracted from the human-like islet (right cluster in Fig. 6.4). Such

architecture presents a mean degree, i.e. a mean number of neighbours per cell, of 2.26,

and a maximum value of 5 neighbours. The last is in line with the only reported value

of neighbours in human islets measured from diffusion of EB [137], although mean value

is considerably lower compared to reported measurements. Thus, analysis performed

in the following with such architecture should be validated in future studies in light to

more comprehensive histological investigations, fully addressing human β-cell network

topology, avoiding possible underestimation of connectivity by considering other cells

packaging or percolation procedures.

In their original work Sherman at al. [33, 94] investigated the emergence of organised

bursting by increasing the number of coupled β-cells in the cluster while the aim of

this study is to characterise the effect of topology on the electrical behaviour. For this

purpose, a compact cluster and a linear chain with the same number of cells are here

modelled to compare the percolated network response with a case resembling the mouse

architecture, and with a degenerate case usually adopted to analyse complex dynamics

of coupled oscillators. In order to construct the compact cluster, a 7 x 7 x 7 grid is

sequentially filled with cells, stopping the cluster construction once the desired number

of units is reached. In Fig. 6.5, a representation of the three final architectures, to be

analysed with the generalised SRK multicell model, is given.

Tesi di dottorato in Ingegneria Biomedica, di Alessandro Loppini, 
discussa presso l’Università Campus Bio-Medico di Roma in data 06/04/2016. 
La disseminazione e la riproduzione di questo documento sono consentite per scopi di didattica e ricerca, 
a condizione che ne venga citata la fonte.



Chapter 6. Structural effects on mouse β-cell networks activity 74

Figure 6.5: Modelling of β-cells clusters topology: linear chain (left), percolated
cluster (center), compact cluster (right).

6.2 Functional network: a synchronisation measure

Synchronisation analysis is based on a “functional network” approach. A functional

network it’s different from the underlying physical network, and describes system in-

teractions on the basis of nodal activities correlation. Thus, two cells in a functional

network are coupled if their activity is sufficiently correlated, without considering the

actual physical interactions. This method is usually applied to the analysis of brain activ-

ity, studying functional networks computed on the basis of experimental spatiotemporal

data from fMRI (functional Magnetic Resonance Imaging), EEG (Electroencephalogra-

phy) and MEG (Magnetoencephalography) [138–140]. Only recently it has been applied

to the pancreatic islets [112, 141]. Therefore the functional network analysis, used here

to study synchronisation patterns, can also be used to inferring system structure from

the functional one, being the latter the only one accessible from experiments most of the

times. Functional network construction in this study is based on the correlation coeffi-

cient Rij between all pairs of β-cells in the cluster, computed on the voltage membrane

signals resulting from model simulations:

Rij =
〈 (Vi (t)− 〈Vi (t)〉) (Vj (t)− 〈Vj (t)〉) 〉

σiσj
,

where σi is the standard deviation of Vi (t). A link between separate cells is added if the

temporal correlation of their electrical signals is greater than a threshold value. Follow-

ing Stožer et al. [112], this value is here set to 0.8, in order to consider the strongest

correlations. Thus, the obtained functional network codes informations on cells synchro-

nisation across the whole cluster. Since, synchronisation properties change with respect

to operating conditions, i.e. model parameters, functional networks have a dynamical

topology. The study of this varying topology, with the use of the standard statistics usu-

ally adopted in the complex network theory, permits to characterise variations in β-cells

coordination at different operating regimes. For completeness a list of the observables
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used in the analysis are given in the following (see ref. [142, 143]): i) the degree of the

ith-node (number of neighbours for each cell) k =
∑

j aij , where aij is the adjacency

matrix encoding the topological information of the cluster; ii) the degree distribution

computed from the nodes frequency in the network, P (k) = Nk

N , where N is the total

number of nodes and Nk is the number of nodes with degree k; iii) the cumulative de-

gree distribution Pcum(k) =
∑∞

k′=k P (k′); iv) the average nearest-neighbour degree as a

function of k, i.e. knn(k) =
1
Nk

∑

i,ki=k knn,i, where knn,i =
1
ki

∑

j aijkj , that is the aver-

age degree of the nearest-neighbours for the node i; v) the average clustering coefficient

C = 1
N

∑

i ci =
1
N

∑

i
2ei

ki(ki−1) , where ei are the number of edges in the subgraph of the

neighbours of i, and ki(ki − 1)/2 is the maximum number of edges in the subgraph.

6.3 Structure-function coupling analysis

In Fig. 6.6, the voltage times series, computed with the use of the generalised SRK

model, are shown. In this case the clusters are stimulated by a glucose concentration

higher than stimulation threshold ([G] ≃= 7mM , i.e. kCa = 0.03ms−1 in the model),

and the gap junction conductance is set at the physiological mean value (gc = 215 pS). It

is clear that the network topology affects electrical oscillation robustness, with increasing

disruptive effect of noise for decreasing compactness of the cluster. This behaviour is

due to the “channel sharing” phenomena described by Sherman et al. [33], although

in this case the emergent bursting in not affected by the number β-cells in the cluster,

but depends on the local connectivity of cells, being the number fixed. The functional

network procedure described above is now adopted to study spatial coordination and

cell synchronisation. In Fig. 6.7 the obtained results are shown, i.e. the surface plots

of the [Ncell xNcell] correlation matrix computed from the simulated voltage time series,

the associated functional networks and the space-time plots of the electrical activity.

In the linear chain, the space-time plot (Fig. 6.7(a)) shows a short-range synchroni-

sation, with several excitation waves arising from different points in space and time,

occasionally colliding. This evidence is supported by the structure of the functional net-

work, which presents a mean node degree equal to 4 for the central cells of the chain. The

compact cluster shows instead an opposite behaviour (Fig. 6.7(c)), where the space-time

plot of the voltage reveals quasi-horizontal bands highlighting a long-range synchronised

bursting. The x-axis of this specific plot represents a sequential ordering of the cluster,

from the bottom up to the top. In this case, the functional network is characterised by a

fully coupled topology, thus correctly captures the globally synchronised activity of the

compact structure. The percolated cluster shows an intermediate behaviour compared
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Figure 6.6: Membrane potential time series of a representative cell within the three
clusters shown in Fig. 6.5: linear chain (top, in red), percolated structure (middle, in
blue), compact cluster (bottom, in black).

Figure 6.7: Correlation matrix (top row), functional networks (central row), and
space-time plots (bottom row) computed on β-cells membrane voltage for each simu-
lated topology: (a) linear chain, (b) percolated cluster, (c) compact cluster. In simula-
tions gc = 215 pS and [G] = 7.1mM . Color code of the percolated functional network
identifies the corresponding cell subpopulations in the space-time plot.
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to the linear and the compact case. In this case, the functional network presents a mod-

ular topology, characterised by at least 4 subpopulations (Fig. 6.7(b)). Spatial ordering

in the space-time plot has been performed based on these functional modules without

taking care of the internal structure of each module, being that the more efficient way

to order unidimensionally such system. Interestingly space-time plots reveal the pres-

ence of an out-of-phase bursting and a synchronised activity within each module, and

since it is derived from the functional network topology, validates the functional network

approach.

It is now interesting to characterise the sensitivity of these functional topologies, to spe-

cific model parameters that are related to the operating conditions of the β-cell clusters.

Specifically, it is of interest to analyse synchronisation patterns for different glycemic

conditions, coupling conductances, and noise levels, trying to characterise bursting ro-

bustness in response to such variations. These analyses are described in the following.

6.3.1 Coupling strength effect

Considering that some pathological states can have a negative effect on β-cells gap junc-

tion coupling, it is significative to address the impact of the loss of coupling on the elec-

trical activity. At instance, downregulation of Cx36 in glucotoxic islet environment, i.e.

in prediabetic or diabetic states, is likely to have a deleterious effect on cells synchronisa-

tion. The study of functional networks by varying the coupling strength, can elucidate

synchronisation patterns in such pathological scenario. The three clusters described

before are now studied at four values of coupling strength gc = 100, 215, 300, 400 pS,

keeping fixed the stimulating glucose concentration [G] ≃ 7mM . In Fig. 6.8, simula-

tions results in terms of functional networks are shown. β-cells in the percolated and

the linear cluster, at low values of coupling (gc = 100 pS), do not present correlated

activity and a functional disconnection of the cluster can be observed. The compact

structure instead seems to be more robust, showing high synchronisation levels also

with low coupling strengths.

Increasing gc at the physiological values leads to a functional connectivity increase in all

the three cases analysed, recovering the analysis previously described. It is interesting

to note the emergence of such strongly interconnected functional communities from a

small number of physical connections. Increasing further gc over the physiological mean

evokes as expected an increasing in the connectivity of the functional networks. Such

evidence implies a higher degree of synchrony but is not necessarily beneficial for the

islet’s global activity. Synchronisation in the compact cluster is not affected by such
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Figure 6.8: Computed functional networks at fixed glucose concentration ([G] =
7.1mM) and increasing coupling strength: (a-d) gc = 100, 215, 300, 400 pS. Top:
linear chain. Center: percolated cluster. Bottom: compact cluster.

increments, showing a fully synchronised state also at a lower coupling, but the human-

like cluster, for instance, loses its modularity observed at physiological values of coupling,

maybe losing a required property for optimal functioning of the islet. The clustering

coefficient of the functional networks computed at different values of gc is reported in

Tab. 6.1, and quantify the described increasing in the correlation of cells activity. The

higher is the clustering, the more compact is the functional network, thus indicating

synchronisation in this context.

For the non-trivial percolated case, it is interesting to compute other statistics of the

network to grasp fully correlations properties. In Fig. 6.9, the degree distribution P (k),

the cumulative distribution, and the average nearest neighbours degree (AVNND) of the

functional network are reported. For the mean physiological value of coupling, results

show that P (k), and thus Pcum(k), follow a trend comparable to log-normal/power law

decay, indicating strong inhomogeneities in correlated activities, and possibly suggesting
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Table 6.1: Clustering coefficient of functional networks computed at increasing cou-
pling strengths ([G] = 7.1mM). N600: simulations performed with 600 stochastic K-Ca
channels per cell. N300: simulations performed with 300 stochastic K-Ca channels per
cell.

gc [pS]
Linear Percolated Compact

N600 N300 N600 N300 N600 N300
100 0.00 0.00 0.06 0.00 1.00 0.86
150 0.00 - 0.26 - 1.00 -
215 0.50 0.00 0.72 0.24 1.00 1.00
250 0.50 - 0.73 - 1.00 -
300 0.56 0.01 0.74 0.41 1.00 1.00
350 0.61 - 0.78 - 1.00 -
400 0.63 0.51 0.80 0.70 1.00 1.00

that normal functioning of such architecture is regulated around a criticality point. The

computed AVNND as a function of k, show an increasing trend moreover. This behaviour

indicates assortative mixing properties, meaning that nodes with a certain degree, i.e.

cells with a given number of neighbours, are more likely to be connected to nodes with

the same degree. Such behaviour can be related to the fact that synchronisation emerges

initially within of small communities, which merge by increasing the coupling strength.

Plateau value of AVNND at high values of coupling, presented after a cut-off k ≃ 30, is

probably due to finite-size effect.

Figure 6.9: Degree distribution of functional networks (FN) computed from the
percolated cluster activity. Simulations performed by varying the coupling con-
ductance (gc = 100, 215, 300, 400 pS), and keeping fixed the glucose concentration
([G] = 7.1mM). A smoothing kernel was used for the normalised histograms fitting.
N600 and N300 denote results from simulations performed with 600 and 300 stochastic
K-Ca channels per cell, respectively. AVNND: average nearest neighbours degree.
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6.3.2 Glucose effect

β-cells electrical activity changes in response to glucose concentrations, showing silent

states, normal bursting and continuous bursting. A consistent effect of such variations

on emergent synchronisation is expected (as it was shown in the coherence analysis in

Chapter 5). Therefore in this analysis, the functional networks are studied at a fixed

value of coupling strength (gc = 215 pS), and at different glucose concentrations [G] =

4.7, 8.7 , 12.7 , 16.6mM , from the sub-threshold stimulation, up to the concentration

evoking sustained activity.

Figure 6.10: Computed functional networks at fixed coupling strength (gc = 215 pS)
and increasing glucose concentration: (a-d) [G] = 4.7, 8.7, 12.7, 16.6mM . Top: linear
chain. Center: percolated cluster. Bottom: compact cluster.

In Fig. 6.10, the computed functional networks for the linear chain, percolated and com-

pact clusters are presented. For each of the three cases, at sub-threshold glucose levels,

β-cells activity is decorrelated as in the case of low coupling. Similarly, no synchro-

nisation is observed at high glucose stimulatory concentrations. Interestingly, optimal

values of the functional connectivity are achieved at intermediate glucose levels, as it
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can be seen qualitatively from the networks shown in Fig. 6.10, and quantitatively from

the clustering coefficient values reported in Tab. 6.2. Thus, results suggest an optimal

range of glucose ensuring a synchronised activity. Such range is greater in the compact

case and shrinks progressively in the percolated cluster and the linear cluster. Also in

this analysis, it is interesting to expand the study of the functional network statistic the

for percolated structure. The cumulative probability distribution Pcum(k) was not com-

puted because of the small number of samples. Results presented in Fig. 6.11 show that

both assortative mixing property and inhomogeneity are conserved in the intermediate

glucose range previously identified. This evidence could imply that also glucose regu-

lates cells emergent activity around a critical point, in terms of β-cells synchronisation.

Strikingly, the glucose range optimising synchronised behaviour is consistent with the

glucose peak usually observed after a meal.

Table 6.2: Clustering coefficient of functional networks computed at increasing glucose
concentrations (gc = 215 pS). N600: simulations performed with 600 stochastic K-Ca
channels per cell. N300: simulations performed with 300 stochastic K-Ca channels per
cell.

Glucose [mM ]
Linear Percolated Compact

N600 N300 N600 N300 N600 N300
4.7 0.02 0.00 0.03 0.17 0.00 0.00
6.7 0.51 - 0.71 - 1.00 -
8.7 0.03 0.00 0.47 0.21 1.00 1.00
10.7 0.00 - 0.18 - 1.00 -
12.7 0.00 0.00 0.03 0.00 0.97 0.00
14.6 0.00 - 0.00 - 0.00 -
16.6 0.00 0.00 0.00 0.00 0.00 0.00

6.3.3 Noise effect

In Chapter 3 the stochastic process underlying channel gating was discussed. This phe-

nomenon induces an intrinsic noise in β-cell oscillators, which it is likely to have an

impact on the clusters synchronisation since it affects membrane voltage oscillations.

Noise-induced fluctuations in macroscopic currents are dependent both on single chan-

nel properties and on the number of ion channels. In order to study noise impact on

functional networks, the same analyses described above are now performed with a re-

duced population of K-Ca channels (reduced to 300) respect to the original model. This

setting has the effect to enhance noise levels by increasing the amplitude of the jumps

in the gK−Ca conductance. In Fig. 6.12, the functional networks computed at a fixed

value of glucose, and in the range of gc given previously, are shown. Related clustering

coefficients are reported in Tab. 6.1.

As it can be seen, the compact cluster is still able to reach a fully synchronised activity

at a physiological value of gc, losing a small fraction of functional connections at lower
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Figure 6.11: Degree distribution of functional networks (FN) computed from the
percolated cluster activity. Simulations performed by varying the glucose concentration
([G] = 4.7, 8.7, 12.7, 16.6mM), and keeping fixed the coupling strength (gc = 215 pS).
A smoothing kernel was used for the normalised histograms fitting. N600 and N300
denote results from simulations performed with 600 and 300 stochastic K-Ca channels
per cell, respectively. AVNND: average nearest neighbours degree.

values of the coupling. Linear and percolated cluster are not able to reach a high

degree synchronisation, showing that doubled values of conductance are needed to reach

same values of functional connectivities respect to the 600 K-Ca channels case. Varying

glucose level and keeping fixed gc, show similar behaviours. In Fig. 6.13 and in Tab. 6.2,

the computed functional networks and clustering coefficients are presented respectively.

As it can be noticed, specific ranges of glucose maximising cells synchronisation are

still present. However, increased noise perturbations have a shrinking effect on these

ranges, and reduce the level of synchronisation compared to the less noisy case. Degree

distribution computed for the percolated cluster, shown in Figs. 6.9 and 6.11, also

confirm that inhomogeneity of the functional network is still observed at coupling values

almost doubled respect to the physiological mean, and for glucose concentrations [G] ≃
8 − 9mM . Thus, functional networks properties seem to be robust respect to noise

perturbations despite a lower correlation in the electrical activity is reached.

6.4 Discussion

Networks topology of electrically coupled β-cells differs from species to species [5, 126].

Such differences depend both on the β-cells arrangement within the islet, and on the

islet composition. Moreover diabetic states can alter significantly the islet topology, i.e.
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Figure 6.12: Computed functional networks at fixed glucose concentration ([G] =
7.1mM) and increasing coupling strength: (a-d) gc = 100, 215, 300, 400 pS. Simula-
tions performed by setting the number of K-Ca channels to 300, in order to increase
noise strength. Top: linear chain. Center: percolated cluster. Bottom: compact clus-
ter.

the loss of β-cells observed in Type 1 and 2 diabetes can be thought to have an impact

both on the number of nodes and on the connectivity of the network, with dramatic

effects on insulin release. The original SRK study and other published generalisations

were mainly devoted to analyse emergent bursting and synchronisation in β-cells com-

pact cluster, mimicking mouse architecture, by changing the number of clustered units

[33, 94]. The aim of the presented work is instead to analyse electrical behaviours of

clusters characterised by the same number of cells and different topologies, studying

synchronisation sensitivity respect to model parameters changes. In this context, it is

fundamental to analyse compact and percolated topologies that mimic β-cells architec-

ture in mouse and human islets, while the linear arrangement is a degenerate case usually

adopted to study coupled oscillators, and possibly reflecting hypothetical scenarios of

low connectivity configurations in pathological states. Thus, functional networks are

used to establish a link between structure and function, in terms of correlated electrical
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Figure 6.13: Computed functional networks at fixed coupling strength (gc = 215 pS)
and increasing glucose concentration: (a-d) [G] = 4.7, 8.7, 12.7, 16.6mM . Simulations
performed by setting the number of K-Ca channels to 300, in order to increase noise
strength. Top: linear chain. Center: percolated cluster. Bottom: compact cluster.

activity. Such approach is useful both to characterise the spatiotemporal behaviour of

the islet and would permit to validate the results against functional networks constructed

from islet experimental data [112].

Results show that linear arrangements ensure a synchronised cellular activity only in a

radius of about two cells. In contrast, gap junctions interactions are enough to reach

a fully synchronised state in the compact cluster. Such feature is in line with pub-

lished studies reporting an in-phase burst across the whole mouse islet [51, 54, 144].

Percolated clusters resembling β-cells arrangement in humans show instead intermedi-

ate emerging behaviours, characterised by differently synchronised areas. Out-of-phase

bursting found in this case, suggests a limited synchronised activity in physiological con-

ditions, coherently with experimental recordings of intracellular calcium concentrations

of β-cells within human islets [126]. Specifically, results show that β-cell networks in

human could be characterised by a functional modularity, a feature strictly connected
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to system robustness against perturbations [145], for instance, altered nodes dynamics

or environmental changes. Specifically, as it was pointed out by Scheferr et al. [146],

heterogeneous and modular networks show a high degree of resilience and the capacity

to avoid abrupt change of the system functionality in stress conditions. In contrast,

homogeneous and highly clustered networks are only apparently robust respect to per-

turbations, giving rise to a catastrophic collapse of the system until a certain threshold

of stress, compromising the whole network function. In this perspective, human islet

architecture could respect this design paradigm. Lower values of coupling functionally

disconnect the cluster, while higher values increase the connectivity, although affecting

the modularity observed at physiological values of gc. Therefore, an optimal value of

coupling strength can be needed to maintain functional features of this system. Study-

ing clusters activity by varying the stimulating glucose concentrations further shows

that also an optimal glucose range is required to achieve appropriate synchronisation of

cells. Sub-threshold and high concentration stimulations cause an asynchronous β-cell

activity in each of the three cluster analysed. Interestingly, glucose range ensuring such

synchronisation is consistent with the glucose peak usually observed after meal [147, 148].

Concerning the compact architecture, these observations can be discussed in comparison

to experimental functional networks analysed in refs. [112, 141], reconstructed from in-

tracellular calcium imaging of β-cells in mouse pancreatic tissue slices. In line with the

emergent synchronisation observed in the modelling study here presented, experimental

functional networks statistics support a progressive emergent coordinated behaviour at

increasing glucose concentrations (fig. 6 in ref. [141]). Unfortunately published experi-

ments analyse stimulatory glucose concentrations up to 12mM and, therefore, it is not

possible to compare the results obtained with the model at higher glucose concentrations

evoking a continuous bursting response, where model results suggest a decorrelation in

the electrical activity (Tab. 6.2). In the glucose range 6−12mM , statistics of functional

networks computed with the model present sharper transitions and different thresholds

compared to experimental ones, which can be ascribed to different aspects. For in-

stance, at low glucose concentrations (≃ 7mM), the results here presented highlight a

fully synchronised response in contrast to experimental observations that show a low

degree of synchrony. Such discrepancy can be due to a different activating threshold of

the modelled β-cells with respect to the analysed mouse islets, i.e. over 7mM glucose in

experiments (fig. 1 in ref. [141]) and ≃ 5.5mM in the adopted model. In addition, β-cell

clusters are here modelled to respond homogeneously to glucose stimulation, giving rise

to the rapid increase in the clustering coefficient at over-threshold stimulatory concen-

trations, and thus evoking a sharper transition compared to experimental observations

at increasing glucose. Furthermore, the different connectivity of the cellular structures

may have a role in the observed difference. Concerning this, it has to be noticed that ex-

perimental measurements reported in the cited studies are performed on pancreas slices
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that limit the β-cell connectivity naturally expressed in the whole islet. It is likely that

this aspect has an effect on the global synchronisation, on the homogenisation of cellular

response, and consequently on the sharpness of the observed transition, and it can also

explain the higher values of the global clustering coefficient obtained in the model. In

this sense, not considering the three-dimensional structure can severely limit the possible

pathways through which cells could correlate their activity. Discussed aspects could also

motivate the small-world property of the functional networks reconstructed by Stožer et

al. [112], and Markovič et al. [141], instead of the complete functional graph obtained

via the model. Small-world property emerges in fact from a combination of local and

long-range interactions, and it can be viewed as a property of networks that are neither

completely regular, neither random. Long-range functional connections in experimen-

tal observations could be due to β-cells showing similar sensitivity to glucose although

not directly coupled while short-range links are very likely due to local communication

ensured by the structure. The limited homogenisation of cellular response in tissue

slices may in principle prevent the appearance of fully coupled functional units as in

the model, although conserving long range links between cells showing similar intrinsic

dose-response characteristics and electrophysiological parameters. Of course, the model

itself probably overestimates cellular connectivity since the compact structure does not

take into account some morphological aspects of real islets, such as blood vessels, miss-

ing contacts, and possible scattering of other cell types within the β-cell cluster. Future

studies should be therefore devoted to analyse functional networks taking into account

these architectural constraints.

The analysis of functional network statistics from percolated cluster enlightens other

interesting properties. Average nearest neighbours degree distributions point out an

associative behaviour, where synchronisation seems to come out as a nucleation-like

process. For instance, at low values of coupling, low degree nodes are more likely to be

connected to low degree nodes, describing a scenario where cells start to be synchro-

nised in small clusters. By increasing the coupling, these synchronised clusters increase

in size. Finally, for gc higher than the physiological mean, high degree nodes and a

plateau region in knn(k) appear, suggesting that the system is moving towards a global

synchronisation. Degree distributions further show that physiological values of gc, and

postprandial glucose concentrations, induce a scale-free-like topology of the functional

network. In order to understand this emergent property, it is useful to recall that the

adopted human architecture comes from a site-bond percolation process on a regular

three-dimensional lattice, with the particular choice p∗s = 0.54, p∗b = 0.67. Numerical

studies on site-bond percolation show that, in the case of cubic lattice, the point (p∗s, p
∗
b)

is very close to the percolation threshold curve in the pspb plane [149]. As anticipated

previously, in percolation processes performed on infinite lattices, a connected cluster
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spanning the whole lattice appears at this threshold, and a phase transition can be ob-

served. It’s interesting to note that fractal shapes with self-similarity properties can

arise at this critical point. Therefore, the scale-free-like topology of the functional net-

work could be due to the underlying self-similar topological structure. Such property

can then be enhanced or disrupted by variations of model’s parameters, i.e. β-cells

operating conditions. Many biological systems can be described by scale-free networks,

i.e. metabolic reaction networks, gene regulatory circuits, and the brain [150–152]. Our

findings possibly suggest that β-cells in human islet can be added to this list, although

such findings should be validated in the future with further topological descriptors of the

networks such as the characteristic path length (or average shortest path), eccentricity

and centrality not analysed here.

Finally, the analyses performed with increased noise levels show that induced perturba-

tions can considerably desynchronise cells activity in all the clusters analysed. However,

topological features of the functional networks seem to be qualitatively conserved for

both the human-like and mouse-like architecture, indicating a robustness of the system

and conservation of synchronisation patterns.

In conclusion, compact and percolated β-cells clusters correctly describe coordinated cel-

lular activity observed in mouse and human islet network. In this context, the adopted

method permits to translate the spatiotemporal analysis of electrical activity to a topo-

logical study of the computed functional networks. Such approach highlighted the link

between the structural architecture of β-cell aggregates and functionality, analysing this

correspondence by varying selected control parameters. Since the purpose of the study

was to show differences in emergent activity induced solely by cells network topology, the

SRK generalised electrophysiological model was used to reproduce both mouse and hu-

man β-cell behaviour. In this framework, emergent synchronisation patterns are mainly

due to the different filtering effect induced by the local connectivity with respect to noise

fluctuations (“channel sharing” [33, 94]). It would be of interest to expand this study

to the case of deterministic heterogeneous models of mouse β-cells, and to electrophys-

iological models fine-tuned on the human case. In fact published literature shows that

humans present some differences in ion channels and currents involved in the membrane

potential dynamics compared to the mouse (see Chapter 7). Such differences are also

reflected in the emergent electrical activity. Thus, both architectural constraints and

different sub-cellular processes can be thought to have an effect on bursting oscillations,

cell synchronisation and insulin release.

It is worth noting that in the study here discussed the underlying architecture is stud-

ied against a functional network constructed via a descriptor of cells electrical activity

correlation encoding informations of the emergent global synchronisation. Thus, the
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aim is to analyse the parallelism between the system architecture and its capacity to

evoke partial or global β-cells coordination. Results highlight that nearest neighbour

interactions can give rise to more complex functional connections and this aspect has

to be considered in experiments describing biological networks with the same statistical

measures. Such an approach should be extended to a reverse engineering problem able

to enlighten causality relations in the functional analysis, inferring properties of the un-

derlying physical structure of connections [153–155]. This aspect is crucial to study in

details the connection between the structure and the function of systems composed of

a large number of interacting units (nodes), taking a particular relevance in biological

systems [156, 157].

In the following chapter, human β-cell electrophysiology will be discussed in order to

introduce a mathematical model able to analyse specifically gap junction coupling effect

in this case.
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Chapter 7

β-cells electrophysiology in

human

7.1 β-cell electrical activity in human

Glucose-stimulated insulin secretion in human β-cells presents similar pathways com-

pared to rodents, but also considerable differences. For instance, glucose uptake in

human β-cell is regulated to the GLUT1 and GLUT3 transporters while GLUT2 is the

predominant transporter in the mouse. Different kinetics parameters of these trans-

porters imply functional consequences in terms of plasma glucose concentrations in fast

and postprandial conditions. In human β-cell, the glucose stimulation threshold is lower

than the value observed in mouse, i.e. about 3mM and 6mM respectively, and the

half-maximal stimulation is shifted at ≃ 6mM (11mM in mouse). As in mouse, K-

ATP channels are involved in the control of the electrical activity. Resting potential

in non-stimulatory glucose concentrations (< 1mM) is −70mV , with a resting mem-

brane conductance value equal to 60 pS pF−1. At glucose concentrations higher than

the stimulatory threshold (6mM), resting conductance reduces of about 70%, inducing

cell depolarization. Once the membrane potential reaches the threshold of −60mV , a

regenerative electrical activity is triggered. Compared to mouse, human β-cells electrical

activity is more variable, showing both bursting pattern, and spiking oscillations with ac-

tion potentials firing from a baseline of about −50mV [158]. In Fig. 7.1, representative

electrical patterns are reported.

Such differences are mainly due to the expression of different types of ion channels in

human, some of which are not present or almost inactive in the mouse. In the following

are listed main ion channels and currents involved in human β-cells electrical activity.

Tesi di dottorato in Ingegneria Biomedica, di Alessandro Loppini, 
discussa presso l’Università Campus Bio-Medico di Roma in data 06/04/2016. 
La disseminazione e la riproduzione di questo documento sono consentite per scopi di didattica e ricerca, 
a condizione che ne venga citata la fonte.



Chapter 7. β-cells electrophysiology in human 90

Figure 7.1: Glucose induced electrical activity in human β-cells. (a) Electrical activ-
ity in a β-cell within an intact islet, stimulated by glucose 6mM . Dashed lines highlight
the decrease in action potential amplitude due to voltage and calcium-dependent inac-
tivation of Na+ and L-type Ca2+ currents, respectively. (b) Action potentials and fast
bursting in β-cells exposed to 6mM glucose. (c) Intracellular calcium oscillation in a
small cluster of human β-cells exposed to 6mM glucose. From ref. [158].

7.1.1 K-ATP channels

These metabolically regulated channels are highly selective for potassium and are in-

hibited by micromolar concentrations of ATP. High concentrations of ADP disinhibit

the channels. Thus, as in mouse, such channels are regulated by submembrane levels of

both ATP and ADP and respond to sulfonylureas with activity inhibition.

Published data from Misler et al. [159] show a single channel conductance of 17 pS with

an extracellular-like solution, and an increase to 60 pS with isotonic KCl solution, in line

with mouse data discussed in Chapter 4. About ≃ 40− 50 channels are open in glucose

concentrations of ≃ 3mM , while raising glucose level up to 6mM , reduces the mean

activity by ≃ 60%, suggesting a contribution of about 150 pS in the total membrane

conductance (at 6mM glucose). [159]
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7.1.2 Voltage-gated Ca2+ channels

In contrast to mouse, human β-cells express T-type calcium channels. Current flowing

through these channels activates at membrane potentials over −60mV reaching a peak

of 3.5 pApF−1 at −30mV . T-type channel presents voltage-dependent inactivation,

that is half-maximal at −65mV , and characterised by a time constant of ≃ 40ms at

−50mV , which decreases at higher membrane potentials. Low-voltage-activated T-type

current responds to low concentration of Zn2+ and its inhibition stops actions potential

firing.

In addition, high-voltage-activated L-type and P/Q-type calcium channels also con-

tribute equally (≃ 40%) to the whole-cell calcium current. Activation of high-voltage

activated Ca2+ is fast (< 5ms) for depolarizations higher than −40,mV . L-type chan-

nels present calcium-dependent inactivation, characterised by a time constant of 40ms

at 0mV . Inhibition of L-type and P/Q-type currents, respectively by isradipine and

ω-agatoxin, abolishes insulin secretion at 6mM of glucose concentration. Interestingly,

isradipine stops action potentials firing, while ω-agatoxin have a weak effect on electri-

cal activity, thus suggesting that P/Q-type channels are directly implicated in insulin

exocytosis. [158]

7.1.3 Voltage-gated Na+ channels

Human β-cells contain a large number of TTX (tetrodotoxin) sensitive sodium channels.

Na+ current is about four times larger than the total calcium current and shows a peak

> 40 pApF−1 at 0mV . It is elicited by membrane depolarizations to potentials greater

than −30mV , activates rapidly (< 1ms to peak, at −20mV ), and inactivates almost

completely in 5ms. Moreover, sodium current shows a voltage-dependent inactivation,

half-maximal at −40mV . Inhibition of Na+ current affects the action potentials peak,

and in some cases suppresses the spiking activity. Insulin secretion in response to glucose

concentrations of 6 and 20mM , and with TTX exposure, is reduced by 70% and 50%

respectively. [158]

7.1.4 K-Ca channels

Both large-conductance (BK) and small-conductance (SK) calcium-activated potassium

channels can be found in human β-cells. BK channels are colocalized with calcium chan-

nels on the cell membrane and show voltage and calcium sensitivity. Data obtained with

the IbTX (iberotoxin) BK channel blocker show a bell-shaped voltage dependence for

this type of current, with a peak value of ≃ 40 pApF−1 at 30mV . Voltage-dependent
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activation of BK current is characterised by a time constant of ≃ 2ms for membrane

potentials between −20 and 20mV , while for depolarizations to 10mV the BK current

inactivates in 22ms. SK channels can be implicated in fast bursting observed in human

β-cells. Both SK4 and SK3 channels type are expressed, with gene levels coding for

SK4 10-fold higher than those coding for SK3. Inhibition of SK3 channels by expo-

sure to apamin stimulates action potential firing, and inhibition of SK4 by the channel

blocker TRAM34 evokes a two-fold enhancement of insulin secretion in 10mM of glucose

concentration. [158, 160]

7.1.5 Voltage dependent K+ channels

Human β-cells present a slowly activating, delayed rectifying potassium current. Com-

pared to mouse, which expresses Kv2.1 channels, Kv2.2 channels seem to drive this

current in humans. Blocking BK current with IbTX, the resulting Kv2.2 current shows

an activation time constant > 10ms at −20mV , suggesting that these channels are

only partially activated during the spike upstroke, which lasts less than 10ms. Delayed

rectifying current inactivation is very slow, with time constants of about 1.6 s at depo-

larizations of 10mV . The genes coding for the Kv7.1 channels is also expressed at low

levels in human β-cells, although it is unclear if it could have a role in electrical activity

generation and/or modulation. [158, 160]

Human β-cells also contain HERG potassium channels, similar to the ones found in

cardiac cells. These channels activate slowly and carry little outward current. Moreover,

inward rectifying Kir channels can be found. Inward currents are inhibited by low Ba2+

concentrations, which evoke membrane depolarization and trigger spiking activity in

addition to glucose and tolbutamide. [158]

7.2 Spiking/Bursting regulation

Human β-cells show both spiking and bursting activity. Although the identification

of the exact mechanisms involved in such heterogeneity needs further studies, recently

published works permitted to identify main processes involved in the control of the

electrical activity.

At low glucose concentrations (< 3mM), human β-cells show a resting potential of

−70mV , mainly due to the activity of Kir and K-ATP channels. Concentrations higher

than the stimulatory threshold (3.5−6mM), evoke depolarizations at −60mV , through

changes in ATP-sensitive and inward rectifying currents. Such depolarisations occasion-

ally allow openings of T-type calcium channels, triggering a regenerative response that
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leads to increased depolarisations. L-type calcium channels, followed by sodium chan-

nels, are then eventually activated. Thus, these two currents contribute to the upstroke

of the action potential, and their inhibition strongly affects electrical activity and insulin

release. At potentials above −20mV , P/Q-type calcium channels activate, triggering in-

sulin exocytosis. Then, the increased intracellular Ca2+ concentration activates calcium-

sensitive K+ channels (BK), which, allowing efflux of potassium, contribute to cell repo-

larization together with sodium channels inactivation. Activation of Kv2.2 and HERG

channels may also be involved in the action potential repolarisation. These channels are

also thought to contribute to the hyperpolarisation usually observed at the end of the

spikes, because of their slow inactivation. It is hypothesised that SK calcium channels

and K-ATP channels contribute instead to bursting oscillation. Specifically, activation

of calcium-sensitive K+ channels due to calcium influx, or openings ATP-sensitive K+

channel due to decreased ATP/ADP in response to SERCA pump activity, may have the

role of pacemaker processes involved in bursting, as like as the slow pacemaker processes

regulating bursting in the mouse. In this context, a computational study has moreover

shown that HERG channels may also regulate fast bursting behaviour. [158, 161, 162]

Human β-cells also show a slow bursting pattern resembling the slow bursting observed in

mouse, characterised by intracellular calcium oscillations with a period of several minutes

(≃ 3 − 5min). Such oscillations could be driven by slow variations of the intracellular

ATP/ADP, which has been found to vary on the same time scales. In turn, nucleotides

variations are likely to be driven by glycolytic oscillations which in mouse have been

shown to be characterised by comparable time scales [158, 162, 163]. Although, exact

pacemaker processes involved in the slow rhythm of the electrical activity are not known

and such hypotheses should be verified by further experiments.

7.3 Gap-junction coupling

There is evidence that also human β-cells express Cx proteins able to form gap junction

channels. Specifically, published literature have shown several connexins types expressed

in human islets, i.e. Cx30.3, Cx31, Cx31.1, Cx31.9, Cx36, Cx37, Cx43 and Cx45, with

a peaked expression of Cx36. Combined identification of insulin-expressing cells has

moreover shown that between these Cx, Cx36 is selectively expressed in β-cells and

distributed in small domains where it forms tight junctions similar to the ones observed

in murine islets. Dye microinjections, using Lucifer Yellow (LY) and Ethidium Bromide

(EB), confirm the limited permeability of gap junctions to LY (1.4 neighbouring cells

identified) in line with the mouse case, and moreover reveal a mean number of ≃ 6

neighbours per cell, with the use of EB [137].
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Other studies show moreover that such coupling is able to enhance insulin secretion

in human, confirming the observations on rodents [164]. In this context, single cell

release was compared with cell doublets formed by β-α, β-δ and β-β pairs. Specifically,

haemolytic plaque assays show a loss of glucose responsiveness, for concentrations >

12mM in single β-cells, i.e. unaltered insulin secretion for high glucose levels compared

to the 12mM stimulation. Interestingly, the increase in insulin release at higher glucose

concentrations is recovered in the case of β-β and β-α pairs, suggesting a significant role

of both electrical coupling and paracrine effect in hormone secretion, being the latter

possibly mediated by acetylcholine stimulation of muscarinic receptor.

The evidence of coupling also comes from experimental recordings showing that β-cells

in human islets show coordinated behaviour in small clusters, although cells do not

reach a whole islet synchronisation [126, 165]. Considering the different islet architec-

ture between mouse and human, described in Chapter 4, it is likely that gap junction

connections have a key role in the appearance of such synchronised clusters.

Thus in humans also, Cx36 seems to be crucial for the normal functioning of the β-cells,

ensuring synchronisation and improved secretion. Loss of this type of communications

may affect basal and postprandial insulin release. Indeed, as already said, mice express-

ing low levels of Cx36 are characterised by similar insulin release patterns compared to

diabetic human subjects, possibly indicating a similar coupling dysfunction between the

causes of impaired insulin release in diabetes. In this context, altered coding for Cx36,

or disrupted cell-cell contact due to the extracellular presence of human islet amyloid

polypeptide (hIAPP) oligomers in type 2 diabetic conditions can severely compromise

cell function [166].

7.4 Mathematical modelling of human β-cell electrophysi-

ology

Human β-cells electrophysiology shows considerable differences compared to the mouse,

in terms of both ion currents involved in the generation of electrical activity and pace-

maker processes driving bursting rhythm (see above). Mathematical modelling needs

to take into account these differences to correctly reproduce human β-cell response to

glucose stimulation. In the framework of the Hodgkin-Huxley formulation, a recently

published mathematical model fine-tuned on human β-cell data will be presented in

the following [161, 162]. The model couples an electrical subsystem and a glycolytic

oscillator, in order to reproduce both spiking, fast bursting and slow bursting activity.
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7.4.1 Electrical subsystem

The electrical subsystem of the model describes the dynamics of cell membrane voltage,

activation and inactivation gating variables of ion channels, and intracellular calcium

concentration. Model’s parameters were carefully fine-tuned, mostly based on human

β-cell electrophysiological data recorded from Braun et al. [160]. In the following, all

conductances, hence currents, are normalised by cell size, i.e. by membrane capacitance,

which has an average value of ≃ 10 pF . Two compartments are used to describe calcium

dynamics: a submembrane compartment where Ca2+ changes rapidly in response to the

spikes, and a cytosolic compartment where Ca2+ integrates many spikes. This choice is

due to the SK channels, which are sensitive to calcium concentration and are not strictly

co-localised with voltage-dependent calcium channels. Because of this, SK channels

gating is supposed to be regulated by the calcium concentration in a submembrane

interior shell, with a depth of ≃ 190nm. With these assumptions, membrane voltage

and both submembrane and cytosolic calcium concentrations evolve according to:

dV

dt
= −(IKv + IHERG + IKATP + INa + ICaL + ICaT + ICaPQ

+IBK + ISK + Ileak)

dCam
dt

= fαCm(−ICaL − ICaPQ − ICaT )/V olm

−f(V olc/V olm) [B(Cam − Cac) + (JPMCA + JNCX)]

dCac
dt

= f [B(Cam − Cac)− JSERCA + Jleak] ,

where V is the membrane potential; Ii is the generic ion current; Cam and Cac are the

submembrane and the cytosolic calcium concentrations, respectively; f is the ratio of

free calcium; α is a conversion factor from current to concentration units; V olm and

V olc are the submembrane and the cytosolic volumes; JPMCA and JNCX represent the

outward calcium fluxes due to the calcium ATPases (PMCA), and to the Na2+-Ca2+

exchanger; JSERCA models the calcium removal from the cytosol into the endoplasmic

reticulum through SERCA pumps; Jleak is a leakage calcium flux from the endoplasmic

reticulum to the cytosol; and finally, B is a flux constant.

Ion currents in the membrane potential dynamical equation are modelled based on the

specific gating process. Specifically, voltage-dependent currents takes the general form:

Ii = gimihi(V − Vi) ,
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where i is the channel type, mi and hi are the activation and inactivation gating variables

for the channel i, and Vi is the reversal potential for the conducted ion. Except when

the channel type shows instantaneous activation or inactivation, the dynamics of gating

variables is regulated by the equations:

dmi

dt
=

m∞
i (V )−mi

τmi

,
dhi
dt

=
h∞i (V )− hi

τhi

.

Voltage-dependent steady-state activation and inactivation are instead modelled with

sigmoidal Boltzmann functions (with the only exception of L-type calcium current inac-

tivation, as discussed below):

m∞
i (V ) =

1

1 + exp
[

(V−Vmi
)

nmi

] , h∞i (V ) =
1

1 + exp
[

(V−Vhi
)

nhi

] .

In the following are listed the specific characteristics of each of the ion currents.

K+ voltage-dependent currents. Two types of channel contribute to the total potas-

sium current in the model. Among these, the delayed rectifying potassium current

presents no inactivation (characterised by slower time scales, i.e. seconds) and a voltage-

dependent activation. Specifically, ion current is expressed as IKv = gKvmKv(V − VK),

and the voltage dependence of the activation time constant is fitted by the function:

τmKv
=







τmKv,0 + 10 exp
(

−20 mV−V
6mV

)

ms, for V ≥ 26.6 mV,

τmKv,0 + 30 ms, for V < 26.6 mV.
(7.1)

Instead, potassium HERG current activates in 100ms and inactivates in 50ms. Such

current is expressed as I
HERG

= g
HERG

m
HERG

h
HERG

(V − VK).

KATP current. In order to reproduce both fast activity and slow bursting, the ATP-

sensitive current is modelled in two different ways. When the faster time scales (∼
seconds) are taken into account, slow ATP variations induced by glycolytic oscillations

are not considered, and the K-ATP conductance is set to a constant value based on

the stimulating glucose level. Instead, when the slow metabolic oscillations are taken

into account, the conductance value is modulated by the slow changes in the ATP

concentration (see below). Therefore, the current is expressed as I
KATP

= g
KATP

(V −
VK).

Na+ voltage-dependent current. Sodium current is assumed to activate instanta-

neously, while the inactivation time constant is set to 2ms. The current expression is

INa = gNam
∞
Na(V )hNa(V − VNa).
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Ca2+ voltage-dependent currents. The model includes all three types of voltage-

dependent calcium currents discussed in the previous section. Since total calcium current

activates very rapidly, and its activation is almost unaffected by selective channels block-

ers, both T, L and P/Q-type channels are assumed to active instantaneously. T-type

channels inactivate faster, with a time constant of 7ms, followed by L-type channels

which inactivate in 20ms. Instead, P/Q type channels do not inactivate. To reproduce

the inactivation function of the total Ca2+ current, the model assumes that the L-type

current follows a calcium-dependent inactivation. Such inactivation is thus modulated

by Ca2+ in the proximity of L-type channels, hence it’s proportional to the activated

calcium current through L-type channels. These considerations lead to the expression:

h∞CaL(V ) = max (0,min {1, 1 + [m∞
CaL(V )(V − VCa)]/57mV}) .

The equations of the three Ca2+ currents are:

ICaL = gCaLm
∞
CaL(V )hCaL(V − VCa) ,

ICaPQ = gCaPQm
∞
CaPQ(V )(V − VCa) ,

ICaT = gCaTm
∞
CaT (V )hCaT (V − VCa) .

Ca2+-sensitive K+ currents. Calcium sensitive SK and BK currents are modelled

with two different approaches. Since BK channels are assembled in micro-domains to-

gether with voltage-sensitive Ca2+ channels, activation is assumed to be directly de-

pendent on the total voltage-dependent calcium current. Calcium-dependent activation

is assumed instantaneous while voltage-dependent activation is characterised by a time

constant of 2ms. Moreover, BK is assumed to not inactivate, since, during an action po-

tential, such current is blocked by cell repolarization before incurring into inactivation.

Therefore, the current is expressed as I
BK

= ḡ
BK

m
BK

(−ICa + B
BK

)(V − VK), where

ICa = ICaL + ICaT + ICaPQ, and B
BK

models the basal voltage-dependent (calcium-

independent) activation. To note that the physical unit of the ḡ
BK

parameter is nS/pA,

in contrast to the other ion conductances which are expressed in nS/pF .

Because of the relative position of the SK channels with respect to voltage-dependent

Ca2+ channels, SK gating is assumed instead to be regulated by the calcium concentra-

tion in the submembrane space. Thus, SK activation depends solely on Cam concentra-

tion and it is expressed by the use of a standard Hill function describing the binding of a

molecule/ion to a receptor, i.e the current is expressed as I
SK

= g
SK

Canm
Kn

SK
+Camn (V −VK)

Leakage current. Such current takes into account all ion fluxes not directly included in

the model, due for instance to ion pumps and exchangers activity, nonselective currents,

etc. Leakage factor is modelled as a passive current expressed as Ileak = gleak(V −Vleak).
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7.4.2 Metabolic subsystem

Data recorded from human β-cells present, like rodents, a slow bursting oscillation pat-

tern (∼ min). As discussed above, it is likely that glycolytic oscillations have a role

in driving such slow rhythm, by evoking cyclic variations of the ATP/ADP concen-

tration. In fact, despite some differences, such as glucose transporter type and/or en-

zymes expression level, electrophysiological studies show that glucose-stimulated insulin

secretion follows a similar pathway in human compared to mouse [158, 167]. There-

fore, in order to reproduce the human slow response, a glycolytic oscillator, originally

built to represent the upper part of glucose metabolism in mouse β-cell, is included in

the model and coupled to the electrical subsystem described above [168]. The chain

of reactions modelled by the glycolytic subsystem is: 1) glucose phosphorylation into

G6P (glucose-6-phosphate), catalysed by glucokinase (GK); 2) conversion of G6P in

F6P (fructose-6-phosphate) by the enzyme GPI (glucose-6-phosphate isomerase); 3) F6P

phosphorylation into FBP (fructose1,6-bisphosphate), regulated by phosphofructokinase

PFK; 4) production of DHAP (dihydroxyacetone-phosphate) and G3P (glyceraldehyde-

3-phosphate) from FBP, by the action of the enzyme FBA (fructose-bisphosphate al-

dolase); 5) DHAP conversion into G3P by TPI (triode-phosphate isomerase); 6) G3P

phosphorylation catalysed by the GAPDH (glyceraldehyde-3-phosphate dehydrogenase),

which eventually triggers ATP production from mitochondria. In the model GPI and

TPI reactions are assumed to be in equilibrium. Dynamical equations describing such

scheme are:

d(G6P · F6P )

dt
= VGK − VPFK

dFBP

dt
= VPFK − VFBA

d(DHAP ·G3P )

dt
= 2VFBA − VGAPDH

da

dt
= VGAPDH − kA a ,

where G6P · F6P and DHAP ·G3P are dynamical variables denoting the sum of G6P

and F6P, and of DHAP and G3P respectively. Such choice is due to the reactions

modelled at equilibrium. Because data concerning mitochondrial activity in the human

β-cell are unknown, GAPDH reaction rate is directly linked to the growth rate of ATP,

whose concentration is mimicked by the variable a. Such variable controls the electrical

subsystem by modulating the K-ATP channels conductance:

g
KATP

= ĝ
KATP

1

1 + a
.
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Reaction rates V
R
are regulated by metabolites concentrations. These dependencies are

modelled by the following functions:

VGK = VGK,max
GhGK

KhGK
GK +GhGK

,

VPFK = VPFK,max

(

F6P
KPFK

)h(FBP )

(

F6P
KPFK

)h(FBP )
+

1+
(

FBP
XPFK

)hX

1+
(

FBP
XPFK

)hX
α
h(FBP )
G

,

VFBA =
VFBA,max

(

FBP
KFBA

− G3P×DHAP
PFBAQFBAKFBA

)

1 + FBP
KFBA

+ DHAP
QFBA

+ G3P×DHAP
PFBAQFBA

,

VGADPH = VGADPH,max
G3P

KGADPH +G3P
,

where,

F6P = (G6P · F6P )
KGPI

1 +KGPI
,

G3P = (DHAP ·G3P )
KTPI

1 +KTPI
,

DHAP = (DHAP ·G3P )−G3P

h(FBP ) = hPFK − (hPFK − hact)
FBP

KFBA + FBP
.

The metabolic subsystem can oscillate due to the positive feedback of the FBP on the

phosphofructokinase reaction rate. Oscillations period is on the order of minutes and can

drive variations of the ATP concentration, i.e. of g
KATP

conductance, with a periodicity

comparable to the observed slow bursting period in humans.

All parameters of the model, concerning both ion currents and glycolytic reactions in-

cluded in the two subsystems, are given in Tab. 7.1. As described in the following, such

values fit finely many of the human β-cell properties and permit to reproduce most of

the features of the emergent electrical activity correctly.

7.4.3 Single cell model behaviour

When the sole electrical subsystem is resolved without glycolytic coupling, the model is

able to reproduce spiking and fast bursting oscillation observed in human β-cells. Con-

cerning spiking activity, the in-silico simulations correctly reproduce action potentials
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Table 7.1: Human β-cell model parameters. Values are based on data reported
in the indicated references. + indicates parameters adjusted in order to reproduce
different electrical behaviours. See also references [161, 162, 168] for a discussion of the
parameters of both the electrical and the glycolytic subsystem.

Parameter Ref. Parameter Ref.

VK −75 mV [160] VNa 70 mV [161]
VCa 65 mV [161] VCl -40 mV [158]
gSK 0.0/0.03/0.1 nS/pF +[162, 169] KSK 0.57 µM [170]
n 5.2 [170]
ḡBK 0.020 nS/pA [160] τmBK 2 ms [160]
VmBK 0 mV [160] nmBK -10 mV [160]
BBK 20 pA/pF [160]
gKv 0.215/0.22/1.0 nS/pF +[160] τmKv,0 2 ms [160]
VmKv 0 mV [160] nmKv -10 mV [160]
gHERG 0.0/0.2 nS/pF +[161, 171]
VmHERG -30 mV [171] nmHERG -10 mV [171]
VhHERG -42 mV [171] nhHERG 17.5 mV [171]
τmHERG 100 ms [172] τhHERG 50 ms [171]
gNa 0.0/0.400 nS/pF +[160] τhNa 2 ms [160]
VmNa -18 mV [160] nmNa -5 mV [160]
VhNa -42 mV [160] nhNa 6 mV [160]
gCaL 0.140 nS/pF [160] τhCaL 20 ms [161]
VmCaL -25 mV [160] nmCaL -6 mV [160]
gCaPQ 0.170 nS/pF [160]
VmCaPQ -10 mV [160] nmCaPQ -6/-10 mV +[160]
gCaT 0.050 nS/pF [160] τhCaT 7 ms [160]
VmCaT -40 mV [160] nmCaT -4 mV [160]
VhCaT -64 mV [160] nhCaT 8 mV [160]
gK(ATP ) 0.010/0.015 nS/pF +[159]
gleak 0.015 nS/pF [159] Vleak −30 mV [161]
JSERCA,max 0.060/0.150 µM/ms +[173] KSERCA 0.27 µM [173]
JPMCA,max 0.021 µM/ms [173] KPMCA 0.50 µM [173]
Jleak 0.00094 µM/ms [173, 174] JNCX,0 0.01867 ms−1 [173, 174]
f 0.01 V olc 1.15 ×10−12 L [162]
B 0.1 ms−1 [162] V olm 0.1 ×10−12 L [162]
α 5.18× 10−15 µmol/pA/ms
VGK,max 0.0000556 mM/ms [168] KGK 8 mM [168]
hGK 1.7 [168] G 10 mM +
VPFK,max 0.000556 mM/ms [168] KPFK 4.0 mM [168]
hPFK 2.5 [168] hact 1 [168]
XPFK 0.01 mM [168] hX 2.5 [168]
αG 5.0 [168]
VFBA,max 0.000139 mM/ms [168] KFBA 0.005 mM [168]
PFBA 0.5 mM [168] QFBA 0.275 mM [168]
VGADPH,max 0.00139 mM/ms [168] KGADPH 0.005 mM [168]
KGPI 0.3 [168] KTPI 0.045455 [168]
kA 0.0001 ms−1 [162] ĝKATP 0.050 nS/pF [162]

with comparable firing frequency respect to experiments.

In line with experimental recordings, the model is also able to reproduce the effect of

several channel blockers on electrical behaviour. Specifically, blocking sodium current by

lowering Na+ conductance leads to a reduction of the spike amplitude or a suppression
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Figure 7.2: Effect of TTX on human β-cell spiking. (A) Experimental recordings of
a human β-cells showing sustained and reduced spiking activity exposed to TTX. (B)
Model results reproducing behaviour in (A). (C) Experimental recordings of a human
β-cells showing TTX inhibition of spiking activity. (D) Model results reproducing
behaviour in (C). From ref. [162].

of action potentials, as observed from experimental recordings from β-cells exposed to

TTX (Fig. 7.2 taken from ref. [162]). Similarly, the model correctly reproduces the

effect of the TRAM34 SK4 channel blocker, that leads to unchanged spiking behaviour

in the normally stimulated cell, and increases spike frequency in sub-threshold stimulated

β-cells. Simulations of the electrical subsystem show moreover that fast bursting can

occur via two mechanisms. The first mechanism is based on slow activation of the HERG

current and was pointed out in ref. [161]. In this case, when SK current is not taken into

account and delayed rectifying conductance is lowered at the 20% of its original value,

the model is able to reproduce bursting pattern with a slow oscillation period of ∼ 0.5 s.

The second mechanism instead, is based on slow periodic variations of the intracellular

calcium concentration, driving a slow activation of the SK channels, and was pointed

out in ref. [162]. In this second case, when HERG current is not taken into account and
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the SK channel conductance is lowered at the 30% of the original value reported in ref.

[169], the model is able to reproduce similar bursting compared to the one generated

by the HERG-driven mechanism, with a period of about half a second. In Fig. 7.3, an

experimental recording of fast bursting activity and model outcomes (taken from refs.

[161, 162]) are shown.

(a)

(b) (c)

Figure 7.3: Bursting behaviour in human β-cell. (a) Model results showing HERG-
type bursting mechanism (from ref. [161]). (b) Model results showing SK-type bursting
mechanism (from ref. [162]). (c) Experimental recordings of bursting in a human β-cell
(from ref. [162]).

Such observations highlight an interesting redundancy in burst-driving mechanisms, in

line with the several potential pacemaker processes found in mouse β-cells. Furthermore,

these findings show that similar processes underlie burst oscillation, i.e. the interaction

of a slow dynamics with a fast one.

When the metabolic subsystem is coupled to the electrical subsystem, the model is

able to modulate g
KATP

conductance via oscillations of the ATP-mimetic variable a,

characterised by a period of ∼ 3.5min. Such oscillations give rise to an intermittent

spiking behaviour with sustained active and silent phases, thus evoking a slow bursting
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Figure 7.4: Slow bursting in human β-cell. (A) Experimental recordings of slow
bursting in a human β-cell. (B)-(E) Model results showing membrane potential, cy-
tosolic calcium, FBP, and g

KATP
computed with the glycolytic driven bursting. From

ref. [162].
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response (Fig. 7.4 from ref. [162]). Such slow bursting drives slow oscillations of the

cytosolic calcium concentration that in turn can drive slow pulsatile insulin release.

Therefore, the model correctly grasps main features of electrical behaviour recorded from

human β-cell, and to date represent the more comprehensive mathematical formulation

of human β-cell electrophysiology. In the following Chapter, this model will be gener-

alised to the case of electrically coupled human β-cells. Specifically, this generalisation

will be used to give an estimation of the gap junction coupling conductance between

paired β-cells, based on experimental data and a parametric study of the model. Such

estimate will be then used to investigate emergent behaviour in coupled heterogeneous

cells populations.
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Chapter 8

Coupling effects between human

β-cells

Despite the evidence of Cx36 forming tight junctions in human islets, electrical prop-

erties of such coupling have not been studied as in rodents. Moreover, the observed

differences between mouse and human β-cell electrophysiology, i.e. different functional

ion channels and evoked bursting, don’t allow to translate directly the knowledge ac-

cumulated on mouse to the human case. Thus, also gap junction channel may have

different properties in humans, where heterotypic Cx channels or homotypic channels

formed by other connexin may be present, or where homotypic Cx36 channel gating

could be differently regulated. The model presented in Chapter 7 is here used to investi-

gate such aspects. Specifically, an estimate of the coupling conductance between human

β-cells is obtained based on experimental data. This finding is then used to study the

effect of gap junction coupling on the emergent electrical activity of heterogeneous cell

clusters in different electrical regimes.1

8.1 Experimental observations

The estimate of the gap junction conductance is mainly based on atypical electrical

patterns recorded from a patched human β-cell within a tiny cluster of cells, stimulated

by 6mM of glucose. In Fig. 8.1 these experimental patterns are shown.

As it can be noticed it consists of small amplitude oscillations of the membrane potential

(≃ 10mV ), starting from a baseline of about −50mV , with an occasional firing of action

potentials. Such oscillations are still present even when the cluster is exposed to the

1The novel study here presented is reported in ref. [175].
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(a) (b)

Figure 8.1: Perforated-patch whole-cell recordings in a human β-cell within a tiny
cluster, in (a) control condition, and (b) with exposure to 0.1µg/ml of TTX. Ex-
tracellular solution (mM): 3.6KCl, 140NaCl, 0.5MgSO4, 1.5CaCl2, 10HEPES,
0.5NaH2PO4, 5NaHCO3 and 6 glucose (pH 7.4). Pipette solution (mM): 76K2SO4,
10KCl, 10NaCl, 1MgCl2, 5HEPES (pH 7.35), plus amphotericin B (0.24mg/ml).

selective sodium channel blocker TTX, although an increase in the oscillation period

can also be observed. This particular behaviour is representative of 3 out of 10 different

recordings (both with and without TTX). In the other cases the patched cell showed: 1)

spiking activity in control condition but reduced oscillations (10− 15mV ) with TTX (2

cells); 2) spiking activity both in control condition and with TTX exposure (4 cells); 3) no

activity both in control condition and with TTX exposure (1 cell). Probably the observed

differences are partly due to the heterogeneity in glucose sensitivity, and a certain glucose

concentration can be stimulatory for some cells, evoking action potential firing, but sub-

threshold for other β-cells, that remain silent. Therefore, a reasonable hypothesis that

justifies the observed atypical pattern is that the patched cell is a silent cell, that is not

responding to glucose stimulation, and that the small amplitude low voltage oscillations

are due to gap junction currents coming from active neighbouring cells, in which glucose

triggers spiking activity. In this perspective, the occasional potential firing observed

in control condition is not of interest, being probably due to random threshold-crossing

events evoking isolated action potentials. To note that such hypothesis is in line also with

the evidence of sustained spiking activity in some cells exposed to TTX (see Chapter

7 or ref. [162]), despite the reduced amplitude of action potentials, thus justifying the

persistence of the small amplitude low-voltage oscillations.

8.2 Gap junction estimate

By using the electrophysiological model of human β-cell activity discussed in the previous

Chapter, it is possible to investigate the effect of gap junction currents in-silico. In line
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with previous works performed on mouse models of β-cell electrophysiology, like the

generalised SRK model described in Chapter 5, model’s equation describing membrane

potential dynamics can be easily modified to take into account electrical coupling:

dVi

dt
= −Iion,i − gc

∑

j∈Ωi

(Vi − Vj) ,

where Iion,i is the sum of the ionic currents through the cell membrane and include all

the currents described in Chapter 7, Ωi is the neighbourhood of cell i, and gc is the

coupling conductance.

The aim is to investigate the conditions for which an active cell can induce ≃ 10mV

oscillations in a silent coupled cell. Therefore, to reproduce experimental data, a system

of two coupled cells (doublet), one silent and one active, can be simulated with the

model, analysing for different coupling strengths the induced perturbations in the silent

cell, i.e. the patched cell in the experiment (see Fig. 8.2).

Figure 8.2: Cell doublet representation: silent patched cell in red, and active coupled
cell in blue.

For this study, only the electrical subsystem of the model is taken into account, since

the purpose is to reproduce fast spiking oscillations, not affected by slow variations

(∼ min) of the ATP concentration. In this context, active and silent responses are

obtained by a proper fine-tuning of the K-ATP cell conductance, since high g
KATP

values block cell depolarization silencing the cell while low values evoke spiking activity.

Moreover, this parameter represents the natural choice to introduce heterogeneity in

glucose sensitivity. Specifically g
KATP

is here varied in the ranges 0.003 − 0.005nS/pF

and 0.02− 0.035nS/pF , to respectively model the active and silent cell.
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8.2.1 Cell doublet: times series analysis

In Fig. 8.3, representative results of numerical integration of the cell doublet system,

performed with the XPPAUT software (using the CVODE numerical scheme), are shown.

In this case silent and active cells are modelled by setting the g
KATP

value to 0.02

and 0.005nS/pF respectively. In Fig. 8.3(a), the two cells are coupled with a fixed

conductance gc = 0.010nS/pF and the emerging spiking oscillations are analysed both

without and in the presence of the TTX channel blocker. Specifically, TTX effect is

simulated by setting at zero the sodium channels conductance (gNa = 0nS/pF ). While,

in Figs. 8.3(b) and (c) emergent oscillations are analysed for different values of the

coupling conductance both with and without TTX.

(a) (b) (c)

Figure 8.3: Simulation of a human β-cell doublet formed by an active cell (g
KATP,a

=
0.005nS/pF , grey line) coupled to a silent cell (g

KATP,s
= 0.02nS/pF , black line).

In the time interval highlighted by the grey bar, TTX exposure is simulated setting
gNa = 0nS/pF , while other parameters are set at default values (see Tab. 7.1). (a)
Simulation with gc = 0.01nS/pF . (b) Simulations for gc in the range 0− 0.025nS/pF
without TTX. (c) Simulations for gc in the range 0 − 0.025nS/pF in the presence of
TTX.

As it can be noticed, at proper values of the gap junction conductance, the active cell is

able to induce small voltage perturbations in the otherwise silent cell. Moreover, TTX

exposure does not significantly affect the amplitude of the induced oscillations. When

the doublet is studied at different values of gc without TTX, the oscillation amplitude

in the silent cell increases for increasing values of the junctional conductance. Only

within a proper interval of gc (0.010 − 0.020nS/pF ) are recovered induced oscillations

of ≃ 10mV like the ones noticed in experimental recordings. Instead, for gc out of this

range induced oscillations are too small or too large. Simulations with TTX exposure

confirm such finding since at low values of coupling the active cell induces oscillations

in the silent cell with a too low amplitude compared to the experiment (≃ 3mV at

gc = 0.005nS/pF versus 10mV ). In this case, at high coupling strengths the effect of

the silent cell is dominant, trapping the active cell in a silent state. Thus, oscillations

comparable to experiments are recovered only in an optimal range of values for the gap
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junction conductance. Moreover, as shown below, this conclusion is independent of the

particular choice of the parameters used to model the active and the silent cell.

8.2.2 Cell doublet: bifurcation diagrams analysis

To correctly quantify the optimal range of coupling strength that evokes proper oscil-

lations in the silent cell, the sensitivity of the induced oscillations with respect to the

single-cell parameters is here analysed with the use of bifurcation diagrams.

(a) (b)

(c) (d)

Figure 8.4: Bifurcation diagrams for the silent cell in the doublet system. (a) Dia-
grams computed without TTX, with g

KATP,s
= 0.020nS/pF , and by varying g

KATP,a
.

(b) As in (a) but in the presence of TTX. (c) Diagrams computed in the presence
of TTX, with g

KATP,a
= 0.005nS/pF , and by varying gc. (d) As in (c) but with

g
KATP,a

= 0.003nS/pF .

Such diagrams permit to track maximum and minimum of the evoked oscillations by

varying the K-ATP conductance of the silent and active cell (g
KATP,a

and g
KATP,s

re-

spectively), and the coupling conductance gc. In Fig. 8.4, the computed diagrams

for the silent cell are shown. As it can be seen, suitable induced oscillations appear

only under specific conditions. Treating g
KATP,a

as the bifurcation parameter, and
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in control conditions, the coupled system with g
KATP,s

= 0.020nS/pF oscillates when

g
KATP,a

< 0.015nS/pF and the coupling strength is higher than zero. However, in order

to observe oscillations of ≃ 10mV in the silent cell, the coupling conductance has to be

greater than 0.010nS/pF , while values higher than 0.015nS/pF evoke oscillations too

large in amplitude for a range of g
KATP,a

values.

In the presence of TTX the conclusion is the same. In fact, although the spiking

threshold of the active cell moves to lower values of g
KATP,a

(0.008 nS/pF for gc =

0.010nS/pF ), a coupling conductance gc > 0.010nS/pF is still need to obtain evoked

oscillations > 5mV . When gc is treated as the bifurcation parameter, sensitivity analy-

sis with respect to g
KATP,a

and g
KATP,s

in the presence of TTX, show moreover that for

g
KATP,s

= 0.02−0.035nS/pF and for g
KATP,a

= 0.003−0.005nS/pF , evoked oscillations

of ≃ 10mV are recovered for gc = 0.010− 0.020nS/pF .

Considering that the membrane capacitance of human β-cells is ≃ 10pF , such estimate

corresponds to a non-normalised range of 100−200 pS, surprisingly in line with measures

of coupling conductance between mouse β-cells, both in islets and in isolated pairs

[68, 134, 176]. Such estimate is used in the following to investigate the effect gap junction

coupling on the activity of heterogeneous human β-cell clusters.

8.2.3 Three-cells configuration: effects on the estimate

In the analysis presented above, coupling conductance is estimated from a doublet cell

system. Unfortunately, informations on the exact number of cells in the experimental

cluster are not available; thus, in this paragraph, the estimate of gc is tested by increasing

the cell number. The purpose of this analysis is also to give a plausible explanation for the

slower oscillation period observed in the silent cell, in the presence of TTX. Specifically,

simulations are here performed modelling three coupled β-cells (triplet), organised in a

line (only the central cell is coupled to the others) or in a triangle (each cell is coupled

to the others). One cell is modelled as normal spiking cell, one cell is silent, and the

third cell is a slowly spiking cell, i.e. a cell characterised by a lower spiking frequency

respect to a normal spiking cell. The silent cell is supposed to be the patched cell in the

experiment as before.

In Figs. 8.5 and 8.6 computed voltage traces for the linear and triangular configuration

are presented respectively. In the triangular configuration, when cells are coupled with

gc = 0.01nS/pF the slow spiker seems to be overwhelmed by the normal spiking cell,

and it switches to a normal spiking response. In the presence of TTX (gNa = 0nS/pF ),

the normal spiker is inhibited and presents only evoked oscillations driven by the slow

spiker. Although, interestingly such oscillations are characterised by the normal spiker
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Figure 8.5: Simulations of three cells coupled in a triangular configuration. The
central cell is the silent cell (S, g

KATP
= 0.020nS/pF ), the top cell is the high frequency

spiker (HF, g
KATP

= 0.010nS/pF ), and the bottom cell is the low frequency spiker
(LF, g

KATP
= 0.025nS/pF , plus gleak = 0.0075nS/pF and gNa = 0nS/pF respect to

default parameters given in Tab 7.1). Grey bars denote the time interval during which
the coupling is turned on, or the TTX exposure is simulated.

endogenous rhythmicity. Thus, this configuration does not reproduce the increase in

the period of the evoked oscillations, despite the amplitude is comparable to the exper-

imental tracks. When the triplet is coupled in a chain configuration, i.e. when only

the central silent cell (patched cell) is mutually coupled to the other cells, a more com-

plex behaviour arises. In this case, cells coupling (gc = 0.010nS/pF ) both increases

the spiking frequency of the slow spiker, as in the triangular case, and evokes irregular

oscillations in the silent cell (≃ 5 − 10mV ). When TTX exposure is simulated, the

normal spiker is silenced, and the remaining cells oscillate at a lower frequency com-

pared to the triangular arrangement, still preserving an amplitude of ≃ 10mV in the

otherwise silent cell. Such behaviour may be explained by the fact that the extra link in

the triangle configuration leads to a stronger activation of the normal spiker inhibited

by TTX, which in turn is able to “beat the beat”. While in the chain configuration, the

silenced normal spiker is only minimally activated because of the missing direct coupling

with the active slow spiker. Therefore, during TTX exposure, the slow spiker is able to

fire at a frequency closer to its intrinsic rhythm, as reflected from the slower induced
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oscillations in the silent patched cell.

Figure 8.6: Simulations of three cells coupled in a chain configuration. The central
cell is the silent cell (S, g

KATP
= 0.020nS/pF ), the top cell is the high frequency

spiker (HF, g
KATP

= 0.010nS/pF ), and the bottom cell is the low frequency spiker
(LF, g

KATP
= 0.025nS/pF , plus gleak = 0.0075nS/pF and gNa = 0nS/pF respect to

default parameters given in Tab 7.1). Grey bars denote the time interval during which
the coupling is turned on, or the TTX exposure is simulated.

Therefore, this analysis validates the range of gc estimated in cell doublets also for

arrangements of three cells. An explanation for the increase in the oscillation period

evoked in the silent cell is also given, despite other mechanisms could be involved in

the observed change. For instance, specific slow ion currents not taken into account

in the electrophysiological model, whose effect in normal conditions is overwhelmed by

sodium currents, may have a role. However, since it is more likely that the gap junction

conductance has an effect on the evoked oscillation amplitude more than the evoked

period, mechanisms underlying the frequency change in response to TTX will not be

discussed further. Such choice is further validated by the evidence that by using both

experiments performed with and without TTX, the coupling conductance estimate is

almost unaffected; thus frequency change does not have a significant impact on model’s

prediction and consequent conclusions.
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8.3 Coupling effects on fast activity

As mentioned in Chapter 7, β-cells in human islet show an heterogeneous electrical

activity, characterised by spiking, fast bursting, and slow bursting oscillations. The

estimate obtained above for gc is used in this section to investigate coupling effect on

heterogeneous 3 x 3 x 3 β-cell clusters reproducing these behaviours. In line with the SRK

generalised model (see Chapter 5), cell clusters are built as regular three-dimensional

grids, and cells within the clusters communicate via a three-dimensional Von Neumann

neighbourhood, i.e. six neighbours for a central cell, in agreement with experimental

observations. Cluster size is in line with the sparse architecture of human islets com-

pared to mouse (see Chapter 6), suggesting that β-cells in human islets are coupled in

small cluster through Cx36 channels. Thus, instead of reconstructing large percolated

networks, as in the study reported in Chapter 6, the human β-cell cluster is built here as

a compact small cluster. Moreover, such a multicellular system is modelled by imposing

heterogeneity on single cell parameters in order to obtain heterogeneous populations

of normal spiking and fast bursting cells (“spikers” and “bursters” respectively in the

following). Specifically, the delayed rectifying and the K-ATP conductance values are

randomly extracted from a Gaussian distribution with a small standard deviation. This

choice is due to the fact that g
KATP

directly control glucose sensitivity, and gKv have the

major effect on the qualitative emergent electrical behaviour (spiking or bursting). Fur-

thermore, simulations performed by imposing heterogeneity also in the other parameters

lead to similar results. As done for the gc estimate, in this analysis only the electrical

subsystem is resolved, since the interest is to analyse fast activity, not affect by slow

oscillations driven by metabolic processes. Resulting ODE system is resolved with a

fourth order Runge-Kutta scheme with a time step of 0.02ms, implemented in a C++

numerical code.

8.3.1 Spiking

The effect of coupling on the synchronisation of heterogeneous spikers is here presented.

To obtain such multicellular cluster the gKv and the g
KATP

are normally distributed with

a standard deviation equal to 10% their mean values (ḡKv = 1.0nS/pF and ḡ
KATP

=

0.010nS/pF , where the bar denotes mean value), while other parameters are set at

default values (see Tab. 7.1). When such spikers are uncoupled, they fire asynchronously

since are characterised by different intrinsic spiking frequency. Instead, when β-cells are

coupled with a gc = 0.010nS/pF , i.e. a value equal to the lower limit of the range

previously estimated, the cluster shows a global synchronous spiking behaviour. While

a ten-fold lower value of the coupling conductance (gc = 0.001nS/pF ) is not able to
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synchronise the spiking activity. Simulations results reporting the emergent activity of

the cluster are shown in Fig. 8.7(a).

(a) (b)

Figure 8.7: Simulations of a 3 x 3 x 3 cluster of human spiking β-cells. (a) Mem-
brane potential of cells within the top plane of the cluster (9 cells) coupled with
gc = 0.010nS/pF (top), and gc = 0.001nS/pF (bottom). (b) Spiking period of the 27
cells of the cluster for gc in the range 0 − 0.005nS/pF . Grey bars in (a) denote the
time interval during which the coupling is turned on.

The spiking period is also computed for different values of the coupling conductance

to investigate the minimum amount of coupling strength able to achieve cells synchro-

nisations. Computed periods for each of the 27 spikers in the cluster are reported in

Fig. 8.7(b). As it can be noticed, the variability of the spiking frequency is minimal

for gc = 0.002nS/pF , and a coupling conductance of about gc = 0.003nS/pF is enough

to achieve a full cluster synchrony. Thus, the estimated coupling strength is definitely

enough to ensure synchronisation of small β-cells populations showing spiking activity.

8.3.2 Bursting

As discussed in Chapter 7 (see refs. [161, 162]), it was suggested that two different mecha-

nisms are able to drive fast bursting in human β-cells. These mechanisms involve slow ac-

tivation of the HERG current, and slow oscillations of the cytosolic Ca2+ evoking a slow

activation of the SK channels. In this paragraph, the effect of coupling is studied when

a heterogeneous population of HERG-type or SK-type bursters are coupled together.

Specifically, HERG-type bursters are modelled by setting gSK = 0nS/pF , and by ex-

tracting the gKv parameter from a Gaussian distribution with mean ḡKv = 0.22nS/pF

and a standard deviation equal to 5% of mean value; SK-type bursters are instead mod-

elled by setting ḡKv = 0.215nS/pF (the standard deviation is set to ≃ 1% of mean

value, due to high sensitivity of the SK-burst to variations of ḡKv), nmPQ = −10mV ,

and gSK = 0.03nS/pF . Other parameters are equal to the default values reported in
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Tab. 7.1. Emergent bursting is thus analysed in terms of cells synchronisation and

bursting period.

Interestingly, when the SK-type bursters are coupled with a gc = 0.010nS/pF cells show

a high voltage sustained oscillations, as if they remain trapped in the active phase of

the burst (see Fig. 8.8(a)). In this case, action potentials of different cells appear to be

almost phase locked. Such situation is observed in all the range of coupling estimated

above, and a normal bursting pattern is recovered only for gc values fairly higher than

the upper limit estimated previously.

(a) (b) (c)

Figure 8.8: Simulations of a 3 x 3 x 3 cluster of human bursting β-cells. (a) Membrane
potential of two representative neighbouring cells of the cluster considering SK-type
bursters. (b) Membrane potential of two representative neighbouring cells of the cluster
considering HERG-type bursters. (c) Dependence of bursting period on the coupling
conductance gc for the HERG-type bursters. Grey bars in (a) and (b) denote the time
interval during which the coupling is turned on (gc = 0.010nS/pF ).

A different behaviour is instead observed when HERG-type bursters are coupled to-

gether. Simulations results show that when the coupling factor is switched on (gc =

0.010nS/pF ) the cells are not trapped in a continuous bursting response, and show

almost synchronous bursting (Fig. 8.8(b)). Most interesting aspect is that the bursting

period increases and the value reached by the potential in the repolarization phase at

the end of the burst is slightly more negative respect to the uncoupled case. Analysis

of the emergent bursting period for all the estimated range of gc is presented in Fig.

8.8(c) and enlightens an interesting dependency of the bursting period on the coupling

conductance. Within an optimal range of gc, in agreement with the estimate obtained

above, fast bursting period significantly increases. A similar behaviour was pointed out

in the SRK stochastic model and in other modelling studies of mouse β-cells [94, 95],

suggesting a similar underlying mechanism of bursting enhancement, i.e. the possible

appearance of asymmetrical or out-of-phase branches of solutions characterised by longer

times spent in the active phase [98, 99]. However, the higher dimensionality and com-

plexity of the considered electrophysiological model does not permit a trivial verification

of such hypothesis with the usually adopted methods.

Tesi di dottorato in Ingegneria Biomedica, di Alessandro Loppini, 
discussa presso l’Università Campus Bio-Medico di Roma in data 06/04/2016. 
La disseminazione e la riproduzione di questo documento sono consentite per scopi di didattica e ricerca, 
a condizione che ne venga citata la fonte.



Chapter 8. Coupling effects between human β-cells 116

8.3.3 Mixed populations and non-responsive cells

In human β-cell clusters it is likely that spikers and bursters are randomly intermingled.

Therefore, cells showing intrinsic fast bursting and spiking activity can be coupled to-

gether. Moreover, there could be situations where normally responsive cells are coupled

to β-cells expressing non-functional K-ATP channels, i.e. mutant channels that present

limited sensitivity to ATP-inhibition and are overactive forcing the cell in a silent state,

as it was experimentally noticed in mouse [83]. It is interesting to study how gap junction

coupling affects emergent electrical activity in such situations.

In order to investigate the first point, a β-cells cluster is here modelled with an approx-

imately equal number of spikers (13 out of 27 cells) and bursters (14 out of 27 cells).

When the cells are coupled with a gc = 0.010nS/pF , numerical simulations show that

all the cells shift to a spiking response, both in the case of HERG-type and SK-type

bursters (SK case presented in Fig. 8.9(a)). Such spiking activity is characterised by a

higher minimum of the spiking oscillation compared to the uncoupled spiker, suggest-

ing a slightly different behaviour respect to the uncoupled case. Although, this result

demonstrates that the spiking solution is a much more robust state of activity compared

to the fast bursting, and a spiking cell could easily force a coupled burster to switch its

activity in a spiking response.

(a) (b)

Figure 8.9: Simulations of 3 x 3 x 3 mixed clusters of human β-cells. (a) Membrane
potential of two representative neighbouring cells (one spiker and one SK-type burster)
of the cluster. (b) Dose-response curves (mean number of spike per cell vs g

KATP

of the active cells) for different fractions of silent cells, considering a low coupling
conductance (gc = 0.001nS/pF ) and a value in agreement with the estimated range
(gc = 0.01nS/pF ). “Normal response” denotes the case with no silent cells and with
gc = 0.01nS/pF . Grey bar in (a) denotes the time interval during which the coupling
is turned on (gc = 0.010nS/pF ).

In order to investigate coupling effect in the presence of mutant cells, clusters formed

by normal spikers and silent β-cells (due to the overactivity of the K-ATP channels) are

built considering a variable fraction of mutant cells (30% and 70%), and analysing their
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response for different values of gc (0.001nS/pF and 0.010nS/pF ). The mean cluster

response is here quantified by constructing a dose-response-like curve: the mean number

of spikes per cell is computed for each value of glucose stimulation, i.e. the g
KATP

value of

the normal responsive cells. Specifically, the spikes number is averaged over 3 seconds of

simulated activity. This choice is due to the fact that spiking activity is linked to calcium

influx into the cell and to insulin release, thus, the mean number of spikes represents

a valid indicator of the cluster response. Non-responsive cells are instead modelled

with a fixed K-ATP conductance g
KATP

= 0.03nS/pF . Computed dose-response curves

are presented in Fig. 8.9(b). When cells are coupled with gc = 0.010nS/pF , the

presence of mutant cells significantly alter the mean number of spikes. In the case of

30% mutant cells, considering a medium glucose stimulation (g
KATP

= 0.01nS/pF ),

the mean number of spikes is ≃ 8, while the normal responsive cluster (no mutant

cells) shows a mean number of spikes equal to ≃ 11 − 12. When the cluster contains

70% of mutant cells, no response can be observed in this condition. Inhibition of the

response, in the presence of mutant cells, seems to be evident in the whole range of

glucose stimulation.

Interestingly, when the coupling conductance is significantly lowered (ten-fold in this

case), the mean number of spikes is enhanced and is possible to recover a residual

response from the cluster. Such phenomenon is mainly due to the trapping effect that

the silent cells exert on the normal spiking cells via gap junction coupling. Thus, the

analysis shows that the estimated value of coupling conductance could be deleterious in

such pathological scenario, leading to a detrimental inhibition of normal functioning cells

at glucose levels that should trigger insulin release. Lowering of the coupling conductance

could, in this case, recover cells response by suppression of this inhibitory pathway.

8.4 Coupling effects on slow oscillations

Despite fast bursting, human β-cells also present a slow bursting pattern, whose oscilla-

tion period is ≃ 3−5min. As discussed above it was hypothesised that slow variations of

the intracellular ATP, which has been found to vary on the same time scale, evoke such

pattern by slow inhibition and activation of the K-ATP current, and it was numerically

shown that metabolic oscillations can potentially drive the slow burst in humans [162].

In this section, the interest is to study how coupling can affect such oscillatory pattern

of activity. To this purpose both the electrophysiological and the glycolytic subsystems

of the model are resolved here in the case of 2 x 2 x 2 heterogeneous clusters (cluster size

is reduced due to computational issues). Specifically, cells heterogeneity is implemented

by random extraction from Gaussian distributions of both the gKv and the glucokinase
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reaction rate (VGK) parameters. This particular choice is due to the variability in the

glucokinase expression level between β-cells, that is reflected in heterogeneity in glucose

sensitivity. Thus, for a certain glucose concentration, a cell can either be silent or slowly

bursting with her own intrinsic rhythm. In the following, such system is resolved consid-

ering the sole electrical coupling (as done in the previous analyses), and in addition also

metabolic coupling. In fact, as discussed in Chapter 5, Cx36 channels allow the diffusion

of specific metabolites. In this case, the glycolytic subsystem can be modified to take

into account a gap junction mediated metabolic coupling, in line with the procedure

adopted to introduce the electrical coupling factor in the dynamics of the membrane po-

tential. Specifically, in agreements with other modelling study [177] and based on data

of G6P and F6P diffusion between coupled mouse β-cells [178], the metabolic coupling

is here implemented by modifying the G6P · F6P dynamics, introduced in Chapter 7,

according to:

d(G6P · F6Pi)

dt
= VGK − VPFK − p

G6P ·F6P

∑

j∈Ωi

(G6P · F6Pi −G6P · F6Pj)

where p
G6P ·F6P is the metabolic coupling factor, estimated to be ≃ 0.01ms−1 from

experimental data [178]. Concerning numerical simulations the metabolic subsystem is

here resolved in parallel to the electrical subsystem, adopting a Euler scheme with a

fixed time step of 0.02ms due to the non-restrictive slow dynamics of the glycolytic

oscillator. With these assumptions, the interest is to study the effect of both couplings

on the emergent electrical activity, both separately and in combination.

When the sole electrical coupling is studied, the model shows an interesting behaviour.

Simulations results are presented in Fig. 8.10(a). Electrical coupling does not affect

glycolytic oscillations as it can be noticed from the FBP oscillations, which continue to

drift when the coupling is activated (gc = 0.010nS/pF ). In contrast, cells membrane

potential shows an irregular behaviour, with clear perturbations induced in the silent

phase of the slow burst when the coupled cell is in the active phase. In this case, shorter

isolated groups of action potentials can be observed within the slow bursting pattern.

Such “fragmentation” of the burst elicits intracellular calcium oscillations with a reduced

amplitude. Interestingly such behaviour resembles some experimentally recorded slow

pattern (see Fig. 8.11).

Contrarily when cells are coupled with the sole metabolic coupling (Fig. 8.10(b)), gly-

colytic oscillators are perfectly synchronised, as it can be noticed by the in-phase FBP

oscillations. Membrane potential, in this case, does not present perturbations and cal-

cium oscillation are only minimally affected by the metabolic coupling, mainly because

the duration of the active and silent phases of the burst slightly varies in response of
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glycolytic synchronisation. To note that the action potentials (or fast bursting oscilla-

tions) within the active phase of the slow burst are not synchronised due to the missing

electrical coupling.

When both electrical and metabolic coupling is considered, cells are able to synchronise

both their metabolic oscillations and their electrical activity. Interestingly, when cells

are modelled as SK-type bursters, cells membrane potential shows sustained oscillations

in a depolarised state (Fig. 8.10(c)). Such effect is mainly due to the electrical coupling

of the SK-type bursters, which was shown before to be able to trap cells in the active

phase of the fast burst. In this condition, calcium oscillations are not only synchronised

but also show a significant increase in amplitude, possibly suggesting an increase in the

insulin release. To note that such pattern is also experimentally observed in some human

β-cells as shown in Fig. 8.11.

Finally, the gap junction estimate obtained in the first analysis with the sole electri-

cal subsystem is here validated considering the complete model, with both electrical e

metabolic coupling. Specifically, an active-silent cell doublet is here modelled by fine-

tuning the glucokinase reaction rate (VGK = 0.00005mM/ms for the silent cell, and

default value for the active cell). Results are shown in Fig. 8.12. When both electrical

and metabolic coupling are switched on (gc = 0.01nS/pF and p
G6P ·F6P = 0.01ms−1),

the active cell evokes small amplitude voltage oscillations in the silent cell, with an am-

plitude consistent with the experimental data in Fig. 8.1. The evoked electrical activity

is, in turn, able to drive slow calcium oscillations in the otherwise silent cell. Moreover,

metabolic coupling induces perturbations in the FBP dynamics, showing slow oscilla-

tions in the silent cell also in this case. Interestingly, FBP oscillations amplitude in the

active cell is significantly enhanced in this condition. However, such variations are not

discussed further here, since a dedicated study on the coupled dynamics of glycolytic

oscillators should be performed to address this effect correctly. This last analysis shows

that the estimated range of coupling conductance can reproduce experimental data also

by considering the slow activity driven by metabolic oscillations.

8.5 Discussion

The key role of gap junction coupling in mouse β-cells has been largely proven. Dedi-

cated studies have been performed to characterise electrophysiological properties of these

channels and their role and dysfunction in diabetic conditions [68, 89, 90, 179]. Such

evidence raises questions about gap junction role in human islets. Even though Cx36

gap junction channels were shown to be present between human β-cells [137], no ex-

perimental studies have been performed to investigate electrophysiological properties of
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(a)

(b)

(c)

Figure 8.10: Simulations of 2 x 2 x 2 clusters of human slow bursting β-cells. Mem-
brane potential, FBP and cytosolic calcium time series of two representative cells. (a)
Cells response with only electrical coupling (gc = 0.01nS/pF ). (b) Cells response
with only metabolic coupling (p

G6P ·F6P
= 0.01ms−1) electrically electrical. (c) Cells

response considering both electrical and metabolic coupling (gc = 0.01nS/pF and
p

G6P ·F6P
= 0.01ms−1). Simulations performed considering SK-type bursters. Grey

bars denote the time interval during which the coupling is turned on.
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Figure 8.11: Experimental recording of a human β-cell showing slow bursting. Both
sustained high voltage oscillations and fragmentation of the slow burst can be noticed,
as reproduced from simulations. From ref. [162].

such coupling. The analyses here presented were based on a mathematical modelling

approach to investigate this aspect. Specifically, a generalised version of the human

β-cell electrophysiological model presented in Chapter 7 (see refs. [161, 162]), was used

here to reproduce experimental recordings of β-cells, showing atypical small amplitude

oscillations. It is important to note that the obtained estimate of gc relies on the as-

sumption that a silent cell can be coupled to an active cell without being activated in

turn, underlying the importance of gap junction coupling in synchronising cells more

than activate otherwise silent cells. Such hypothesis seems to be confirmed by mouse

islet recording showing coexistence of active and silent cells in response of glucose gradi-

ents [54, 141], and by β-cell recordings from humans islets, where cells characterised by

long quiescent periods in response to glucose are coupled to cells showing a more active

behaviour [180]. Hence such evidence supports the study’s assumptions.

Performed analyses suggest that a coupling conductance of gc = 100−200 pS is required

to reproduce experimentally observed oscillations. Surprisingly, this value is in line with

the measured value of gap junction conductance between mouse β-cells [68, 134, 176].

Such estimate is fairly robust, both respect to the single cell parameters and to the cell

number, and it is obtained via the use of a highly reliable mathematical model carefully

fine-tuned to reproduce heterogeneous response of human β-cell. Based on these facts the

obtained result takes a great relevance. To note that it is not obvious a similar coupling

conductance between mouse and human gap junction channels since Cx36 channels may

differ in expression, have different properties or be differently regulated in human islets;

moreover other types of Cx junctional channels may result in different global values

of electrical coupling between human neighbouring cells. For instance, K-ATP channel

conductance is largely different between mouse and human [158].
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Figure 8.12: Simulations of cell doublets driven by the glycolytic oscillator. Mem-
brane potential (top), cytosolic calcium concentration (centre), and FBP (bottom) time
series for the silent (black) and active (grey) cell.
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Results show that a value of coupling equal to the lower limit of the estimated range is

enough to achieve synchronisation of small heterogeneous clusters of spiking and burst-

ing human β-cells. Interestingly, the emergent effect of enhanced bursting period is

reminiscent of coupling effect on mouse β-cells models, and is probably due to the par-

tial synchronisation effect of the action potentials within the burst. It is important to

note that sustained bursting activity is linked to increased calcium oscillations and con-

sequently to enhanced insulin secretion. The evidence that the here estimated coupling

is able to synchronise small human β-cell cluster is in line with the partial degree of

synchrony observed in human islets [126, 165], and with the evidence of an oscillatory

pattern of insulin release recorded from the whole islet [181].

In the case of mixed clusters of bursting and spiking cells, the analyses show moreover

that bursting behaviour is a less robust dynamics in human compared to the mouse.

In fact, results suggest that the bursting state is unstable respect to the perturbation

induced by the spiking oscillation. However, a more comprehensive dynamical study

should be performed to address correctly this point, but such approach is not so trivial

due to the high complexity and dimensionality of the adopted model. One could specu-

late that limited connectivity in human islet could also serve to preserve bursting regime

in β-cells subpopulation within the islet. When the coupling estimate is applied to mixed

coupled clusters of normally spiking cells and silent cells, resembling β-cells expressing

mutant K-ATP channels, model results seem to suggest a similar emergent dynamics

compared to experimental observations on mutant rodent islets [83]. Therefore, also

in human gap junction coupling could be deleterious in such pathological conditions,

where mutant silent cells are in principle able to inhibit the whole cluster, silencing the

otherwise active cells.

Concerning slow activity patterns, simulations of electrically coupled β-cells showing

glycolytic-driven bursting are surprisingly in agreement with some experimental record-

ings, further validating the obtained estimate. In this case, heterogeneity in the gly-

colytic intrinsic rhythm of cellular oscillators and limited diffusion of metabolites seem

to be required to reproduce the fragmentation of the action potentials grouping induced

by the slow variations in ATP concentration. In addition, because of coupling, the out-

of-phase glycolytic oscillators give rise to the appearance of small amplitude oscillation

(≃ 10mV ) in the membrane potential during the silent phases of the slow pattern, com-

parable to the oscillations experimentally observed in human fast activity, and on which

the gap junction estimation was based. These observations suggest that metabolic cou-

pling could not be required to the normal activity of human β-cells. As a confirmation,

diffusion of metabolites, whose properties are estimated here from a published study on

rat [178], rapidly synchronises metabolic oscillations giving rise to a too regular elec-

trical behaviour compared to experimental evidence. Nonetheless, when the metabolic
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coupling is taken into account, sustained oscillations from a high voltage plateau can

be reproduced, resembling some other atypical pattern observed in slowly bursting cell;

although aspects other than coupling could underlie such observation.

Results obtained are not in contrast with the published studies on human islets. The

fact that the estimated coupling conductance is able to synchronise β-cells within small

clusters is in line with human islet recordings showing the existence of coordinated

activity within limited spatial ranges [126, 165]. Such findings have been suggested to

have strong implications for islet functions [126]. In this scenario, the small clusters here

studied are in agreement with the limited functional synchrony and with the architectural

constraints of the human islet. Results show that even in such small clusters electrical

coupling can have an impact on emergent electrical activity, affecting insulin release.

In this perspective, human islet architecture could serve to achieve a certain degree of

heterogeneity in cellular response, maybe pursued with functionally distinct modules of

insulin-releasing β-cells. However, further experimental studies should be performed to

confirm the goodness of the estimate and the results here presented. For this purpose,

it is interesting to note that in human islet it is not possible to adopt a single patch-

clamp technique usually adopted to estimate gap junction coupling between mouse β-

cells [134, 182]. Such approach, in fact, is based on a combination of a voltage and

current-clamp performed on a β-cell within a coupled cluster, and in order to be used

requires a regular bursting activity not perturbed by experimentally injected currents.

This assumption holds in the mouse case, but contrarily β-cell electrical activity in

human clusters is significantly perturbed by coupling, and is not possible to extrapolate

a conductance value from the emergent non-physiological behaviour. Thus, in this case,

a more sophisticated dual patch-clamp technique should be adopted to confirm coupling

conductance estimate, in line with other experimental studies performed in mouse [68].
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Chapter 9

Conclusions

Despite a large amount of research on the topic, the complex dynamics of pancreatic

β-cells is far from being well understood. In this context, the studies on rodents allowed

the identification of the main regulatory processes involved in insulin secretion, but some

aspects remain unresolved. Gap junction coupling is one of them. In vivo and in-vitro

experiments converge to the evidence that such coupling is an important regulator of

β-cells function, and recently has been suggested that gap junction dysfunction is also

implicated in the physiopathology of diabetes. Such evidence accumulated on rodents

has to be necessarily validated in humans, in order to enrich our understanding of the

diabetic syndrome and possibly suggesting new therapeutical perspectives.

In the presented work, the effect of gap junction coupling on β-cells function has been

analysed with a mathematical modelling approach, trying to elucidate further gap junc-

tion effect in mouse islet, and to investigate gap junction coupling in the human islet.

9.1 Novel results and implications

Results obtained have clarified interesting aspects of the emergent dynamics in coupled

population of mouse β-cells, and represents the first attempt to estimate the gap junction

coupling in human islets.

The simulations of cubic mouse β-cell cluster have highlighted important features of

coherent dynamics. Such coherence is a robust dynamical state that ensures long range

correlations in cellular activity. It is interesting to note that the coherent emergent

dynamics is strictly dependent on cluster size and glucose stimulation level, thus syn-

chronised and robust bursting is achieved only at proper sizes of the β-cell population

and in a specific range of the stimulating glucose concentrations. The β-cell cluster is
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able to switch from coherent to uncorrelated dynamics resembling phase transition and

critical phenomena also observed in other physical systems. This aspect has a great

relevance if we think that also other biological networks regulate their dynamics around

a critical point and show coherent dynamics, i.e. neurons. In such dynamical regimes a

small scale variation can quickly be reflected at large scale, and in multicellular systems

this property can be used to achieve an efficient organisation. In the presented work

coherence and criticality was pointed out also in β-cells systems.

The analysis of the topological effects in electrically coupled networks of β-cells has

moreover pointed out the role of the structure in the emergence of organised electrical

activity. In this context, it was shown that the mouse β-cells compact architecture

can be viewed as a fully coupled functional unit while the human architecture shows a

substantially different behaviour. A percolated cluster resembling β-cells arrangement

in human islet gives rise to an emergent electrical activity characterised by distinct

functional modules. In this case, a scale-free similarity in the synchronisation pathways

was observed, possibly due to the underlying percolated structure. Such functional

properties are interestingly promoted for glucose stimulations and coupling strengths

in physiological ranges. The adopted functional network technique is moreover a new

approach by which the structure-function coupling problem can be analysed against

functional experimental studies on whole islet recordings.

With the use of experimental data and via a generalised electrophysiological model of

human β-cell electrical activity, it was moreover estimated the gap junction coupling

in the human islet. Interestingly, such estimate is in line with measure performed in

rodent islet, suggesting that gap junction channels could have similar electrical properties

between the two species. Results, in this case, have shown that such coupling is enough

to achieve synchronisation of small human β-cells population, and that can significantly

alter emergent dynamics of cells in different electrical regimes.

9.2 Study limitations

The adopted Sherman-Rinzel-Keizer model represents one of the first electrophysiologi-

cal models of β-cell electrical activity. It is based on a bursting mechanism underlying

slow variations in intracellular calcium oscillation, and it can reproduce mouse fast

bursting. The model is not able to reproduce slow bursting and compound bursting also

observed in mouse islet, thus, more realistic models should be used to analyse synchro-

nisation properties considering all the possible bursting regimes. Moreover, bursting

emergence was studied in the framework of intrinsically stochastic coupled cells. A
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deterministic heterogeneous approach should also be used to investigate possible vari-

ations in the emergent dynamics. Concerning the study of coupling between human

β-cells, two main limitations are the limited number of observations similar to the one

used to estimate the gap junction conductance, and the assumption that the observed

atypical pattern of oscillations is due to the occurrence of an active and a silent cell.

Unfortunately, no other data were available, and the formulated hypothesis could not be

verified from experiments; although, it is in line with the evidence of β-cell heterogeneity

in glucose sensitivity, and with the coexistence of neighbouring silent and active cells in

pancreatic islets.

9.3 Future perspectives

Future works should take into account more comprehensive models of mouse β-cells

electrical activity, analysing coherence and synchronisation pathways in the different

bursting regimes observed in mouse. In line with other studies, it would also be of

interest to resolve these models in the case of degenerative pathologies that have a

significative impact on cellular architecture, such as Type 1 diabetes. Moreover, the

interest is also to study β-cell populations coupled with the α-cells. To this purpose

dedicated mathematical models reproducing α-cell electrophysiology should be consid-

ered, taking into account paracrine signalling based on the current knowledge. With this

approach, topological differences between species, as well as the topology destruction of

the islet, could also be studied analysing heterotypic cells interaction. In addition, in

the framework of functional network analysis it will be of interest to further analyse the

structure-function problem by using such an advanced mathematical modelling, recon-

structing causal pathways of cellular interactions by adopting more suitable techniques

such as partial correlations analysis. Accordingly, it will be possible to infer in a consis-

tent way structural property from cells activity directly validating obtained results, with

possible applications to whole islet data used to investigate functional connectivities.

In order to investigate possible variations in the emergence dynamics, electrophysio-

logical models fine-tuned on human data should also be tested on percolated clusters

resembling human islet architecture, comparing results with the case of small com-

pact clusters. Moreover, considering the abundance of heterotypic interactions, and

the cholinergic input coming from α-cells in human islets, the modelling should take

into account the paracrine interactions. Such approach could give in this case a more

comprehensive picture of the whole islet activity, by analysing electrical response and

hormones secretion in different operating conditions, from the physiological up to the

diabetic state. To note that in this perspective, electrophysiological models reproducing
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the endocrine cells activity could be coupled to mathematical models describing cellu-

lar mass dynamics and islet plasticity, thus resolving both the dynamics the network

topology and the evoked electrophysiological response.
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Beta cells in pancreas represent an example of coupled biological oscillators which via communication 
pathways, are able to synchronize their electrical activity, giving rise to pulsatile insulin release. In this 
work we numerically analyze scale free self-similarity features of membrane voltage signal power density 
spectrum, through a stochastic dynamical model for beta cells in the islets of Langerhans fine tuned on 
mouse experimental data. Adopting the algebraic approach of coherent state formalism, we show how 
coherent molecular domains can arise from proper functional conditions leading to a parallelism with 
“phase transition” phenomena of field theory.

 2014 Elsevier B.V. All rights reserved.

1. Introduction

Islets of Langerhans in the pancreas are ellipsoidal clusters 
of excitable endocrine cells that ensure blood glucose homeosta-

sis. Alpha, beta, delta and PP cells form this particular structure. 
Specifically beta cells are able to lower glycemic level by releasing 
insulin [1]. In rodents, these cells are clustered in the central core 
of the islet surrounded by peripheral alpha cells, and are coupled 
through specific connections, the gap junctions [2–5]. In response 
to glucose uptake from extracellular space, beta cells within the 
islet modify their membrane potential, exhibiting slow oscillations 
with superimposed action potentials (bursting activity) [1]. This 
characteristic behavior leads to oscillations of the intracellular cal-
cium concentration that triggers pulsatile insulin release [6,7]. On 
the other hand, isolated beta cells show an irregular spiking ac-
tivity in response to glucose stimuli. Experimental measurements 
show moreover that beta cells electrical activity is synchronized 
over the islet [6,8,9]. Such an observed feature highlights that a 
coherent intercellular correlation extending over the islet’s volume 
can be established under proper functional conditions and glucose 
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concentrations, providing the motivation for the study presented 
in this paper. We indeed analyze such a behavioral property of the 
cells in the frame of a Hodgkin–Huxley [10] type model also con-
sidering the kinetics of the stochastic K–Ca channels [11] (calcium-

dependent potassium channels; here Ca stands for the ion Ca2+). 
We thus focus our study on the dynamics of the membrane po-
tential in variable scale clusters in connection with intracellular 
calcium concentration and the activation of potassium and cal-
cium channels. Our numerical simulations agree with the observed 
possibility of formation of coherent molecular domains and show 
how this depends on glucose concentrations and on the islet size. 
In particular, we find that the power density spectrum (PDS) of 
membrane voltage exhibits scale free self-similarity features with 
respect to frequency occurring with different self-similarity dimen-

sion in different frequency intervals and show how such a feature 
is indeed an evidence of coherent molecular dynamics. In our 
discussion, we use the algebraic approach of the coherent state 
formalism through which the isomorphism is shown to exist be-
tween the linear fit of the log–log plot of PDS/frequency and the 
squeezed coherent state algebraic structure. The plan of the pa-
per is the following. The mathematical modeling is introduced in 
Section 2, while numerical simulations and results are presented 
in Section 3. The notions of (fractal) self-similarity dimension and 
squeezed coherent states are given in Section 4, where the alge-
braic isomorphism between self-similarity and coherent states is 
also discussed. Section 5 is devoted to conclusions.

http://dx.doi.org/10.1016/j.physleta.2014.09.041

0375-9601/ 2014 Elsevier B.V. All rights reserved.
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2. Mathematical modeling

An extended version of the stochastic multi-cell SRK (Sherman–

Rinzel–Keizer) model [12], based on mouse electrophysiological 
data, was adopted to study bursting activity of beta cells cu-
bic clusters of variable size for different glycemic levels. Such a
Hodgkin–Huxley type model permits to reproduce isolated and 
coupled dynamics of beta cells. This is because of the stochastic 
formulation of the high conductance K–Ca channel gating. Single 
gating events of this specific type of channel can lead the cell to 
an active or a silent state, making possible to observe a spiking ac-
tivity in an isolated cell. Thanks to “channel sharing”, coupled cells 
are able to share the entire population of K–Ca channels [11,12], 
overcoming noise and giving rise to bursting behavior, a character-
istic electrical pattern observed experimentally in beta cells within 
the islet. The model’s equations for the i-th cell are:

Cm
dV

dt
= −I ion − ḡK–Cap(V − V K ) − gc

∑

j∈Ω

(V − V j)

dn

dt
= λ

[
n∞ − n

τn(V )

]

dCa

dt
= f [−α ICa − kCaCa]

〈p〉 =
Ca

Kd + Ca

I ion = IK + ICa = ḡKn(V − V K ) + ḡCam∞(V )h(V )(V − VCa)

m∞(V ) =
1

1+ exp[(Vm − V )/Sm]

h(V ) =
1

1+ exp[(V − Vh)/Sh]

n∞(V ) =
1

1+ exp[(Vn − V )/Sn]

τn(V ) =
c

exp[(V − V̄ )/a] + exp[(V − V̄ )/b]
,

where the dynamical variables V , n, Ca have to be understood as 
V i, ni, Cai . The ODE system models the dynamics of the membrane 
potential V , the potassium channel activation level n and the in-
tracellular calcium concentration Ca. Cm represents the membrane 
capacitance; m∞(V ) and n∞(V ) are sigmoid functions defined 
upon constant values of the voltage; in particular, they represent 
the steady states of the calcium and potassium currents, respec-
tively, once a step function of the voltage is imposed; h(V ) is the 
inactivation curve of calcium channels; τn(V ) is the voltage de-
pendent time constant of potassium channels fine tuned by the 
parameter λ; ḡK , ḡCa and ḡK–Ca represent the whole cell conduc-
tances of potassium, calcium and potassium–calcium dependent 
ionic channels, respectively; gc is the strength (conductance) of 
coupling between two adjacent cells due to gap junctions, in a 3D 
Von Neumann neighborhood (Ω) of the cell modified to take ac-
count of different communication rules on the boundary region (in 
Fig. 1 is shown a 5 ×5 ×5 cluster and the neighborhood considered 
for a central cell); p is the fraction of open K–Ca channels whose 
transition events are obtained as evolution of a stochastic process 
described in the following; V K and VCa are the potassium and cal-
cium equilibrium potentials; f is a fixed parameter which slows 
down intracellular calcium dynamics; the factor α converts cur-
rent units in concentration units; kCa represents the rate at which 
calcium is pumped out from cytosol to extracellular space; Kd is 
a factor that depends on K–Ca channels kinetics; a, b, c, and V̄
are parameters used to fine tune the dependence of the potassium 
channel time constant on the membrane voltage; Vn , Vm , Vh , Sn , 

Fig. 1. 3D view of a 5 × 5 × 5 cluster (a) and Von Neumann neighborhood (b) for 
a central cell, plotted in red. (For interpretation of the references to color in this 
figure legend, the reader is referred to the web version of this article.)

Sm and Sh are parameters used to fit the activation and inactiva-
tion curves of the ion channels.

2.1. Stochastic gating of K–Ca channels

Transition events of the K–Ca channels were computed with the 
use of a two state Markov process for each ionic channel. Following 
[11], a two-state kinetics was adopted, i.e.:

C
1/τc
⇋
1/τo

O, τo = τc
Cai

Kd

.

Here τo and τc are the mean opening and closing times. Keep-
ing τo fixed, τc varies as a function of intracellular calcium. The 
probabilities that a channel in a specific state makes a transition 
in a fixed time window are given by:

�t

τc
= Prob

{
s(t) = O, t + �t

∣∣ s(t) = C, t
}
,

�t

τo
= Prob

{
s(t) = C, t + �t

∣∣ s(t) = O, t
}
;

where s(t) ∈ {C, O } is a stochastic variable and �t is the consid-
ered time step [13]. Considering 600 channels of K–Ca type per 
cell, each two-state process was resolved with the use of a Monte 
Carlo simulation, computing the fraction of open channels at every 
integration time step of the model equations.

2.2. Glucose feedback

As in Ref. [14], glucose feedback was modeled tuning the cal-
cium removal rate parameter in order to reproduce experimentally 
observed beta cells activity at specific blood glucose concentra-
tions [G]. At about [G] = 5.5 mM and [G] = 16.6 mM, a silent-
bursting and a bursting-continuous spiking transition, respectively, 
can be observed in beta cells membrane potential. These behav-
iors can be obtained in the model setting kCa = 0.02 ms−1 and 
kCa = 0.09 ms−1 . Considering these observations, a simple linear 
function was adopted to achieve the feedback:

kCa = A[G] − B for [G] ≥ 2.33 mM,

where A = 6.3 · 10−3 ms−1mM−1 , B = 0.0147 ms−1 and [G] is 
the glucose concentration. A full list of the adopted parameters is 
given in Appendix A.

3. Numerical simulations

A fourth order Runge–Kutta method with a fixed time step of 
0.1 ms was adopted to solve the ODE system. The global model 
was implemented in a C++ code. Cells’ voltage membrane signals 
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Fig. 2. Membrane potential signals of a representative cell in a 5 × 5 × 5 cluster, stimulated by different glucose concentrations: (a) [G] = 4.7 mM; (b) [G] = 9.5 mM; 
(c) [G] = 12.6 mM; (d) [G] = 16.6 mM.

obtained from simulations were analyzed with the Matlab® soft-

ware, computing signals spectra with the use of the FFT algorithm 
here implemented. Our analysis shows how the activity of beta 
cells depends on the glucose bath concentration [G] and on the 
islet size (cluster population).

Dependence of the beta cell activity on glucose bath concentration. In or-
der to investigate a coherent activity of beta cells in the islet and 
its possible correlation with glucose stimuli, we initially modeled a 
125 cells cubic cluster in glucose baths of different concentrations. 
Specifically, the cluster response was studied for glycemic levels 
in the range [G] = 4.7 mM–16.6 mM, analyzing a representative 
cell of the network. In Fig. 2 the computed membrane potentials 
in time for [G] = 4.7, 9.5, 12.6, 16.6 mM are shown (Fig. 2a, b, 
c, and d, respectively). As can be seen, the model correctly re-
produces silent, bursting and continuous bursting behavior experi-
mentally observed at increasing glucose levels. Three characteristic 
time scales can be noticed: the bursting slow wave with a period 
of tens of seconds, the spiking activity of the order of hundreds 
of milliseconds, and an infinitely low time scale due to stochastic 
channel gating. The power density spectrum (PDS) of voltage sig-
nals was computed to highlight scaling features of the signals as an 
observable phenomena of coherent activity in the cluster. In Fig. 3
the PDS of signals reported in Fig. 2 are plotted in a log scale. 
Scaling properties were then analyzed computing log–log slopes 

of linear trends observed in PDS. Performed analysis have shown 
that a representative cell of the cluster, stimulated by typical post-
prandial glucose concentration ([G] ≃ 9.5 mM, Fig. 3b), presents 
two different linear trends in the log–log plot of PDS, at low and 
high frequency ranges, respectively, with an intermediate transi-
tion region (highlighted in blue in the PDS plots). The slopes in 
the log–log plots were then computed with a linear fitting of data 
in these two ranges of frequencies (red and green lines in the PDS 
plots represent the computed slopes), at different glucose levels. 
Results obtained are reported in Fig. 4. As can be seen, the slope at 
high frequencies (HF) is SHF ≃ −33 dB/Hz perdecade and seems to 
be independent on glucose level. The slope at low frequencies (LF) 
instead is nearly absent in the clustered cells stimulated by both 
subthreshold and very high glucose concentrations, while can be 
observed at intermediate glucose levels that ensure regular burst-
ing, where SLF ≃ −20 dB/Hz perdecade at postprandial glycemic 
level.

Dependence of the beta-cell activity on cluster population. With the 
aim to support the coherence hypothesis, a Pearson’s correlation 
matrix was obtained from data, treating membrane potential time 
series of the modeled cells as multiple observations from different 
stochastic variables. In Fig. 5, the surface plots of the correlation 
matrix for the 125 cells cubic cluster in subthreshold and post-
prandial glucose concentrations are shown. As can be noticed, the 
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Fig. 3. Log–log power density spectra of membrane potential signals of a representative cell in a 5 × 5 × 5 cluster, stimulated by different glucose concentrations: (a) [G] =
4.7 mM; (b) [G] = 9.5 mM; (c) [G] = 12.6 mM; (d) [G] = 16.6 mM. The slope at low frequencies (SLF ) is highlighted in green, the slope at high frequencies (SHF ) in red. 
Continuous lines segments highlight the PDS points used for the linear fitting; dotted lines segments are the extrapolation of the linear estimation. The transition region 
between the two linear zones is highlighted in blue. (For interpretation of the references to color in this figure, the reader is referred to the web version of this article.)

Fig. 4. Computed slopes at low (green circles) and high (red squares) frequencies 
for increasing glucose concentrations. (For interpretation of the references to color 
in this figure, the reader is referred to the web version of this article.)

correlation indexes of cells’ voltage signals are quite high (all above 
0.9) for suitable glucose levels (Fig. 5a), both for neighboring cells 
and for different cellular planes of the cluster; considering low 
glucose concentration instead, correlation indexes get lower with 
minimum values of about 0.4 (Fig. 5b).

Because of channel noise, a minimum size of the cluster (mini-

mum cell population) is required to achieve robust bursting. With 
the aim to study cell population effect on slopes in the log–log 
PDS plots, we modeled clusters of increasing sizes starting from 
the single isolated cell up to the 1000 cells case, stimulated by a 
postprandial glucose concentration. In Fig. 6 the PDS plots of volt-

age signals for a representative cell of each cluster are reported. 
From results in Fig. 7, the slope at high frequencies seems to be 
also independent on cluster size with SHF ≃ −33 dB/Hz perdecade

for clusters bigger than about ten cells; slightly lower values were 
obtained for the isolated cell and for the 2 × 2 × 2 cluster. This 
threshold value for the cluster size can be noticed also in SLF that 
is almost zero in the single cell, while it increases in modulus 
starting from the 2 × 2 × 2 cluster.

In order to test slope invariance under perturbations, δV , of the 
single cell membrane potential V , model equations were solved 
considering the new variable (linear transformation) Ṽ = V + V t , 
with V t ≡ δV a constant perturbation parameter. Clusters con-
taining 1, 27, 64 and 125 cells stimulated by postprandial glucose 
concentration were modeled analyzing log–log PDS plots of Ṽ for 
different values of V t . Results are summarized in Table 1. As it can 
be seen, apart for the case of 1 cell, there are very little changes in 
the values of slopes, which signals the slope invariance under the 
V t perturbation.

4. Self-similarity analysis

In the previous sections, we have found that power density 
spectra exhibit a log–log linear behavior in function of frequency 
with different slopes in different frequency intervals (cf. Figs. 3

and 6). In this section we show that an isomorphism exists be-
tween the log–log linear behavior and the coherent state formal-

ism, which confirms the experimental observation of coherent cel-
lular activity in the clusters.

Let Log P and Log f denote the ordinate and the abscissa, re-
spectively, in Figs. 3 and 6. Also, in each of the cases considered in 
the figures, let a convenient translation of the reference frame be 
done, so that the straight line crosses the origin of the axis, which 
is equivalent to divide the abscissa (or multiply the ordinate) by 
a real number c, with Log c = s, where s is the point intercepted 
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Fig. 5. Surface plots of the correlation matrix for (a) postprandial and (b) subthreshold glucose concentration in a 5 × 5 × 5 beta cells cluster. The labeling of the axes has to 
be understood as a sequential numbering of the cubic cluster: 1–25 first cluster plane; 26–50 second plane; 51–75 third plane; 76–100 fourth plane; 101–125 fifth plane.

by the line on the abscissa axis. A measure of self-similarity is 
provided by the value of the slope d of the fitting straight line, 
Log P = d Log f , in each of the frequency intervals. Thus, we have

d =
Log P

Log f
. (1)

Since the ratio d in this equation does not depend on the loga-
rithm base we may switch to the natural base. We will also use 
the notation α ≡ P and q ≡ 1/ f d . Eq. (1) is equivalent to

un,q(α) ≡ (qα)n = 1, for n = 0,1,2,3, ..., with q ≡
1

f d
, (2)

where the frequency f belongs to a given considered interval 
of linear behavior in the considered plots. Eq. (2) is the self-
similarity relation aimed. In each of the linearity intervals, the 
constancy of the angular coefficient d and its independence of 
n express the scale free nature and the self-similarity proper-
ties of the phenomenon. Indeed, d is called the self-similarity 
or fractal dimension [15] and q is called the deformation or 
squeezing parameter [16–18]. We recall that, self-similarity is 
properly defined only in the n → ∞ limit (cf. Eq. (2)) and it 
expresses therefore the highly nonlinear dynamical property of 
the system under study (confusion should not be made between 
the linearity of the log–log plot and the nonlinearity of the 
power law equation (2)). The results in Figs. 3 and 6, there-
fore, show that different values of d in different frequency linear-
ity intervals correspond to different nonlinear dynamical regimes 
of the system under study arising from different values of the 
control parameters such as glucose concentrations and/or cluster 
size.

The analysis presented in the previous sections, based on the 
ODE model of the cell membrane potential V , stochastic gating 
K–Ca channels and numerical simulations is now complemented 
with the algebraic methods analysis proper of coherent state for-
malism [19]. We observe that the functions un,q(α) in Eq. (2) are, 
apart for the normalization factor 1/

√
n!, the restriction to real qα

of the entire analytic functions in the complex α-plane

ũn,q(α) =
(qα)n
√
n!

, n = 0,1,2,3, ... (3)

Thus, the self-similarity implied by our result can be studied in the 
space F of the entire analytic functions, by restricting, at the end, 
the conclusions to real qα, qα → Re(qα) [20,21]. As well known, 
the entire analytic functions provide the key tool for the construc-
tion of (Glauber) coherent states |α〉 [19,22,23].

To see that a mathematical isomorphism indeed exists between 
the observed self-similarity properties and the (q-deformed) co-
herent states, we note that F provides the representation of the 
Weyl–Heisenberg algebra of elements {a, a†, 1} with number op-
erator N = a†a and the Fock–Bargmann representation (FBR) [19,

22] of the coherent states. More explicitly, the FBR is the Hilbert 
space K generated by the basis ũn(α) ≡ ũn,q(α)|q=1 , i.e. the 
space F of entire analytic functions. A one-to-one correspon-
dence exists between any normalized vector |ψ〉 in K and a 
function ψ(α) ∈ F . The vector |ψ〉 is then described by the set 
{cn; cn complex numbers; 

∑∞
n=0 |cn|2 = 1} defined by its expan-

sion in the complete orthonormal set of eigenkets {|n〉} of N:

|ψ〉 =
∞∑

n=0

cn|n〉 → ψ(α) =
∞∑

n=0

cnũn(α), (4)

|n〉 =
1

√
n!

(
a†

)n|0〉, (5)

where |0〉 is the ground state vector, a|0〉 = 0, 〈0|0〉 = 1. Putting 
q = eζ , with ζ a complex number, the q-deformed coherent state 
|qα〉 is obtained by applying qN [24], called the fractal operator
[20,21], to |α〉

qN |α〉 = |qα〉 = exp

(
−

|qα|2

2

) ∞∑

n=0

(qα)n
√
n!

|n〉. (6)

Note that |qα〉 is actually a squeezed coherent state [16,24] with 
ζ = lnq the squeezing parameter. Thus, qN acts in F as the 
squeezing operator. Notice the high nonlinearity of qN and |qα〉. 
As observed in Refs. [17,18,20,21], the n-th power component 
un,q(α) of the self-similarity Eq. (2) is obtained by applying (a)n

to |qα〉 and restricting to real qα

〈qα|(a)n|qα〉 = (qα)n = un,q(α), qα → Re(qα). (7)

Eqs. (6) and (7) are the aimed result. They indeed establish the 
one-to-one formal correspondence between the n-th power com-

ponent un,q(α) with n = 0, 1, 2, ..., ∞, Eq. (2), and the n-th term 
in the q-deformed coherent state series. In other words, they pro-
vide the isomorphism relation between self-similarity properties of 
the observed phenomenology and the q-deformed algebra of the 
squeezed coherent states [17,18,20,21].

In conclusion, the cellular activity of beta cells analyzed in the 
previous sections can be described in terms of coherent state for-
malism. The low frequency (long wavelength) behavior which has 
been identified as a signal of collective effect due to the islet cell 
population finds then a description in terms of long range cellular 
correlation modes.
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Fig. 6. Log–log power density spectra of membrane potential signals of a representative cell in clusters of increasing size, stimulated by a postprandial glucose concentration 
([G] = 9.5 mM): (a) single cell; (j) 10 × 10 × 10 cluster; (b)–(i) intermediate cases n ×n ×n (with n integer and 1 < n < 10). The slope at low frequencies (SLF ) is highlighted 
in green, the slope at high frequencies (SHF ) in red. As in Fig. 3 continuous lines segments highlight the PDS points used for the linear fitting; dotted lines segments are the 
extrapolation of the linear estimation. The transition region between the two linear zones is highlighted in blue. (For interpretation of the references to color in this figure 
legend, the reader is referred to the web version of this article.)
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Table 1

Computed slopes for different values of V t and increasing cells number.

Number of cells V t [mV] SLF [dB/Hzperdecade] SHF [dB/Hzperdecade]
1 −40 −2.1 −38.8

−20 −1.9 −38.7

−10 −0.1 −39.0

0 −1.6 −38.7

+10 −2.8 −39.0

+20 −2.1 −39.2

+40 −3.5 −38.8

27 −40 −19.2 −33.3

−20 −19.4 −33.6

−10 −18.7 −33.6

0 −19.3 −33.6

+10 −19.9 −33.5

+20 −18.5 −33.3

+40 −19.0 −34.0

64 −40 −19.7 −34.1

−20 −22.3 −33.8

−10 −20.9 −33.9

0 −20.2 −33.8

+10 −21.9 −34.0

+20 −21.3 −33.2

+40 −21.6 −34.0

125 −40 −23.4 −34.2

−20 −23.6 −34.2

−10 −22.7 −34.2

0 −23.0 −33.6

+10 −22.3 −33.8

+20 −20.3 −33.4

+40 −23.4 −34.0

Fig. 7. Computed slopes at low (green circles) and high (red squares) frequencies for 
increasing cluster size. The value n on the x axis has to be understood as n ×n ×n. 
(For interpretation of the references to color in this figure legend, the reader is 
referred to the web version of this article.)

5. Conclusions

As mentioned in Section 1, experimental measurements [6,8,9]

show that the electrical activity of beta cells is synchronized over 
the islet provided convenient conditions on the glucose concentra-
tions and islet size are satisfied. It has been also observed [11,12]

that coupled cells may share the entire population of K–Ca chan-
nels [11,12] (“channel sharing”, cf. Section 2), and thus are able 
to overcome noise and give rise to bursting behavior with a char-
acteristic electrical pattern observed experimentally in beta cells 
within the islet. Motivated by these experimental observations, and 
by resorting to an extended version of the stochastic multi-cell SRK 

model [12], of Hodgkin–Huxley type, we have studied the burst-
ing activity of beta cells cubic clusters of variable size for different 
glycemic levels. Our analysis has been based on such ODE model 
of the membrane potential V with the stochastic gating of K–Ca 
channels and numerical simulations to reproduce the activity of 
single cells and clusters of variable size have been performed. In 
particular, we have studied the power density spectra in function 
of the frequency in terms of log–log plots and reached the fol-
lowing results. We have evidenced a linear log–log behavior with 
different slopes in different frequency intervals (cf. Figs. 3 and 6). 
We have shown then that such a behavior highlights that scale 
free (power law) dynamics with self-similarity properties works 
at a basic level of the system components, in each of the differ-
ent dynamical regimes identified by the different slopes (cf. Figs. 3
and 6 and Section 3). Indeed, in Section 4, we have shown the ex-
istence of an isomorphism of the self-similarity properties of such 
a behavior with squeezed coherent states, with different slopes 
corresponding to different values of the squeezing parameter, con-
sistently with the results of [17,18,20,21]. The changeable working 
conditions used in the numerical simulations, such as the modu-

lation of glycemic level and different cluster sizes thus appear to 
drive the formation/modulation/disappearance of coherent struc-
tures at a microscopic level. One interesting consequence of our 
results concerns the “robustness” of coherent activity in each of 
the frequency intervals once the log–log linearity is established. As 
numerical simulations (cf. the comment at the end of Section 3) 
and inspection of the values reported in Table 1 show, fluctuations 
in the membrane potential V leave almost unaffected the value 
of the slope, which is consistently reflected in the coherent state 
dynamical stability at a given squeezing parameter value. More-

over, a critical transition occurs at the point in the plots where 
slope changes. This is consistent with the criticality of the varia-
tions of the squeezing parameter value [23]. Namely, by expressing 
such a scenario in the jargon of many-body physics, we might say 
that as the number of cells in cluster increases (up to thousand in 
our numerical simulation) we are in the presence of a typical field 
theory “phase transition” phenomenon triggered by changes in the 
concentration of the glucose bath in which cell clusters are embed-

ded. We recall indeed that squeezed coherent states with different 
squeezing parameters (different slopes in Figs. 3 and 6) belong to 
different dynamical regimes (phases) [24]. It is interesting to ob-
serve that the linear behavior in log–log PDS/frequency plots in 
specific intervals of frequencies found in the present system, also 
appears in brain studies where assemblies (clusters) of large num-

ber of neurons with phase locked amplitude modulated oscillations 
and self-similarity properties are observed as well [21,25–30]. Our 
expectation is that, in addition to its specific biochemical and cel-
lular composition, coherent dynamics and self-similarity properties 
would play a crucial role in the evolution of a biological system 
through non-equilibrium processes driven by external inputs and 
boundary conditions.
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Appendix A

Here a full list of model’s parameters and adopted values is 
given:
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Parameter Dimensional unit Value

V K mV −75

VCa mV 110

ḡK pS 2500

ḡCa pS 1400

ḡK–Ca pS 30000

gc pS 215

Vn mV −15

Sn mV 5.6

Vm mV 4

Sm mV 14

Vh mV −10

Sh mV 10

a mV 65

b mV 20

c ms 60

V̄ mV −75

λ – 1.7

Kd µM 100

f – 0.001

α mmolC−1 µm−3 4.506 · 10−6

τc ms 1000

A ms−1 mM−1 6.3 · 10−3

B ms−1 0.0147
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The activity of pancreatic β cells can be described by biological networks of coupled nonlinear oscillators that,

via electrochemical synchronization, release insulin in response to augmented glucose levels. In this work, we

analyze the emergent behavior of regular and percolated β-cells clusters through a stochastic mathematical model

where “functional” networks arise. We show that the emergence and robustness of the synchronized dynamics

depend both on intrinsic and extrinsic parameters. In particular, cellular noise level, glucose concentration,

network spatial architecture, and cell-to-cell coupling strength are the key factors for the generation of a rhythmic

and robust activity. Their role in the functional network topology associated with β-cells clusters is analyzed and

discussed.

DOI: 10.1103/PhysRevE.92.042702 PACS number(s): 87.18.Hf, 64.60.ah, 05.45.Xt, 64.60.aq

I. INTRODUCTION

The function of many biological systems underlies an in-
trinsic rhythmic activity [1–3]. These systems are not isolated
but interact with the environment and other systems and
show collective dynamics that emerges from a communicating
network. Communication is the basis for the occurrence
of synchronization or phase-locked dynamics of separate
components in complex dynamical systems. Specifically, the
role of structural and physical connections versus functional
connectivity is currently investigated to understand and cat-
egorize the observed emerging behavior. In particular, the
role of local heterogeneities [4], the spatial organization of
the connectivity [5], and the inverse problem of extracting
structural information from functional one [6] all aim at
unveiling the key mechanisms responsible for synchronization
and desynchronization in highly interconnected networks.

The β cells (BCs), in the endocrine islets of the pancreas,
are an example of coupled nonlinear oscillators that show
such a coordinated rhythmic activity. Pancreatic islets are
ellipsoidal cells’ aggregates characterized by a complex
architecture. The islet contains at least three other types of
cells other than BCs, i.e., α cells (ACs), δ cells (DCs), and
pancreatic-polypeptide (PP) cells [7]. Several studies show
that cells within the islet communicate both by autocrine and
paracrine signaling, and by ultrastructural connections [7–9].
These communications finely control cells function, smooth
cells heterogeneity, synchronize cells, etc. Specifically, BCs
modify their electrical activity in response to changes in blood
glycemic levels, triggering intracellular calcium oscillations
and insulin secretion. The typical membrane voltage pattern
observed in BCs is a “bursting” oscillation [7]. A key concept
for this characteristic behavior is the interaction of fast and
slow dynamics. The fast subsystem shows a bistability, i.e.,
the coexistence of two stable states, a periodic high-voltage
solution, and a silent low-voltage steady state. Changes in the
slow variable drive the fast subsystem between these two states,
achieving a pattern of sustained high-voltage oscillations
separated by quiescent phases. In this context, glucose acts
like a control parameter that regulates the dynamics of the
network itself. Glucose, in addition, exerts a crucial feedback
on β-cell proliferation in vitro and in vivo [10].

In association with intrinsic biological noise and hetero-
geneity, the network topology strongly affects the single-
node dynamics [5,11]. In fact, isolated BCs exhibit irregular
spiking, but electrically coupled BCs in compact clusters
show regular synchronous bursting leading to pulsatile insulin
release [12,13]. In between these opposite behaviors, several
emergent spatiotemporal patterns of electrical activity can
arise from different network structures in terms of nodes
number and connectivity. This aspect has a great relevance
if one considers the dramatic topological effects that some
pathological conditions can induce in BCs networks. Irregular
behaviors caused by loss of coupling and degeneration of BCs
is an example [14–16]. For instance, in type-1 diabetes, the
loss of β-cell mass and communication leads to an insufficient
insulin secretion and impaired pulsatility. This unstable phase
can last from a few months up to several years [17], because
β-cell populations larger than a critical size can still maintain
the blood glycemic level in a physiological range [18,19].
Additionally, the islet architecture and composition, and hence
the BCs networks, differ from species to species. In rodents,
about 75% of islet cells are BCs and form a compact central
core surrounded by ACs and DCs. In humans, BCs are
about 54% of the islet cells and are organized in a sparse
configuration [20–22]. These structural differences can play
a key role in the generation of robust rhythmic behavior
and the onset of local and/or global synchronous states. This
thesis is corroborated by experimental evidences of (i) faster
bursting [23] and (ii) spatially limited synchronization of
intracellular calcium oscillations [21] in human BCs compared
to rodents. Moreover, differences between mouse and human
BCs in terms of ion currents also play a role in bursting
oscillations.

In this work, bursting activity in BCs networks is studied
via a stochastic mathematical model fine-tuned to reproduce
mouse bursting activity [24]. The model is built through a per-
colation approach mimicking the physiological architecture of
the islet. Emergent dynamics of BCs clusters are investigated
by analyzing temporal correlations of cells’ electrical activity
and by deriving and constructing a functional network linking
the BCs cluster structure to the emergent behavior. Through
such an analysis, we provide a complete and quantitative
description of the spatiotemporal synchronization properties
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and their relation with experimental evidences. We show that
very simple communication rules can give rise to complex
functional coupling patterns within a stochastic framework
and that the topology of these functional networks is very
sensitive to changes in specific control parameters, i.e., the
coupling conductance strength, the glucose concentration, and
the noise strength. Such an approach, usually adopted to
study the functional structure of the brain in physiological
and pathological states [25–27], has been experimentally used
to analyze the activity of BCs in islets from mouse pancreas
tissue slices [28].

The paper is organized as follows. In Sec. II, the adopted
stochastic mathematical model is presented. Glucose feedback
and topological and functional networks architectures are
described. In Sec. III, numerical simulations and results
are presented. In Sec. IV, outcomes, limitations, and future
perspectives are discussed. Conclusions are drawn in Sec. V.

II. MATHEMATICAL MODELING

In this section, we introduce a modified version of the
minimal electrophysiological murine model SRK [24,29]
that grasps many quantitative features of β-cells ensembles.
The original model was designed to study isopotential cell
populations and not fully synchronized cubic clusters in fixed
normoglycemic conditions. As said before, the generalized
version of the model here presented takes into account a
fine-tuned glucose feedback and network structure based on
cytoarchitecture evidences [20–22,30]. We finally explain how
construct functional networks from the computed dynamics of
these coupled oscillators.

A. SRK multicell model

SRK model equations are based on a Hodgkin-Huxley-
type formulation [31], where a fast and a slow dynamics
are nonlinearly coupled. Via this minimal modeling, it is
possible to reproduce both the behaviors of isolated cells
and the typical bursting electrical activity of cell clusters,
thanks to the noise-filtering effect of BCs network. Each cell
is described by three ordinary differential equations (ODE)
and is coupled to other contiguous cells (see Appendix for
details). The membrane potential and the potassium channels
characterize the fast dynamics while the intracellular calcium
concentration represents the slow variable that turns the cell
in a silent or bursting regime. Several stochastic processes
were implemented to model the gating of calcium-dependent
potassium channels (K-Ca). This choice is originally due to
the high conductance of this type of ion channels. Because
of this, its stochastic gating leads to stronger perturbations of
the membrane potential compared to K+ and Ca2+ channels.
Following Portuesi et al. [11] and Loppini et al. [32],
glucose feedback was modeled tuning the calcium removal
rate parameter as a linear function of glycemic states. Het-
erogeneity is another important biological evidence. However,
considering the intrinsic noise due to the stochastic gating
of K-Ca channels, simulations performed on heterogeneous
cells populations did not show significant differences from
the activity observed in clusters of identical cells. Although,
alternative approaches have been proposed in the literature [5],

noise itself induces local heterogeneities [33] that overcome
the effect of heterogeneity in cells parameters. For these
reasons, in the following we consider homogeneous cells
populations.

B. Numerical implementation

We have adopted the SRK model in order to simulate the
BCs activity of different networks architectures. The numerical
algorithm (see Appendix) for the integration of the network
dynamics was implemented in C++ language. The Gephi
software [34] and Matlab numerical environment were used
for networks and data analysis, respectively. The R statistical
tool was used for graphical purposes.

C. β-cell networks topology

The architectural organization of β cells in the islets
differs from species to species [20]. BCs in murine islets
are usually confined in a central core with a surrounding
mantle of ACs and DCs. For the horse is exactly the opposite.
Human islets instead are characterized by apparently random
distributions of β, α, and δ cells, resulting in more complex
islet structures [20]. In addition, also the islet composition is
variable. As anticipated, the percentage of BCs in murine and
human islets is about 75% and 54% [20–22], respectively.
Another important architectural feature is that not all the
adjacent BCs are coupled. In particular in mouse, about 33%
of adjacent cells are not coupled [30]. Assuming a similar
coupling distribution in human islets, we developed a β-cell
insular geometry with a site-bond percolation [35] performed
on a compact cubic cluster with a site occupancy probability
of 54% (ps = 0.54) and with a bond occupancy probability of
67% (pb = 0.67). This procedure has been recently adopted
in the context of pancreatic islet cellular networks [5]. In
particular, phase transitions of BCs networks under different
percolation conditions with the onset of type-1 diabetes have
been related there. In this study, our aim is different. We
fix the topological architecture of the network upon a given
site-bond percolation and explore cells synchronization and
emergent bursting, investigating the influence of architecture
and parameters’ changes on BCs functions.

The bond percolation effect has been experimentally stud-
ied in the literature [36,37], modeling the emergent dynamics
with the use of deterministic BCs clusters. In particular
it has been observed that: (1) in physiological conditions
not all adjacent BCs are coupled; (2) inhibition or genetic
knockout of gap junctions compromises synchronized cell
activity; (3) cell aggregates size seems to be correlated
with coordinated cells activity. We address this particular
aspect with a complex network perspective, combined with
stochastic dynamics and comparing and contrasting different
representative architectures in terms of emergent behaviors for
linear chains, compact clusters, and percolated structures.

D. Functional network analysis: A synchronization measure

Synchronization phenomena have been investigated com-
puting the correlation index between all pairs of BCs
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membrane potential signals [28,38]:

Rij =
⟨ (Vi(t) − ⟨Vi(t)⟩)(Vj (t) − ⟨Vj (t)⟩) ⟩

σiσj

, (1)

where σi is the standard deviation of Vi(t). In the functional
network approach, a new network, different from the structural
physical cluster, is constructed on the basis of the correlation
matrix obtained. Specifically, we add a link between separate
cells if the temporal correlation of their electrical signals is
greater than a threshold value. Following Stožer et al. [28],
and filtering the stronger correlations, this value in our analysis
is set to 0.8. From the functional network, one can achieve
qualitative and quantitative information on the BCs emergent
dynamics in terms of synchronized activity. In particular, the
presence of synchronized subpopulations, the quantification
of the temporal correlation of the global oscillatory activity,
and several features of the emergent behavior can be derived.

For the sake of clarity, we list the observables specifically
used in this study (see Refs. [39,40]): (i) the degree of the ith
node ki =

∑
j aij , where aij is the adjacency matrix associated

to the network; (ii) the degree distribution P (k) and the
cumulative degree distribution Pcum(k) =

∑∞
k′=k P (k′); (iii)

the average nearest neighbors degree as a function of k, i.e.,
knn(k) = 1

Nk

∑
i,ki=k knn,i , where knn,i = 1

ki

∑
j aijkj , that is the

average nearest-neighbors degree for the node i, and Nk is the
node number of degree k; (iv) the average clustering coefficient
C = 1

N

∑
i ci = 1

N

∑
i

2ei

ki (ki−1)
, where ei are the edges in the

subgraph of the neighbors of the ith node and ki(ki − 1)/2 is
the maximum number of edges in the subgraph.

As anticipated, the functional network topology is driven
by cells synchronization, and we move from totally uncorre-
lated electrical activity to almost full synchronized behavior.
Because of this, at least if the standard definition of the
observables hold, we will also consider nodes of degree 0 (the
isolated nodes) in the computation of the networks’ statistics.

III. RESULTS

With the use of the site-bond percolation described
above [35], a human-like insular structure was constructed
from a compact cubic lattice of 1000 β cells. This procedure
led to a fragmentation of the original architecture into separate
components characterized by structural networks of different
sizes and connectivities. The numerical study focuses on the
analysis of the biggest component obtained, extracted from the
percolated architecture, and formed by 260 cells (see Fig. 1).
Two other simple topologies were constructed taking into

FIG. 1. (Color online) Construction of the percolated topology.

Starting from a compact cubic cluster (left) a human-like architecture

is obtained via a site-bond percolation (center) and the biggest

connected component is extracted (right).

FIG. 2. (Color online) Different network topologies: linear chain

(left), percolated architecture (center), compact structure (right).

account the same number of nodes: a linear 1D chain and
a 3D compact cluster. In the latter case, a 7 × 7 × 7 grid was
sequentially filled with cells, stopping the cluster construction
once the desired number of units was reached. A representation
of the different topologies is shown in Fig. 2.

In Fig. 3 the voltage time series computed for the stochastic
SRK model is shown for a representative cell of any of the
three simulated topologies. For these simulations a glucose
concentration slightly above the BCs activation threshold was
imposed ([G] = 7.1 mM, i.e., kCa = 0.03 ms−1), setting the
coupling conductance between cells at a physiological value
(gc = 215 pS). Clearly, network topology strongly affects
voltage oscillations. This effect is due to the different filtering
properties induced by the “channel sharing” mechanism [24]
with respect to the noise produced by stochastic channel gating.
More organized structures give rise to longer bursting periods
with lower variability of the interburst interval.

In order to extract information on the synchronization
properties, in Fig. 4 we provide the correlation matrix, the
computed functional network, and the space-time plots of
voltage signals for each simulated structure. Bursting activity
in the linear chain, Fig. 4(a), presents a short-range synchro-
nization with excitation waves arising from different points
in space and time, occasionally colliding. These evidences
are supported by the structure of the functional network,
which presents a mean node degree equal to 4 for the central
cells of the chain. The opposite emergent behavior can be
seen in the compact cluster, Fig. 4(c): the appearance of
quasihorizontal bands in the voltage space-time plot highlights
a long-range synchronization of the bursting. In this case, the

FIG. 3. (Color online) Membrane potential time series for a

representative cell in: linear chain (top), percolated structure (middle),

compact cluster (bottom).
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FIG. 4. (Color online) Correlation matrix (top row), reconstructed functional network (central row), and space-time plot of membrane

voltage (bottom row) for each topology. (a) Left column: linear chain. (b) Central column: percolated topology. (c) Right column: compact

structure. Physiological conditions are considered: gc = 215 pS and [G] = 7.1 mM. The color code of the percolated functional network

identifies the subpopulations in the space-time plot.

x axis of the plot is a one-dimensional ordering of the cells
obtained with a sequential indexing from the bottom to the
top of the cluster. Functional network in such a situation is
a fully connected network. The percolated topology shows
instead an intermediate and very interesting behavior, Fig. 4(b).
From the correlation matrix and the reconstructed functional
network, four subpopulations with different bursting regimes
can be identified (highlighted with different colors). The
spatial coordinates of the space-time plot in this case were
reordered on the basis of the macro subpopulations leading
to the appearance of different out-of-phase bands of bursting
activity. Each subpopulation is identified along the x axis by
the same color used in the corresponding functional network.

A. Fixed glucose and variable gap junction conductance

Different functional networks were constructed analyz-
ing the electrical activity of the BCs structures previously
described, by varying the coupling strength (link strength
of the structural network) and keeping fixed the glucose
concentration ([G] = 7.1 mM). Figure 5 shows three func-
tional networks sequences for the linear chain, the percolated
network, and the compact cluster, respectively. The analysis
shows that lowering gc below a specific threshold causes the
functional disconnection of the network. In this scenario,
BCs do not show correlated activities nor robust bursting.

Increasing the coupling conductance gives rise, instead, to
functional connections that reveal a much more complex
organization compared to the bare physical topology of the
BCs cluster. Strongly interconnected functional communities
appear from a limited number of junctional connections for
the linear, the percolated, and the compact topology. The
compact cluster gives rise to a fully connected functional
network for all the coupling strengths considered, losing just
a few connections at gc = 100 pS, thus exhibiting a robust
and synchronized bursting. The linear and the percolated
cases, instead, do not reach a complete functional connectivity,
even by increasing coupling strength. However, the study
of the “functional” clustering coefficient computed for each
operating condition highlights a similar trend in the network
synchronization, as reported in Table I.

In order to further explore the emergent dynamics on
the percolated topology, the degree distributions P (k) of
the functional networks are computed and shown in Fig. 6.
Numerical results highlights that for a coupling conductance
close to the physiological value (gc = 215 pS), the distribution
seems to match similar trends with respect to log-normal
density functions and power-law decays. In order to better
analyze this aspect, cumulative degree distributions were also
computed for different coupling strengths. Log-Log plots of
Pcum(k) are also reported together with a log-normal and a
power law fit (straight line) of the data. Linear fitting seems
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(a) (b) (c) (d)

FIG. 5. (Color online) Functional networks sequences for in-

creasing coupling strength, (a–d) gc = 100, 215, 300, 400 pS, and

fixed glucose concentration [G] = 7.1 mM. Top row, linear chain;

center row, percolated structure; bottom row, compact cluster.

to hold for a central range of values while log-normal fit suits
better for low degree nodes and the tail.

Although bigger cells populations should be studied to
mitigate finite-size effects and to deeply investigate cumu-
lative distributions behavior, our results highlight a strong
inhomogeneity of the network and suggest that scale-free
properties may be involved in the synchronization pathways.
A bimodal distribution underlines bigger and more clustered
synchronized communities, increasing the coupling strength
further above the physiological value.

With the aim to study functional network correlations
between degrees of connected nodes, the average nearest
neighbor degree distributions knn(k) are also computed and

TABLE I. Clustering coefficient for increasing coupling strengths

([G] = 7.1 mM). N600, simulations performed with 600 stochastic

K-Ca channels per cell; N300, simulations performed with 300

stochastic K-Ca channels per cell.

Linear Percolated Compact

gc [pS] N600 N300 N600 N300 N600 N300

100 0.00 0.00 0.06 0.00 1.00 0.86

150 0.00 — 0.26 — 1.00 —

215 0.50 0.00 0.72 0.24 1.00 1.00

250 0.50 — 0.73 — 1.00 —

300 0.56 0.01 0.74 0.41 1.00 1.00

350 0.61 — 0.78 — 1.00 —

400 0.63 0.51 0.80 0.70 1.00 1.00

provided in Fig. 6. For a coupling strength in the range
100–215 pS, knn(k) is an increasing function. For stronger
coupling, the increasing trend reaches a plateau after a cutoff
of k ≃ 30, probably linked to structural issues. However,
this observation suggests an assortative mixing property of
the network [39,41] for optimal coupling strength: nodes
are mostly linked to other nodes with the same degree.
Additionally, such assortative tendency is conserved in lower
degree nodes for stronger coupling. Degree-preserving random
rewiring (not shown) does not show increasing trend in knn(k),
suggesting that assortative mixing is not induced by the
structure, but other processes may be involved [41].

B. Fixed gap junction conductance and variable glucose

The emergent activity of the three structures was also an-
alyzed for different values of glucose concentrations, ranging
from low subthreshold stimulation values up to high glycemic
levels that evoke a continuous spiking response. In this analy-
sis, the coupling conductance was set at 215 pS. Figure 7 shows
a functional networks sequence of the analyzed structures
at different glycemic levels. Subthreshold values of glucose
concentration functionally decouple the network as for low
coupling strength values. In the same way, high values of glu-
cose concentration decrease BCs temporal correlation causing
functional decoupling of the network at high glycemic states.
Optimal functional connectivity is obtained for glycemic levels
slightly greater than the stimulation threshold. The computed
clustering coefficient for each structure (see Table II) confirms
these observations.

These results suggest that the glucose range ensuring
cells functional synchronization is greater in the compact
case, shrinking progressively in the percolated and the chain
network. The analysis of the network degree distribution of the
percolated cluster is computed for different glycemic states,
see Fig. 8, showing that log-normal trends and possibly scale-
free properties may also arise in the range of glucose values
that maximize cells correlation. Cumulative distributions were
not computed in this analysis because of the limited number
of samples. In addition, although functional decoupling of
the cells causes a lack of data for the computation of the
average nearest-neighbor degree distribution in subthreshold
stimulation and in overstimulation regimes, the computed
knn(k) shows an increasing trend for glucose concentrations
just above the stimulation threshold. This result suggests an
assortative property of the network as shown in the case of
variable coupling strength discussed in the previous section.

C. Noise effect

Ion channel gating is a stochastic process, and the macro-
scopic currents observed originate from the opening and
closing of large channel populations distributed on the cell
membrane. Therefore, these biological systems can be viewed
as intrinsically stochastic oscillators. Macroscopic membrane
current fluctuations strongly depend on single-channel prop-
erties and on the numerosity of the population. Noise level is
expected to have a great impact on cells synchronization.

On these bases, we investigate the noise effect on functional
networks by varying the channel population size. Specifically,
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FIG. 6. (Color online) Degree distribution for different functional networks (FN) of the percolated structure varying the coupling strength

(gc = 100, 215, 300, 400 pS) and keeping fixed the glucose concentration ([G] = 7.1 mM). A smoothing kernel was used for the histograms

fitting, previously normalizing the occurrences with the maximum value reached in each case. N600, observables computed from simulations

performed with 600 stochastic K-Ca channels per cell; N300, observables computed from simulations performed with 300 stochastic K-Ca

channels per cell; AVNND, average nearest neighbor degree; Pcum, cumulative degree distribution. Dotted line and continuous line in the

AVNND plots represent a power law and a log-normal fit of the data (colored square), respectively.

(a) (b) (c) (d)

FIG. 7. (Color online) Functional networks sequences for in-

creasing glucose concentration, (a–d) [G] = 4.7, 8.7, 12.7, 16.6 mM

from left to right and fixed gap junction conductance gc = 215 pS.

Top row, linear chain; center row, percolated structure; bottom row,

compact cluster.

the size of K-Ca channels population was lowered to half of
the original value (from 600 to 300) in order to increase current
fluctuations. Functional network sequences were similarly
analyzed as presented above, i.e., (1) keeping fixed the glucose
concentration and varying coupling strength, (2) keeping fixed
the coupling strength and varying the glucose level. Numerical
results show a similar trend with respect to lower noise levels.
Figure 9 shows that increasing the coupling conductance
enhances the connectivity of the network. Although, compared
to the 600 K-Ca channels case, doubled values of the coupling
strength are needed to achieve a similar functional connectivity
for the linear and percolated structures. These observations are

TABLE II. Clustering coefficient for increasing glucose con-

centrations (gc = 215 pS). N600, simulations performed with 600

stochastic K-Ca channels per cell; N300, simulations performed with

300 stochastic K-Ca channels per cell.

Linear Percolated Compact

Glucose [mM] N600 N300 N600 N300 N600 N300

4.7 0.02 0.00 0.03 0.17 0.00 0.00

6.7 0.51 — 0.71 — 1.00 —

8.7 0.03 0.00 0.47 0.21 1.00 1.00

10.7 0.00 — 0.18 — 1.00 —

12.7 0.00 0.00 0.03 0.00 0.97 0.00

14.6 0.00 — 0.00 — 0.00 —

16.6 0.00 0.00 0.00 0.00 0.00 0.00
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FIG. 8. (Color online) Degree distribution for different functional networks (FN) of the percolated structure varying the glucose

concentration ([G] = 4.7, 8.7, 12.7, 16.6 mM) and keeping fixed the coupling conductance (gc = 215 pS). As for variable coupling strength, a

smoothing kernel was used for the normalized histograms fitting. N600, observables computed from simulations performed with 600 stochastic

K-Ca channels per cell; N300, observables computed from simulations performed with 300 stochastic K-Ca channels per cell; AVNND, average

nearest-neighbor degree.
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FIG. 9. (Color online) Functional networks sequences for in-

creasing coupling strength, (a–d) gc = 100, 215, 300, 400 pS from

left to right at fixed glucose, i.e., [G] = 7.1 mM. The number of

K-Ca channels per cell was set to 300 to increase noise strength.

Top row, linear chain; center row, percolated structure; bottom row,

compact cluster.

summarized by the computed clustering coefficients reported
in Table I. The compact cluster resulted more robust to noise
perturbation, and a fully functional connectivity was reached
for physiological values of the coupling conductance. The
analysis was limited to selected values of the conductance
due to computational issues.

Similar behaviors are also observed varying the glucose
level (Fig. 10 and Table II). An optimal range of glucose con-
centration maximizing cells synchronization is still present.
However, higher noise perturbations strongly reduce this range
and the degree of synchronization.

The degree distribution analysis of the functional networks
computed from the percolated structure (Figs. 6 and 8)
shows similar topological properties also for enhanced noise
levels. Log-normal and power-law behaviors of the degree
distributions are obtained for coupling conductances higher
than the physiological value and glucose concentrations of
about 8–9 mM. However, also for higher noise levels the
maximum degree of the nodes is significantly lowered. This
result underlines the robustness of the functional topology with
respect to perturbations.

IV. DISCUSSION

Experimental studies have shown that β cells in pancreatic
islets exploit several pathways of communication in order
to coordinate and synchronize their secretory activity, from
electrical to autocrine and paracrine coupling. This evidence
implies a specific structural organization of cells within
the islet. Such a structure varies from species to species
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(a) (b) (c) (d)

FIG. 10. (Color online) Functional networks sequences for in-

creasing glucose, (a–d) [G] = 4.7, 8.7, 12.7, 16.6 mM from left to

right at fixed gap junction conductance, i.e., gc = 215 pS. The number

of K-Ca channels per cell was set to 300 to increase noise strength.

Top row, linear chain; center row, percolated structure; bottom row,

compact cluster.

and can be substantially altered by degenerative pathologic
processes like type-1 diabetes [42]. The existing literature
on mouse and human data highlights that the emergent
electrical activity in time and its coordination in space may
vary significantly considering different species. Additionally,
the loss of communication and degeneration of the cellular
network in diabetic subjects strongly affect insulin release.

The present study analyzed the relation between structure
and function in BCs networks, considering normal conditions
and varying selected control parameters with respect to the
physiological limits. In this framework, it is fundamental to
analyze compact and percolated clusters since they clearly
resemble mouse and human BCs architectures. The linear
chain case, instead, is the representative example of a degen-
erate case, usually adopted to study the dynamics of coupled
oscillators [43].

A. Bursting robustness

In the physiological state, numerical results show that
temporal robustness of bursting activity is strongly affected
by network architecture. This aspect was highlighted in the
original work of Sherman et al. [24,29], studying cubic
clusters of increasing size. They showed that coupled cells
can “share the pool of stochastic channels” lowering noise
strength. Similar behaviors were studied experimentally in
cardiac coupled cells [44] and numerically in coupled networks
of stochastic oscillators [24,29,45,46]. In these studies, an

enhancement of the temporal precision was achieved for
specific properties of the network, e.g., topology and number of
nodes N . In particular, the standard deviation of the inter-beat
intervals was shown to follow a 1/

√
N scaling law. Similar

properties also arise in the stochastic gating of K-Ca channels
in the “supercell” version of the SRK model [24]. Since the
gating is modeled as a two-state process, it is possible to write
the master equation for the evolution of the probability to find
n channels in an open state in a population of size N [47]. The
master equation is a set of (N + 1) ODE of the form

dPo(n,t)

dt
= K1Po(n − 1,t) − K2Po(n,t) + K3Po(n + 1,t),

where K1 = k+(N − n + 1), K2 = k+(N − n) + k−n, K3 =

k−(n + 1), and k+/− are the transition rates from the closed to
the open state (see Appendix).

The equilibrium solution is given by the well-known
binomial distribution:

P ∞
o (n) =

(
N

n

)
pn(1 − p)N−n ,

with p = k+/(k+ + k−). The coefficient of variation of this
distribution is CV = SD/m =

√
(1 − p)/(Np), where SD and

m are the standard deviation and the mean value, respectively.
For the supercell model, the total number of stochastic
channels is given by the number of channels per cell times
the number of cells within the isopotential cluster. Using
CV as a noise measure, for an increasing number of cells a
lower spreading of P is obtained and the decrease of noise
fluctuations is proportional to 1/

√
Ncell. A similar intuitive

approach was also pointed out by Clay et al. [45]. These
observations underline scaling laws similar to the one found
in the variation of temporal precision, which are embedded in
the intrinsic stochastic process of channel gating on the cell
membrane. In this study, we show that the attitude of noise
spreading and filtering, which gives rise to a robust bursting
in time, is also dependent on the clustering of the network and
not only on the population size. Our approach is in line with
the heterogeneity studies recently discussed in Ref. [4].

B. Cluster synchronization

Synchronization analysis of bursting activity reveals in-
teresting features. In particular, the linear chains do not
ensure a long-range synchronization of cells and the functional
network analysis suggests that a significant correlation in
the activity (R ! 0.8) holds just in a radius of about two
cells. Alternatively, the compact structure shows that fully
functional connectivity can be reached even considering
only nearest-neighbors interactions. Of note is that such a
feature is in line with recorded signals in mouse islets,
showing an in-phase bursting over the whole islet [12,13].
Interestingly, the percolated topology (the closest to the human
physiological one) presents intermediate behaviors where
several synchronized areas arise. A globally synchronized
activity is not achieved in this case as demonstrated by the
degree distribution of the functional network (Fig. 6) and the
out-of-phase bands in the space-time plot of membrane voltage
signals (Fig. 4). These results suggest a limited and partially
synchronized activity in human-like β-cell networks under
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physiological conditions, in line with experimental recordings
of intracellular calcium [21].

Could these results be a symptom of modularity? It is
known that many biological networks show such a feature,
which is strictly connected to the system robustness against
system’s perturbations [48], i.e., environment changes or
altered dynamics of some nodes in the network. The functional
network structure changes dynamically when the operating
conditions change. The numerical analyses we conducted
in this study demonstrate that if the cluster structure is not
compact, values of the coupling conductance below a certain
threshold are not able to synchronize cells anymore. In fact,
the functional network for the linear and percolated cases are
almost totally disconnected. On the other hand, higher values
of the coupling are able to recover cells synchronization though
the functional network loses its modularity. These evidences
suggest the hypothesis of an optimal value of coupling
strength, peaked at the physiological value, to maintain the
functional features of the system.

In addition, other interesting properties arise keeping fixed
the coupling strength while increasing glucose concentration.
Glycemic levels that keep β cells in a silent state or evoke
a continuous bursting lead to cells desynchronization in all
the topologies analyzed; i.e., the corresponding functional
networks are almost totally disconnected. For intermediate
values of glucose concentration, however, the clustering
coefficient for all three structures reaches a clear maximum.
This last result suggests an optimal value, again, of the glucose-
synchronization feedback. This level is above the stimulatory
threshold and for the percolated and compact clusters is very
close to the peak of glucose concentration usually observed
after a meal [49,50]. These outcomes are consistent with
experimental based functional network analyses in mouse
islets [28], where time correlations of intracellular calcium
variations between β cells are analyzed.

C. Percolated clusters and self-similarity

The associative behaviors pointed out for the average
nearest-neighbor degree distributions highlight interesting as-
pects of synchronization pathways. The node-degree correla-
tion suggests somehow that the emergent coordinated activity
does not appear as a sharp transition in response to parameters
changes but comes out as a nucleation-like process. For low
values of the coupling strength, high-degree nodes are absent
and low-degree nodes are coupled with other low-degree
nodes, i.e., functional cell doublets and small coordinated
pools. Increasing the coupling strength, the distribution of
knn(k) shows a plateau and high-degree nodes appear. These
nodes are equally linked to other nodes, suggesting that the
system is reaching a global synchronization.

Degree distributions analysis performed for the differ-
ent operating conditions reveal that physiological coupling
strength values and postprandial glucose concentrations induce
a scale-free-like topology of the functional network. Our
representative human-like cluster, in fact, comes from a
particular occurrence of the percolation process performed
on a regular 3D lattice of cells [5]. Specifically, in order to
match biological and histological evidences, a site percolation
with p∗

s = 0.54 and a bond percolation with p∗
b = 0.67

was performed. Numerical studies about mixed site-bond
percolation performed on different lattices showed that the
pair (p∗

s , p
∗
b) is very close to the percolation threshold curve

in the ps-pb plane for the cubic lattice (Fig. 1 in Ref. [51]).
Moreover, finite-size effects have been pointed out also in
Ref. [5]. In typical percolation problems performed on infinite
lattices, once this threshold is reached a big connected cluster
spanning all the lattice emerges; the process can be viewed
as a phase transition in physical systems [35]. Near this
critical threshold, fractal shapes can arise characterized by
self-similarity properties. Scale-free topology of the functional
network may then be reminiscent of the underlying self-similar
topological structure, and variations of the model parameters
could enhance or disrupt such a property in this perspective.
Experimental studies have highlighted the appearance of
scale-free networks in many biological complex systems like
metabolic reaction networks, gene regulatory networks, and
functional connectivity in the brain [52–54]. In the latter
case, the scale-free properties are associated with characteristic
states of the neural activity.

In the pancreatic islets, such a functional structure high-
lights substantial differences between mouse and human.
A modularity and scale-free topology of synchronization
(we are talking about functional networks) could represent
the best way to regulate cells’ electrophysiological activity.
In addition, the analyses performed with increased noise
levels suggest that perturbations of the voltage dynamics can
considerably desynchronize cells’ activity due to stochastic
fluctuations of ion currents. However, numerical simulations
also highlight that the observed topological features of the
functional networks are conserved both for the percolated
and the compact structure. These evidences suggest that the
system is robust, and synchronization patterns are qualitatively
conserved when the intrinsic noise due to cell properties
is enhanced. Though these results have been derived on
simplified topological BCs networks and adopting a murine-
based stochastic mathematical model, due to the similarity of
the reaction-diffusion formulation, ionic currents and the order
of magnitude of the coupling conductances [55] we expect, by
analogy, our results may have relevance within a complete and
more reliable human-based framework.

V. CONCLUSIONS

The functional network analysis performed on differ-
ent cluster topologies of coupled BCs highlighted a deep
connection between structure and function. Results on cell
synchronization are in line with experimental studies per-
formed on human and mouse islets, in which a partial and a
complete synchronization was found, respectively. The degree
of synchronization is not constant but varies together with
operating conditions. The compact cluster acts as a unique
functional unit that is very robust over a degeneration of
coupling and desegregates only for subthreshold and very high
values of glucose concentration. The percolated structure gives
rise to limited synchronization of cells as observed in human.
In this case, physiological values of coupling conductance
and glucose concentration maximize cells synchronization
also preserving modularity and scale-free properties of the
functional connectivity.
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In the present study, we adapted a well-known murine-
based electrophysiological model to different cluster config-
urations in order to highlight the relation between structural
and physical topology and functionality [6]. A fine-tuning of
the model parameters matching different electrophysiological
behavior is out of the scope of this work. Moreover, syn-
chronization and emergent dynamics need further exploitation
in future studies taking into account that the analysis of
the functional connectivity, different from the physical one,
requires a careful interpretation of the statistical analyses.
However, it is important to remark that modularity and scale-
free properties shown in this work arise only for physiological
values of the parameters, thus implying a correct interpretation
of the results. In addition, synchronization and emergent
dynamics are fundamental for the correct functioning of β

cells and their alteration is related to pathological conditions,
i.e., diabetes.

Model limitations rely with the absence of the autocrine
and paracrine communication pathways within the islet and
the different endocrine cells. In this perspective, more realistic
coupled network topologies of the islet should be recon-
structed [56] or based on local dependencies [57,58], analyzing
the functional response of the cells with human electrophysi-
ological models [55,59,60] and analyzing networks properties
from observed dynamics [61]. Accordingly, the model should
be tuned on human data and different percolation structures
should be studied in the context of evolutionary studies [62]. In
addition, weighted networks without a correlation cutoff need
also to be considered in forthcoming contributions in order
to better characterize the in-phase and out-of-phase bursting
behaviors, as well as partial synchronization phenomena.
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APPENDIX

1. Electrophysiological SRK model

Here we list the SRK model’s equations [24,29], expressed
for a single cell. For the sake of notation, we denote variables
Vi , ni , Cai , simply as V , n, Ca; Cm the cell membrane
capacitance; V the membrane potential; n is the potassium
(K+) channel gating variable; n∞ the steady-state activation
curve for the potassium channel; Ca the intracellular calcium
(Ca2+) concentration; ḡK , ḡCa, and ḡK-Ca the whole cell ionic
channels conductances for K+, Ca2+, and K-Ca, respectively;
gc the coupling conductance; VK and VCa the potassium
and calcium reversal potentials; λ a parameter used to fine
tune the K+ channels time constant; f is the fraction of
free intracellular calcium; α is a conversion factor; kCa the
calcium removal rate; Kd the ratio of the kinetic constants that
regulate the K-Ca channels chemical process of opening and
closing; Vcell and Scell the volume and the surface of the cell,
respectively, assuming a spherical geometry; F the Faraday
constant and the factor 10 in the membrane capacitance

expression is the capacitance per unit area (f F µm−2).

Cm

dV

dt
= −Iion − ḡK-Cap(V − VK) − gc

∑

j∈&

(V − Vj )

dn

dt
= λ

[
n∞ − n

τn

]

dCa

dt
= f [−αICa − kCaCa]

⟨p⟩ =
Ca

Kd + Ca

Iion = IK + ICa = ḡKn(V − VK) + ḡCam∞h(V − VCa)

m∞ =
1

1 + exp[(Vm − V )/Sm]

h =
1

1 + exp[(V − Vh)/Sh]

n∞ =
1

1 + exp[(Vn − V )/Sn]

τn =
c

exp[(V − V̄ )/a] + exp[(V − V̄ )/b]

α =
1

2 F Vcell

Cm = 10 Scell.

The adopted formulation considers three particular ionic
channels: (i) the delayed rectifier K+ channel (allows ions
flux in a specific direction), (ii) the Ca2+ channel, and (iii)
the K-Ca channel. The Ca2+ conductance is defined by the
product of two sigmoidal functions: a steady-state activation
curve m∞, and a factor h, introduced to achieve a reasonable fit
of experimental data. The K+ conductance is regulated by the
activation level n with time constant τn. The K-Ca conductance
at a particular instant is given by the total K-Ca conductance
ḡK-Ca times the fraction of open channels p calculated by a
parallel stochastic process described in the following section.

The last term in Eq. (2) takes into account the ultrastruc-
tural connections (gap junctions) between cells and tends to
homogenize the voltage gradients between neighboring cells.
The summation is evaluated in a neighborhood & of the cell and
defined as a three-dimensional expansion of a two-dimensional
Von Neumann neighborhood [63]. The numerical integration
of the ODE system was carried out using a fourthorder
Runge-Kutta solver and a fixed time step of 0.1 ms. A complete
list of the model parameters can be found in Table III.

2. Coupled stochastic processes

The opening and closure events of each K-Ca channel were
modeled as a Markov stochastic process [47]. For a single
channel the following two-state kinetics was considered:

1/τc

C " O

1/τo

,

where τo and τc are the mean time spent by the channel
in an opened and a closed state, respectively. Considering
a stochastic variable s ∈ {C,O} in a time interval (t , the
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TABLE III. Model parameters.

Parameter Unit Value

Cell radius µm 6.5

F C mmol−1 96.487

VK mV −75

VCa mV 110

ḡK pS 2500

ḡCa pS 1400

ḡK−Ca pS 30 000

gc pS See text

Vn mV −15

sn mV 5.6

Vm mV 4

sm mV 14

Vh mV −10

sh mV 10

a mV 65

b mV 20

c ms 60

V̄ mV −75

λ 1.7

Kd µM 100

f 0.001

τc ms 1000

C1 ms−1 mM−1 6.3 × 10−3

C2 ms−1 0.0147

probability that a channel in a closed state makes a transition
in an opened state is given by

(t

τc

= Prob{s = O,t + (t | s = C,t}.

Vice versa the probability that a channel in an opened state
makes a transition to a closed one is given by

(t

τo

= Prob{s = C,t + (t | s = O,t}.

A Monte Carlo simulation scheme [47] was adopted to evolve
such a stochastic process. To ensure probability conservation,
the resulting summation over the transition probabilities must
be 1, so one can split the interval [0,1] in regions related to a
specific transition of the channel. A random number extracted
uniformly in the interval [0,1] can then be used to impose the
change of the single channel state. A number of 600 K-Ca
channels per cell was considered, and the state of every single
channel at each integration time step was evaluated. As in
Ref. [24], mean closing time was kept fixed and mean opening
time was defined as a function of calcium concentration:

τo = τc

Cai

Kd

.

We remark that the calcium feedback is achieved directly
weighing the transition probability of the channel. The number
of opened channels at each time t was used to obtain the
factor p in the membrane potential equation. A congruential
generator characterized by a relatively high value of the period
was adopted using the ran2 routine given in Ref. [64] to ensure
the randomness of the generated number sequence.

3. Glucose feedback

By varying the kCa parameter, a silent regime or an emergent
bursting with increasing active phases can be obtained.
Following Portuesi et al. [11], we fine tuned this property
to model glycemic inputs. Setting kCa = 0.02 ms−1 and kCa =

0.09 ms−1 the model responds with a silent-active transition
and an active-continuous spiking transition, respectively.
These transitions in BCs occur at glucose concentrations of
5.5 mM and 16.6 mM, respectively. On these evidences, we
assumed for simplicity a monotonic linear trend of kCa given
by

kCa = C1[G] − C2 for [G] ! 2.33 mM,

where

C1 = 6.3 × 10−3 ms−1 mM−1, C2 = 0.0147 ms−1,

and [G] is the glucose concentration.
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Abstract

Coordinated insulin secretion is controlled by electrical coupling of pancreatic β-cells due to

connexin-36 gap junctions. Gap junction coupling not only synchronizes the heterogeneousβ-cell

population, but can alsomodify the electrical behavior of the cells. These phenomena have been

widely studiedwithmathematicalmodels based on data frommouseβ-cells. However, it is now

known that humanβ-cell electrophysiology shows important differences to its rodent counterpart,

and although human pancreatic islets express connexin-36 and show evidence ofβ-cell coupling,

these aspects have been little investigated in humanβ-cells. Here we investigate theoretically, the gap

junction coupling strength required for synchronizing electrical activity in a small cluster of cells

simulatedwith a recentmathematicalmodel of humanβ-cell electrophysiology.Wefind a lower limit

for the coupling strength of approximately 20 pS (i.e., normalized to cell size,∼2 pS pF−1
) below

which spiking electrical activity is asynchronous. To confront this theoretical lower boundwith data,

we use ourmodel to estimate from an experimental patch clamp recording that the coupling strength

is approximately 100–200 pS (10–20 pS pF−1
), similar to previous estimates inmouseβ-cells.We then

investigate the role of gap junction coupling in synchronizing andmodifying other forms of electrical

activity in humanβ-cell clusters.We find that electrical coupling can prolong the period of rapid

bursting electrical activity, and synchronizemetabolically driven slow bursting, in particular when the

metabolic oscillators are in phase. Our results show that realistic coupling conductances are sufficient

to promote synchrony in small clusters of humanβ-cells as observed experimentally, and provide

motivation for further detailed studies of electrical coupling in humanpancreatic islets.

Introduction

At raised glucose levels insulin is secreted in a

coordinated, pulsatile fashion from human pancreatic

β-cells located in islets of Langerhans [1, 2]. As in their

murine counterparts, a well-characterized pathway

underlies glucose-stimulated insulin secretion in

human β-cells [3–6]. Glucose metabolism leads to

production of ATP, closure of ATP-sensitive potas-

sium channels (K(ATP)-channels) and electrical activ-

ity, which activates voltage-gated calcium channels.

The resulting influx of Ca2+ leads to insulin release

throughCa2+-dependent exocytosis [7].

In order to obtain an overall pulsatile secretion

pattern from the islets scattered throughout the pan-

creas, the β-cells should be synchronized both within

and between islets [8]. Concerning intra-islet syn-

chrony, it is well-established that the strong synchrony

seen in mouse islets is due to electrical gap junction

coupling [9–11]. Gap junctions in the islets are mainly

composed of connexin-36 (Cx36) [9, 12], and Cx36

knock-out mice show reduced intra-islet synchrony of

Ca2+ oscillations [13]. Similarly, human pancreatic

islets express Cx36 [14] that form gap junctions

[14, 15], which might synchronize the β-cells in

human islets. In contrast to the well-studied role of
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gap junctions within islets, the mechanisms of inter-

islet synchronization are still poorly understood in

bothmice and humans.

Although the overall mechanisms underlying glu-

cose-stimulated insulin secretion is similar in humans

and mice, the electrophysiological characteristics of

human and murine β-cells show important differ-

ences [3, 5, 6]. Also the organization of pancreatic

islets differs between humans and mice, which has

been shown to have functional consequences [16–18].

In addition, the electrical properties of gap junction

coupling have been studied in mouse β-cells [19–22],

but is so far unexplored in human islets. Human β-

cells show heterogeneous behavior with no clear burst

patterns [3, 5, 23]. Moreover, the β-cell population in

human islets show less coordinated behavior than

mouse islets, although sub-islet clusters of human β-

cells are synchronized [17, 18]. These facts highlight

that findings obtained in mice can not be immediately

transferred to human islet physiology, which must

therefore be studied directly, based on the knowledge

accumulated from rodents.

While theoretical studies of electrical patterns in

mouse β-cells have a long history [24, 25], mathema-

tical models of single human β-cells were developed

only recently to provide insight in the electro-

physiological patterns observed in human β-cells

[23, 26]. The role of gap junction coupling inmouse β-

cells has also been the subject of mathematical model-

ing [8, 27], with studies investigating heterogeneity in

the islet β-cell population [28–30], the role of noise

[31–34], scale free self-similarity [35], and wave pro-

pagation [36–40].

Here, we use our model of electrical activity in

human β-cells [23] to investigate the amount of gap

junction coupling needed for synchronizing small,

electrically coupled clusters of human β-cells. We find

a lower bound on the required gap junction con-

ductance, and show that this prediction is in agree-

ment with the electrical coupling strength between

human β-cells, as estimated from a model-based

investigation of an atypical membrane potential

recording from a patched cell within a small cell clus-

ter. We analyze the robustness of our findings with

bifurcation diagrams, and find that our estimate is in

good agreement with previous results for the coupling

strength between mouse β-cells. We then investigate

emergent synchrony in a human β-cells cluster model

with different kinds of electrical behavior including

spiking and rapid bursting, and very slow bursting dri-

ven by a glycolytic oscillator [23, 41].

Methods

Modeling

Webuild on our recentmathematicalmodel of human

β-cell electrophysiology and Ca2+ dynamics [23], and

add gap junction coupling between adjacent cells.

Specifically, we simulate two mutually coupled cells,

and 3× 3× 3 clusters of cells. The cells of the clusters

are coupled via a three-dimensional Von Neumann

neighborhood, i.e., six neighbors for a center cell, in

decent agreement with studies estimating that β-cells

in mouse islets are coupled to ∼7 cells [22], consider-

ing that the fraction of β-cells is lower in human than

in mouse islet [16, 17]. Regarding the cluster size, we

performed control simulations with 5× 5× 5 clusters

of cells, and found that our conclusions remained

valid, though tiny quantitative changes were seen. We

note that the poorly synchronized β-cell dynamics

seen in human islets, which contain ∼1000 β-cells,

and the arrangement with β-cells intermingled with

non-β-cells [16–18], suggest that human β-cell clus-

ters are composed of, atmost, a few tens of cells.

The modified equation for the membrane poten-

tial dynamics of the ith cell is

V

t
I g V V

d

d
, 1

i
i c

j

i jion,

i

( ) ( )å= - - -
ÎW

where Iion,i is sum of the ionic currents through the

membrane, Ωi is cell iʼs neighborhood and gc is the

coupling conductance. All model equations and para-

meters can be found in the supplementarymaterial.

To simulate slow oscillations we included a glyco-

lytic oscillator [41] as in our previous work [23]. Oscil-

lations in glycolysis is in this model the result of

positive feedback on the central enzyme phospho-

fructokinase (PFK) by its product fructose-1,6-

bisphosphate (FBP). Cell coupling was either electrical

as in equation (1), or metabolic due to diffusion of gly-

colytic metabolites [42]. Our interest was to study the

effects of synchronized metabolic oscillators [43]

rather than to investigate the exact mechanism of

metabolic coupling. We therefore chose to model dif-

fusion of glucose-6-phosphate (G6P) as in a previous

modeling study [44], even if we have no direct evi-

dence for G6P diffusion. G6P is the product of gluco-

kinase (GK), which phosphorylates glucose at the first

step of glycolysis. We assume that G6P is in equili-

brium with fructose-6-phosphate (F6P), the substrate

for PFK, and G6PF6P, the sum of G6P and F6P, in cell

i follows

t
V V P

d G6PF6P

d

G6PF6P G6PF6P , 2

i
i

j

i j

GK, PFK G6PF6P

i

( ) ( )å

= - -

´ -
ÎW

where VGK,i is the glucokinase rate, varying between

cells, and VPFK is the PFK rate. The strength of

metabolic coupling PG6PF6P = 0.01 ms−1 was esti-

mated based on data of diffusion of glycolytic metabo-

lites betweenβ-cells [42].

Numerics

The cell doublet system was numerically solved with

the XPPAUT software [45], using the AUTO tool

[45, 46] for the computation of bifurcation diagrams.
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Numerical integration of the model for cell clusters

was implemented in a C++ algorithm using a fourth-

order Runge–Kutta scheme for the electrical subsys-

tem. The metabolic subsystem was resolved in parallel

with an Euler scheme due to the non-restrictive slow

dynamics of the glycolytic oscillator. In each case a

fixed time step of 0.02 ms was used. Numerical

accuracy was verified with stand-alone XPPAUT

implementations of both the glycolytic compartment

and the electrical one, using the CVODE integration

method. In order to reproduce 10 s of electrical

activity, computing time was of the order of seconds

for the cells doublets and the 3 × 3 × 3 cells clusters,

considering the electrical subsystem only. For the

simulation of 10 min of activity in the case of 2× 2× 2

clusters, considering both metabolic and electrical

subsystems, the computing time was ∼10 min on a

standard laptop computer. Cell heterogeneity was

implemented by distributing selected parameters

drawn fromnormal distributions.

All expressions of the model and computer code

can be found in the supplementarymaterial.

Data analysis

Spike and burst periods of the simulated voltage time

series for coupled mixed populations with different

fractions of spikers and bursters were computed by

analyzing when the simulated membrane potential

crossed a threshold, adjusted manually to avoid false

crossings, and calculating the time duration of each

oscillation cycle. The single durations were then

averaged to obtain a mean period for each simu-

lated cell.

Experiments

Human pancreatic islets were obtained with ethical

approval and clinical consent fromnon-diabetic organ

donors. All studies were approved by the Human

Research Ethics Board at the University of Alberta.

The islets were dispersed into single cells and small cell

clusters by incubation in Ca2+ free buffer and plated

onto 35 mm plastic Petri dishes. The cells were

incubated in RPMI 1640 culture medium containing

7.5 mM glucose for >24 h prior to the experiments.

Patch-pipettes were pulled from borosilicate glass to a

tip resistance of 6–9MΩ when filled with intracellular

solution. The membrane potential was measured in

the perforated-patch whole-cell configuration, using

an EPC-10 amplifier and Patchmaster software

(HEKA, Lambrecht, Germany). The cells were con-

stantly perifused with heated bath solution during the

experiment tomaintain a temperature of 31 °C–33 °C.

The extracellular solution consisted of (in mM) 140

NaCl, 3.6 KCl, 0.5 MgSO4, 1.5 CaCl2, 10 HEPES, 0.5

NaH2PO4, 5 NaHCO3 and 6 glucose (pH was adjusted

to 7.4 with NaOH). The pipette solution contained (in

mM) 76 K2SO4, 10 KCl, 10 NaCl, 1 MgCl2, 5 HEPES

(pH 7.35 with KOH) and 0.24 mg ml−1 amphotericin

B. β-cells were identified by immunostaining or by

size when immunostaining was not possible (cell

capacitance >6 pF, [5]). Tetrodotoxin (TTX) was

purchased fromAlomone Labs (Jerusalem, Israel).

Results

Estimating coupling strength between human

β-cells

We analyzed the effect of gap junction coupling in a

heterogeneous population of spiking humanβ-cells by

simulation of a cluster of 27 β-cells (3 × 3 × 3 cube),

which were modeled with our recent data-based

model [23] and coupled by gap junctions. We added

heterogeneity by extracting values for the conduc-

tances of the delay rectifier (gKv) and the K(ATP)-

channels (gKATP) fromnormal distributions with small

variance. Cellular heterogeneity was introduced on

these parameters because glucose-sensitivity is directly

related to gKATP, and because the value of gKv controls

the quantitative behavior of the model, i.e., whether a

simulated cell shows spiking or rapid bursting elec-

trical activity [26]. Control simulations confirmed that

our conclusions are valid also when imposing varia-

bility on allmodel parameters.

Due to the heterogeneity in the K+-currents the

uncoupled β-cell population fired action potentials

asynchronously (figure 1(A)). The average gap junc-

tion conductance between pairs of mouse β-cells has

been estimated to fall in the interval 150–215 pS

[19, 22, 47]. In our simulations, gap junction

coupling with a strength slightly below this range

(gc = 0.010 nS pF−1 when normalizing to cell size,

considering that the cell capacitance of human β-cells

is ∼10 pF [5]) rapidly synchronized action potential

firing throughout the cluster. In contrast, a ten fold

lower coupling strength (gc = 0.001 nS pF−1
) was

unable to synchronize the cells (figure 1(B)). To inves-

tigate the lower bound on gc for obtaining synchrony

we plotted the spike period for all cells in the cluster

for different values of gc between 0 and 0.005 nS pF−1.

We found that the cell periods became identical for

coupling strengths above ∼0.002 nS pF−1, indicating

that synchrony was obtained above this threshold

(figure 1(C)).

However, this lower bound is purely theoretical

and does not provide information on actual human β-

cell electrophysiology. We therefore attempted to esti-

mate the coupling strength from a particular pattern

seen in a human β-cell located in a tiny cluster of a few

cells (figure 2(A)). The membrane potential showed

small oscillations of ∼10 mV around the resting

potential with occasional action potential firing. We

hypothesized that the small oscillations were because

of gap junction currents coming from a neighboring

cell with regular spiking activity, while the occasionally

observed action potentials were due to stochastic

events, which were not analyzed further. When the

3
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same human β-cell cluster was exposed to the Na+

channel blocker TTX, the amplitude of the oscillations

observed in the patched cell was unchanged, and no

action potentials were seen (figure 2(B)). In support of

our hypothesis that the small-amplitude oscillations

reflect gap junction coupling, such behavior has to the

best of our knowledge not been observed in isolated

humanβ-cells (see e.g. [48, 49]).

The behavior in figures 2(A) and (B) is representa-

tive of 3 out of 10 human β-cells monitored in absence

and presence of TTX. Other two cells showed rapid

action potential firing in control conditions but small-

Figure 1. (A)Twenty-seven simulated spiking humanβ-cells, which are initially out of phase, synchronize when coupledwith gap
junction conductance gc= 0.010 nS pF−1. (B)As in panel (A), butwith gc= 0.001 nS pF−1. (C) Spike period for all cells in a
representative cluster at various coupling strengths. Identical periods for gc above∼0.002 nS pF−1 indicate synchrony of the cluster.

Figure 2. (A)Patch clamp recording of themembrane potential in a humanβ-cell in a cell cluster under control conditions. (B)

Recording of themembrane potential in the samehumanβ-cell as in panel (A) in the presence of TTX (0.1 μg ml−1
). (C)Model

simulation of a doublet of humanβ-cells coupledwith gap junction conductance gc= 0.010 nS pF−1 in the absence and presence of
TTX (gNa= 0 nS pF−1

) as indicated. One cell was assumed to be silent when uncoupled (gKATP= 0.020 nS pF−1; black trace); the other
was active when uncoupled (gKATP= 0.005 nS pF−1; gray trace). Other parameters took default values. (D)Model simulation of the
same couple ofβ-cells as in panel (C) in the absence of TTXwith varying coupling strength gc (nS pF

−1
) as indicated. (E)As panel (D),

but in the presence of TTX.
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amplitude (10–15 mV) oscillations when exposed to

TTX. Of the remaining cells, four were active both in

absence and presence of TTX, precluding the possibi-

lity of observing small amplitude oscillations as a

result of incoming gap junction currents. One cell was

silent in both control and TTX conditions, but showed

no small amplitude oscillations, suggesting that it was

either uncoupled to its neighbors (i.e., an isolated cell),

or that also the neighboring cells were silent.

We simulated two human β-cells coupled by gap

junctions with a strength of 0.010 nS pF−1. One of the

cells, corresponding to the monitored cell in the

patch-clamp experiment, was assumed to be silent in

the absence of coupling, while the other cell was mod-

eled as a spiking cell. When coupled with the right

amount of gap junction conductance, the spiking cell

was able to induce small oscillations in the otherwise

silent cell (figure 2(C)), as seen experimentally

(figure 2(A)).When TTX application was simulated by

setting gNa = 0 nS pF−1, small oscillations were

still seen.

We varied the coupling strength for the simula-

tions without TTX (figure 2(D)). The oscillation

amplitude in the silent cell increased with increasing

gap junction conductance, and only for gc in the inter-

val 0.010–0.020 nS pF−1 were oscillations with ampli-

tudes comparable to the experimental recording

(figure 2(A)) reproduced. In the presence of TTX, the

coupled pair of simulated human β-cells stopped

oscillating if the coupling strength was too large, since

the effect of the silent cell on the spiking one became

sufficiently strong to stop action potential firing

(figure 2(E)). On the contrary if gc was too small, the

incoming gap junction currents from the spiking cell

caused oscillations in the silent cell with too low

amplitude (∼3 mV at gc = 0.005 nS pF−1, figure 2(E))

compared to experiments (∼10 mV, figure 2(B)).

Thus, oscillations in the silent cell comparable to

experiments were seen only for a range of gap junction

conductances. This conclusionwas independent of the

single-cell parameters chosen for the silent and spiking

cells, although the numerical values of this range var-

iedwith single-cell parameters.

To analyze the sensitivity of our estimate of the cou-

pling strength to the single-cell parameters, we varied

the K(ATP)-conductance of the active (gKATP,a) and

silent (gKATP,s) cells, and created bifurcation diagrams

showing the maximum and minimum, hence the

amplitude, of the oscillations in the silent cell (figure 3).

Without TTX, the coupled system with gKATP,

s = 0.020 nS pF−1 oscillated when gKATP,a was below

∼0.015 nS pF−1 for a range of coupling strengths. How-

ever, in order to have oscillations of ∼10mV in the

silent cell, the coupling strength had to be above

gc = 0.010 nS pF−1
(figure 3(A)). This conclusion was

also reached from the bifurcation diagrams in the pre-

sence of TTX (figure 3(B)). To obtain such oscillations

in the presence of TTX the K(ATP)-conductance of the

active cell had to be below gKATP,a = 0.008 nS pF−1 for

gc = 0.010 nS pF−1, and even lower for stronger cou-

pling. To investigate how the range of compatible cou-

pling strengths varied with the K(ATP)-conductance of

the silent cell,we created bifurcation diagrams for differ-

ent values of gKATP,s for gKATP,a = 0.005 nS pF−1

(figure 3(C)) and gKATP,a = 0.003 nS pF−1
(figure 3(D))

in the presence of TTX (gNa = 0 nS pF−1
). These dia-

grams showed that oscillations with an amplitude of

∼10mV were seen when gKATP,s was in the range

0.020–0.025 nS pF−1, and for coupling strengths gc
around0.010–0.020 nS pF−1.

In summary, we found that the gap junction

conductance should be of the order gc ≈

0.010–0.020 nS pF−1 in order to simulate oscillations

with amplitudes similar to the experimentally

observed values. This interval of coupling strengths is

comparable to but above the theoretically estimated

lower bound (gc ≈ 0.002 nS pF−1
) for synchrony in a

27 cell cluster of spiking human β-cells.With a cell size

of∼10 pF [5], the range corresponds to a gap junction

coupling strength between two cells of 100–200 pS, in

excellent agreement with estimates of gc in intact

mouse islets (∼170 pS [22]) and pairs of mouse β-cells

(∼150 pS [19],∼215 pS [47]).

Synchronization of humanβ-cell clusters

We extended our theoretical analysis of synchrony in

human β-cell clusters composed of spiking cells

(figure 1) to other types of behavior. Electrical activity

in some human β-cells shows rapid bursting activity

where a few action potentials are clustered together,

and fire from a slightly depolarized plateau [3, 23]. We

have suggested [26] that this behavior could be driven

by slow activity of the human ether-a-go-go (HERG)

potassium channels operating in human β-cells

[50, 51], or, alternatively, that Ca2+ dynamics and

activation of SK-channels could be the underlying

mechanism [23].

We performed simulations of a cluster of 27 het-

erogeneous humanβ-cells showing rapid bursting dri-

ven by SK-channels when uncoupled. Surprisingly,

the introduction of gap junction coupling changed the

electrical behavior to a depolarized, spiking pattern, as

if the cells became trapped in the active phase of the

bursts (figure 4(A)). This did not depend of the

strength of the gap junction coupling in the range esti-

mated above (gc = 0.010–0.020 nS pF−1
). For very

high coupling strengths the cells completely synchro-

nized in a bursting pattern (not shown).

In contrast, when we simulated a 27-cell cluster of

human β-cells where rapid bursting was driven by

HERG channels, coupling did not interrupt the burst

pattern, but synchronized the heterogeneous cells in a

common bursting behavior (figure 4(BI)). We found

that the period of the emerging synchronized pattern

depended on the gap junction coupling strength

(figure 4(BII)), as has been found previously for mod-

els of bursting inmouseβ-cells [27, 28, 31].
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Experimentally, spiking and rapid bursting human

β-cells are observed equally often, i.e., approximately

50% of human β-cells with electrical activity are spi-

kers, and ∼50% are rapid bursters. We simulated a

cluster of 27 β-cells of which approximately half (14 of

27) of the cells were spikers and the remaining ones

were rapid bursters (driven by SK-channels) when

uncoupled. Gap junction coupling resulted con-

sistently in an emerging, synchronous spiking pattern

(figure 4(C)), showing that bursting is less stable than

spiking. This conclusion was confirmed also in the

case when bursting was driven by HERG-channels

(not shown).

Slow oscillations

In vivo insulin release is pulsatile with a period of

∼5 min [1], and this rhythmic secretion pattern is

also seen in isolated human pancreatic islets [2]. It is

believed that the periodic release of insulin is due to

Ca2+ oscillations observed in human β-cells [18, 52],

which in turn have been suggested to be caused by

slow patterns of electrical activity [23, 26, 53]. In

order to obtain an overall pulsatile secretion profile

from the pancreas or group of islets, individual

β-cells should be synchronized [8]. Recent studies

show that in isolated ex vivo human islets, the total

β-cell population is not synchronized, but smaller

clusters of β-cells within the islet show synchronous

Ca2+ oscillations [18]. Interestingly, exposing

human islets to an oscillating glucose profile results

in a clearer pulsatile insulin secretion pattern [54],

which we have suggested to be because of entrain-

ment and synchronization of the individual, cellular,

metabolic oscillators [55], a mechanism possibly

involved in synchronization of insulin pulses also

in vivo [1, 8].

In our earlier work [23] we showed that the elec-

trophysiological model can produce slow electrical

burst patterns when coupled to a glycolytic oscillator

[41].We now couple 8 (2× 2× 2) of such slowly oscil-

lating cells. Besides cell-to-cell variation in gKv we also

impose heterogeneity in the glucose kinase rateVGK to

simulate differences in metabolism. The glycolytic

oscillator creates pulses of FBP (figure 5(A), upper

trace), which via ATP production and closure of K

(ATP)-channels, leads to bursts of electrical activity

figure 5(B)) and Ca2+ oscillations (figure 5(A), lower

trace).

Figure 3.Bifurcation diagrams of the silent cell. (A)Without TTXwith gKATP,s= 0.020 nS pF−1 and varying gKATP,a, for four different
values of coupling strengths. (B)As panel (A), but in the presence of TTX. (C) In the presence of TTXwith gKATP,a= 0.005 nS pF−1

and varying gc, for four different values of gKATP,s. (D)As panel (C), but with gKATP,a= 0.003 nS pF−1.
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With purely electrical coupling the glycolytic oscil-

lators continue to drift while electrical activity and

Ca2+ oscillations nearly synchronize (figures 5(A) and

(B)). The electrical burst pattern is more irregular after

coupling is turned on with occasional shorter periods

of action potentials (figure 5(B)), resembling experi-

mental recordings [6, 23, 53].

When coupling is purely metabolic, the glycolytic

oscillators synchronize rapidly, which yields synchro-

nous electrical activity and Ca2+ excursions that are

similar in shape before and after coupling is turned on

(figures 5(C), (D)). In contrast, combined metabolic

and electrical coupling not only synchronize metabo-

lism, electrical activity and Ca2+ oscillations, but

change the shape of the bursts, which in the presence

of coupling spend time in a depolarized state with

smaller oscillations (figures 5(E), (F)). This pattern is

similar in origin to the effect of coupling on bursters

shown infigure 4(A).

Finally, we investigated whether the conclusions

drawn from figure 2 are valid in the case of slow oscil-

lations and metabolic coupling, in addition to ohmic

gap junction coupling. We coupled two cells, one of

which was silent because of reduced glycolytic flux

(modeled by lowering the maximal GK rate VGK),

while the other cell exhibited glycolytic oscillations

and slow bursting when uncoupled (figure S1 in the

supplementary material). Due to metabolic coupling,

deflections in the FBP levels of the silent cell were

observed, which modulated the membrane potential,

resulting in small Ca2+ oscillations. As in figure 2, elec-

trical coupling introduced low-amplitude excursions

in the membrane potential of the silent cell due to

incoming gap junction currents.

Discussion

Although it is well-established that human β-cells are

coupled by gap junctions [15] formed byCx36 [14], no

electrophysiological studies of electrical coupling have

been performed in human islets. Mouse models have

shown that Cx36-mediated coupling is important for

normal β-cell function [56, 57], and a recent article

suggested that gap junction coupling is involved in

incretin responses in human islets [58]. It is therefore

of clinical interest to understand the biophysical

properties of gap junction coupling between human

β-cells.

Here we used mathematical modeling to investi-

gate the gap junction conductance required for

Figure 4. Simulations of 3× 3× 3 cubic cluster of humanβ-cells. (A)Bursters (shown 2 of 27) driven byCa2+ and SK-channels
become trapped in the active phasewhen coupled. The inset shows a zoomon the oscillations during coupling. (B)Bursters driven by
HERG-channels continue burstingwith longer periods when coupled, as seen in simulated traces (shown 2of 27 cells, subpanel (I)),
and from the relationship between coupling strength and average burst period (subpanel (II)). (C)Amixed population of spikers and
bursters, driven byCa2+ and SK-channels, all exhibit spikingwhen coupled. The bars indicate the interval where the simulatedβ-cells
were coupled, in all cases with gap junction strength gc= 0.010 nS pF−1.
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synchronizing electrical activity in clusters of human

β-cells. To confront our theoretical findings with data,

we went on to estimate the gap junction coupling

strength between human β-cells from an experimental

trace, representative of a subset of experiments, inves-

tigated with our model. We found that the gap junc-

tion conductance should be of the order 100–200 pS

(0.010–0.020 nS pF−1 when normalized to cell size) in

Figure 5. Simulations of 2× 2× 2 cubic cluster of humanβ-cells driven by heterogenous glycolytic oscillators.Membrane potential,
FBP and cytosolic calcium time series of two representative cells are shown for three different coupling conditions. (A), (B)Electrical
coupling alone does not synchronizemetabolic oscillations. The out-of-phase slow bursts evoke amutual entrainment effect between
cells, giving rise to small amplitude oscillations and burst fragmentation. ReducedCa2+ oscillations are observed in this condition.
(C), (D)The solemetabolic coupling synchronize glycolytic oscillators, giving rise to in phase slow bursting andCa2+ oscillations.
Spikes and fast burst observed in the active phase are not synchronized (not shown). The amplitude of Ca2+ oscillations is not affected
in this condition. (E), (F)The combined effect ofmetabolic and electrical coupling synchronize both glycolytic oscillations and
bursting activity. The simulationswere performedwith bursters driven by SK-channels. Therefore, when the coupling is turned on,
the bursting cells are trapped in an high-voltage oscillating regime during the active phase (see figure 4(A)). During coupling, Ca2+

oscillations are in phase and have higher amplitude compared to the uncoupled scenario.
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order to simulate small amplitude oscillations repro-

ducing the experimental recording of the membrane

potential in a humanβ-cell (figure 2(A)).

The coupling of a silent and an active cell is a cru-

cial assumption for our estimation approach. Imaging

experiments in intact human islets have shown coor-

dinated Ca2+ oscillations in two active β-cells sepa-

rated by a third β-cell whose behavior was not

reported [18]; it is tempting to speculate that this third

cell did not show Ca2+ excursions, i.e, it was a silent

cell located between two active cells. Further, β-cells in

glucose-stimulated human islets show long stretches

of quiescence in spite of neighboring cells being active

as revealed by Ca2+ imaging [59]. In addition, β-

cells in the strongly coupled and synchronized mouse

islets have different activation thresholds with respect

to glucose, i.e., at a certain glucose concentration some

cells are silent and others are active [60, 61]. These

results suggest that gap junction coupling serves to

synchronize active cells, not to activate otherwise

silent cells, and provide strong support to our assump-

tion of coupled silent and activeβ-cells.

In order to use a dynamical mathematical model

to estimate the gap junction conductance, it is of cru-

cial importance that the single-cell model is a precise,

reliable and verified description of the electro-

physiology of each cell. When constructing our

human β-cell model [23, 26], we took great care in fit-

ting individual currents to experimental recordings,

both with respect to current amplitudes and kinetics.

The ability of the model to reproduce a wide range of

patterns of electrical activity [23, 26] gives us con-

fidence in the model construction and parameters.

However, cellular heterogeneity is a biological fact,

corresponding to different parameters in our model

[23], which should be considered when estimating gap

junction conductance. We used bifurcation diagrams

for various combinations of parameters to show that

our estimate of the coupling strength is fairly robust to

variations of selected parameters (figure 3). Control

simulations confirmed that the conclusions remained

valid when parameter variation was imposed globally.

Although based on a small subset of experiments, our

estimate of gap junction coupling in human β-cells

corresponds nicely to previous results found in

rodents [19, 22, 47]. Thus, several lines of support sug-

gest that our estimate of gc ≈ 100–200 pS is not

strongly dependent on our single-cell model. We note

that it is not a priori obvious that gc is similar in human

and mouse islets; in these species e.g. the K(ATP)-

channel conductance differs by an order of magni-

tude [6].

Our simulations showed that gap junction cou-

pling with strength in the weak end of the estimated

range easily synchronized both spiking and bursting

human β-cells (figures 1 and 4). In addition, the burst

period increased slightly for a range of coupling

strengths (figure 4(B)). We showed further that

slow electrical oscillations, likely underlying Ca2+

oscillations and pulsatile insulin secretion, can syn-

chronize partly because of electrical coupling, which

yields simulated traces (figure 5) resembling experi-

mental recordings of slow oscillations in human β-

cells [6, 23, 53]. Metabolic coupling is thus not strictly

necessary for cell-to-cell synchrony. Further, synchro-

nization of the metabolic oscillators results in com-

pletely synchronized responses that appear too regular

compared to experiments, although this might be due

to experimental noise not accounted for in our model.

It will be interesting to investigate if human β-cells

show metabolic synchronization as seen in mouse

islets [43].

At first glance, our results are in apparent contrast

to the low degree of synchrony observed in human

islets [17, 18], but it should be noted that smaller clus-

ters of β-cells within the islets were reported to be syn-

chronized [18]. Together, these findings suggest that

the human islets are composed of clusters of gap junc-

tion coupled β-cells, while such clusters are separated

by other cell types, notably α-cells and vascular cells

[17]. The active β-cells in each cluster are readily syn-

chronized by electrical, and possibly metabolic, cou-

pling via gap junctions. In vivo, these clusters could

then be synchronized via other mechanisms. Of note,

human islets show low amplitude insulin oscillations

when stimulated by constant glucose [54] in vitro. Per-

iodic exposure to glucose improves the pulsatility of

insulin secretion [54], indicative of entrainment of a

metabolic oscillator as inmouse islets [55].

Patch clamp experiments with combined voltage-

and current-clamp recordings of β-cells in intactmur-

ine islets have also been used to estimate gap junction

coupling [20, 22], but this approach is dependent on

the typical and highly synchronized burst pattern seen

in mouse islets [62]. Because of the lack of regular

bursting electrical activity, and less synchrony, in

human β-cells, the whole-islet approach to estimate

gap junction coupling is not immediately feasible in

human islets. In particular, the holding current injec-

ted during voltage-clamp recordingsmight disturb the

relatively few electrically coupled β-cells in a locally

synchronized cell cluster. Indeed, a simulation shows

that voltage-clamping a surface cell in a 3 × 3 × 3

human β-cell cluster strongly reduces the action

potential amplitude in the neighboring cells (figure S2

in the supplementary material). Thus, electrical activ-

ity in the neighbor cells could be non-physiological,

and hence, the inflowing gap junction currents would

not yield reliable estimates of the coupling strength

[62]. Alternatively, dual-patch experiments could be

used to find the coupling strength between couples of

human β-cells, as done previously for mouse β-cells

[19]. Although more laborious than single-cell patch-

ing, the dual-patch approach could be used to verify

and improve our estimate of the electrical coupling

strength directly and model independently. This

approach could also quantify how often neighboring

humanβ-cells are electrically coupled.
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In summary, we have shown how a model-based

investigation of synchronized activity in human β-cell

clusters, in particular when combined withmembrane

potential recordings, can give bounds on gap junction

coupling strength. Hopefully, our results will encour-

aged detailed biophysical studies on electrical coupling

in human islets.
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Abstract

In his research activity, Emilio Del Giudice explored the possibility to move towards a unified

view of some long-range dynamics in nature, ranging from quantum field theory in physics up
to biology. Such a view is adopted in this contribution by discussing a mathematical model for

synchronized electrical behavior of pancreatic beta cells. The stochasticity is a fundamental

component of the physiological synchronized behavior of this system. On the contrary, in a

pathological type I diabetes scenario, the cells are destroyed by the autoimmune system and
their coherent behavior is lost. This phenomenology conceptually links to ideas of coherent

dynamics in quantum physics. Possible implications both for physical sciences and for the

epistemology of life sciences are outlined.
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Introduction

Two recent papers published by Emilio Del Giudice have

inspired this paper. The first one was dealing with ‘‘The Role

of Coherence in a Systems View of Cancer Development’’

(Plankar et al., 2012) and the second one was a quantum

approach applied to ‘‘Communication and the Emergence of

Collective Behavior in Living Organisms’’ (Bischof and Del

Giudice, 2013). Inspired by the quantum field theory

mechanism of spontaneous breakdown of symmetry and the

consequent generation of long range correlations in physical

systems, Del Giudice explored the possibility to move towards

a unified view of some long-range dynamical systems in

nature including biological systems. The differences between

living organisms and non-living systems led him to analyze

two main features of biological behaviors. ‘‘The first one is

the capability of self-movement, namely a living organism is

able to pursue autonomously the direction of its own motion,

whereas a non-living object can be only pushed or pulled by

an externally applied force. The second difference is that the

dynamics of each component depends on the simultaneous

dynamics of the other components, so that the ensemble of

components behaves in unison in a correlated way’’ (Bischof

and Del Giudice, 2013).

Evidences that intermolecular interactions do not occur as

individual-independent events in living organisms (Bertolaso

et al., 2014) but as a part of a collective array of intercon-

nected events (Bischof and Del Giudice, 2013) pose an

interesting challenge from a scientific point of view and

epistemologically as well. On one hand, regulation among

different functional levels of the biological organization has to

be explained, and, on the other hand, we need to understand

how such levels are conceptualized and which kind of

mechanisms are at work in such dynamics. At the crossroad of

these two issues, there is the common question regarding the

emergence of collective dynamics.

In the paper by Bischof and Del Giudice (2013), Del

Giudice revised the paradigm of modern molecular biology

from the perspective of what he called ‘‘biocommunication’’

through a scheme based on quantum field theory ‘‘where

molecules are able to perform in phase-correlated unison

among them and with a self-produced electromagnetic field’’.

Plankar et al. (2012) developed a holistic view on cancer that

from the scheme mentioned above is shown to be a system

disease (see also Fath et al., 2001; Saetzler et al., 2011; Soto

and Sonnenschein, 2012) in which energetic issues must be

taken into consideration as well. In this way, he aimed to show

how different biological aspects of cancer might be causally

connected. The global and unspecific progressive disorgan-

ization at a variety of organizational levels is revealed by the

loss of tissue organization and intercellular signaling, aberrant

epigenetic regulation and gene expression profiles, disregu-

lated metabolic pathways, instability of the genome, increased

informational and thermodynamic entropy, and impairment of

oxidative energy flow. Again, the concept of long-range

dynamic order provides a synthetic theoretical framework for
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different aspects of carcinogenesis from both biological and

physical perspectives. Such an order is epitomized by

coherent molecular dynamics. Although the nature of such a

self-reinforcing interplay between energy and information

remains to be elucidated, ‘‘increased entropy is an immediate

consequence of impaired coherence, and a subsequent decline

of energy dissipation may exert an imbalance in metabolic

and gene regulatory networks, disrupting normal flow of

energy and information that percolates from one organiza-

tional level to the other and manifests as different biological

aspects of cancer’’ (Plankar et al., 2012).

In this paper, we use another case study to show the

fecundity of Del Giudice approach and the terms of discussion

of such biological dynamics. Examples are taken from the

electrophysiology of the pancreas. Our aim is to spell out

some consequences of the Del Giudice view and approach in

the study of biological systems bringing into a unitary picture

the functional and structural dimension of long-range dynam-

ics. This poses the basis for the discussion in epistemological

terms regarding the limits of genetic deterministic approaches

or regarding how the concept of biological information should

be revised when accounting for intra organismic dynamics

and regulation.

Coherence and emergent behavior in a pancreatic
beta cells model

While in the past the typical systems investigated by Physics

have been characterized by a relatively small level of

complexity in comparison to a living being, nowadays this

branch of Science is oriented in investigating such a more

structurally complex systems by using the same methods

which in the past allowed scientists to obtain, for instance, a

successful theory of condensed matter both at classical and

quantum levels. On these lines, in the context of

Computational Endocrinology, Portuesi et al. (2013) per-

formed several numerical simulations on a stochastic model

for a cluster of pancreatic beta-cells, following Sherman et al.

(1991) basic formulation based on animal data.

Islets of Langerhans in the pancreas are ellipsoidal clusters

of excitable cells, which regulate blood glucose homeostasis.

Within these structures, beta cells regulate glycemic levels by

releasing insulin. In rodents, such cells appear to be centrally

clustered and are coupled through specific proteins

(connexins) that form gap junctions. In response to specific

glucose variations in the extracellular space, these cells

dynamically change their membrane potential and their

intracellular calcium concentration and release insulin. In

order to model such a complex dynamics at a basic level, one

can adopt a Hodgkin–Huxley type model, namely an extended

version of the stochastic multi-cell model (Sherman et al.,

1991) and study bursting activity of beta cells cubic clusters

of variable size for different glycemic levels. Without

presenting here all the technical details (which can be found

in Loppini et al. 2014), we only mention that numerical

integration of the model non-linear ordinary differential

equations shows that for intact clusters (Figure 1), at

physiological glucose concentrations, a coherent electrical

activity is generated, leading to a synchronized free intracel-

lular calcium concentration dynamics. Experimentally, the

oscillations in such a calcium concentration are well known to

be linked to insulin pulsations. On the contrary, (i) a drastic

lowering of glucose, (ii) a stochastic activity suppression

towards a deterministic regime, and/or (iii) a destruction on

immune attack of several cells in the cluster lead to a

coherence loss and to a severe insulin production weakening

and final interruption. These findings are interesting from a

fundamental point of view for two main reasons, i.e., (i) it

seems that the stochastic activity in biological systems plays a

fundamental role in producing emergent behaviors and (ii) a

cell’s efficient communication with other similar cells appears

to be a key ingredient for robustness in view of efficient

functional properties. Inspired by the strong formal links

existing between stochastic and quantum physics, these ideas

have been further investigated (Loppini et al., 2014), creating

a link between a surprising self-similarity in the spectral

analysis of the electrical patterns observed in the ‘‘in silico’’

system (Figure 2) and the coherent states formalism.

According to recent results in quantum field theory

(Vitiello, 2012, 2014), showing indeed the isomorphism

between scale free self-similar structures and deformed

coherent states, the self-similarity found in the spectral

analysis signals the coherent dynamics of the cells in the

cluster. Cellular coherence is also confirmed by additional

studies (Cherubini et al., 2015) on interacting beta cells

subclusters showing that there exists a ‘‘functional coordin-

ation geography’’ in this peculiar system which goes well

beyond the simple spatial pattern of cellular communication.

Figure 1. (a) Pancreatic cluster adopted in the
simulations made of beta cells interacting via
a Von Neumann neighborhood. (b) Typical
action potential pattern of a beta cell in a
synchronized scenario. The stochastic nature
of the signal is evident.

DOI: 10.3109/15368378.2015.1036069 Long-range dynamics in nature 139
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Concluding remarks

The emergent behavior of synchronized beta cells just

described offers an interesting case study to see Del

Giudice’s point of view on biological systems at work. The

organizing principles of such systems are based on local

communication effects modulated by intrinsically stochastic

dynamics and by microscopic coherent state domains. The

outcome is a long-range coherent behavior of the entire

biological system. Linking these communication effects with

the functional and structural components of such a biological

system highlights the interesting relation between the system

classical macroscopic properties and the coherent dynamics

of its constituents: the system functional robustness finds its

root in the microscopic coherent dynamics.
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Spatio-Temporal Correlation of Paced Cardiac Tissue

Simonetta Filippi*, Christian Cherubini, Alessio Gizzi, Alessandro Loppini, and Flavio H. Fenton

Abstract—Complex spatiotemporal alternans patterns of ac-
tion potential duration have been recently observed in large
mammalian hearts. Multiple routes between the occurrence of
high-order rhythms (discordant alternans) and their transition
to chaos (ventricular fibrillation) have also been reported. In this
work we extend the analysis of voltage optical mapped signals
from right canine ventricles during rhythmic and arrhythmic
regimes. We evaluate the correlation length between pairs of
points of large spatial domains to extract the typical length scale
of the system in different regimes. Critical scale length transitions
are discussed with respect to regular pacing frequencies and onset
of fibrillation.

I. INTRODUCTION

Biological excitable systems show many different rhythms.

How these are generated, coupled and affected by external and

internal dynamics is of interest both from the experimental

and theoretical points of view [1], [2]. The heart is not an

exception, showing several spatiotemporal complex dynamics

from the microscopic cellular level up to the macroscopic

tissue scale [3], [4].

Cardiac arrhythmias, and fibrillation in particular, are well

known to be supported by increased dispersion of repo-

larization, inducing high variations in the refractory period

and in the conduction velocity [5]. Moreover, experimental

and theoretical evidences have recently linked the spatiotem-

poral dispersion of the action potential duration (APD) to

oscillations of the T wave in the electrocardiogram signal,

highlighting the clinical importance of these quantities in risk

stratification for arrhythmic sudden cardiac death [6], [7], [8],

[9]. Dispersion of APD and period-doubling bifurcations are

usually recorded via fast periodic stimulations of ventricular

tissues, resulting in long-short alternations of APD [10], [11].

Discordant alternans dynamics in space are supported by

large gradients of repolarization and can eventually induce

conduction blocks with the subsequent initiation of tachycardia

and fibrillation [12].

Quantitative indicators for spatial order have been proposed

within the context of ventricular fibrillation [13], [14], [15].

However, since most of the studies addressing cardiac al-

ternans have been conducted in small ventricular tissues or

monolayers, our understanding of these complex spatiotempo-

ral dynamics present still several unknowns.

In the present study, we characterize the transition from

normal rhythm to concordant/discordant alternans to sustained

Research partially supported by the International Center for Relativistic
Astrophysics Network (ICRANet) and by Gruppo Nazionale per la Fisica
Matematica (GNFM, INdAM).

C. C., S. F., A. G., A. L. are with the University Campus Bio-Medico of
Rome, Italy (*corresponding author e-mail: s.filippi@gmail.com).

F. H. F. is with the School of Physics, Georgia Institute of Technology,
USA (e-mail: flavio.fenton@physics.gatech.edu).

fibrillation in terms of spatiotemporal correlation length mea-

sures. The main goal is to investigate the transition from

regular to chaotic regimes in spatially extended optical mapped

canine ventricular preparations. Possible regularities within

chaotic systems are discussed adopting different correlation

functions in search of universal behaviors [16].

II. METHODS

Fluorescence action potential (AP) optical mapping experi-

mental procedures were approved by the Institutional Animal

Care and Use Committee of the Center for Animal Resources

and Education at Cornell University (tissue preparation has

been previously described [11], [17]).

In order to characterize the response of cardiac preparations

at different pacing frequencies a two-point spatiotemporal

correlation measure for increasing distances was computed.

Specifically, we evaluated the Pearson product-moment cor-

relation index [18], R, between different voltage time series

extracted from selected points at distance �r:

R(�r) =
cov(VA, VB)

σAσB

=
〈(VA − 〈VA〉)(VB − 〈VB〉)〉

σAσB

, (1)

where VA = V (�x, t), VB = V (�x + �r, t). The correlation

index at distance �r was then averaged in the spatial domain.

Information about the correlation length are extracted from the

exponential decay of the correlation index (linear range in the

semi-log plot) at increasing distances between selected points,

i.e.:

R(�r) ∝ exp

(

−
‖�r‖

L0

)

, (2)

where L0 represents the sought correlation length.

III. RESULTS

Correlation length values, L0, decrease reducing the pacing

period from 550ms (normal rhythm) to 100ms (fibrillation in-

ducing frequency). Variability within ventricular preparations

was observed but a net reduction of the correlation length

dispersion was obtained at shorter pacing periods highlighting

a significant exponential decay. A long-range interaction of

the plane wave is characteristic of longer CLs on the other

hand. Interestingly, during sustained fibrillation the correlation

length falls down to an average value of about 1.0 cm in

agreement with [14], [19]. Moreover, the fact that no more than

three spirals are contemporary present within the mapped ven-

tricle corroborates the obtained L0 during fibrillation regimes.

Figure 1 shows a representative example of the Pearson corre-

lation function analysis and relative exponential decay region

performed during endocardial sustained fibrillation.

978-1-4799-3969-5/14/$31.00 c© 2014 IEEE
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Fig. 1: Pearson index analysis (points distribution, Cij ) and correlation
length slope, L0, (blue line) for a representative example during sustained
ventricular fibrillation.

IV. DISCUSSION & FUTURE PERSPECTIVES

The correlation length is a well known statistical indicator

of spatial organization of physical processes [20], [21]. Higher

values of correlation length are associated with larger struc-

tures and, apparently, more organized behavior. Smaller values

are usually associated with local coherent states. However, the

interpretation of spatial correlation is not restricted to a certain

physical system nor linked to a particular mechanism (i.e. spi-

ral waves) [14], [16], [22]. Several studies proposed such a tool

to analyze cardiac fibrillation [3], [23]. The chaotic nature of

electrochemical waves in the heart and the quantification of the

degree of spatial organization during ventricular fibrillation, in

fact, are fundamental for understanding and developing useful

models finding effective clinical treatments.

Adopting a similar reasoning we characterize the spa-

tial scales of correlations during the transition from normal

rhythm, passing through a period doubling bifurcation ending

with sustained ventricular fibrillation upon the stimulation

frequency as control parameter. Critical values of pacing

periods and correlation length were identified i) at the onset

of discordant alternans, CL =∼ 200ms with L0 ∼ 10 cm,

and ii) at the onset of fibrillation, CL < 100ms with

L0 < 3 cm. In future studies, we aim at performing correlation

length analyses in biventricular preparations characterizing the

double voltage-calcium signals. Numerical simulations will be

also performed [24], [25] testing realistic three-dimensional

geometries introducing tissue heterogeneity, anisotropy and

stochasticity [26].
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